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Abstract

In this paper, we represent the admissible solutions of the system of second-order rational difference
equations given below in terms of Lucas and Fibonacci sequences:

_ Lyi2+ Lin1yn—1 _ Lo+ Lint12n-1

Xnt+1 = ) n+1 = )
L3+ Lint2yn—1 L3+ Lin+22n—1

Ly +Lppiwe _ Lo+ Lpg1xp1

Zn+l1 = L— Wntl = 77— 7+ .

, .
m+3 + Lint2Wn—1 L3+ Lipyoxn—1

where n € Ny, {Lm};:,m is Lucas sequence and the initial conditions x_1, xg, Y_1, Y0, Z—1» 20>

. L,
w_1, wp are arbitrary real numbers such that v_; # — Lm+3

m+2

, where Vi =X, Y—iyZ—iyW—i» i= 07 1

and m € Z.

1. Introduction and preliminaries

Recently, there has been a growing interest in the study of finding closed-form solutions of difference equations and systems of
difference equations. Some of the forms of solutions of these equations are representable via well-known integer sequences
such as Fibonacci numbers [1, 2], Horadam numbers [3], Lucas numbers [4, 5], and Padovan numbers [6]. For more on
Fibonacci and Lucas numbers, one can see [7, 8], for more on difference equations and systems of difference equations solvable
in closed form, one can see [9]-[24].

The Lucas sequence has the same recursive relationship as the Fibonacci sequence, where each term is the sum of the
two previous terms, and defined as follows:

Lyvi=Ly+Ly—1, n=>1, (1.1)

but with different initial values , Lo = 2, L = 1. The solution of Equation (1.1) is given by the formula

where

Ll’l = an+l3n7

1 5 1—+v5
Jrzf and B = 2\[.

The formula of terms with negative indices in the Lucas sequence is

Loy= (1)L,

>> Received: 30-10-2023 >> Revised: 05-12-2023 >> Accepted: 19-12-2023 >> Online: 27-12-2023 >> Published: 31-12-2023


https://orcid.org/0000-0002-4768-8442
https://orcid.org/0000-0003-1781-5399
mailto:mb299@gcloud.ua.es
mailto:abuzead73@yahoo.com

Fundamental Journal of Mathematics and Applications 233

In [25], the authors represented the general solution of the following difference equation
1
1+x,’

in terms of the initial value xy and Fibonacci sequence. It was proved by induction that, every well-defined solution of equation
(1.2) can be written in the following form

n € No, (1.2)

Xn+1 =

F.+F,_
n = M , nE NO’
Fut1+ Faxo
where {F, }>_, is Fibonacci sequence. They also proved that, every well-defined solution of the equation
1
Xntl = 1+x , neE NO) (13)
- n

can be written in the following form
F_,+F_(,_1\Xo
Xp = —n (i‘l l) 5 ne N(L
F_(ny1) +FnXo
where the terms of the Fibonacci sequence with negative indices are calculated by the formula
F—n:an+2_an+17 neNOv

where Fp =0and F; = 1.

Khelifa et al. [5] give some theoretical explanations related to the representation of the general solution to the system
of three higher-order rational difference equations

1+ 2yn,k - 1 +2Z,17k z o 1+ 2)6”,](
3+yn7k s Yn+l 3+Zn—k ) n+1 3+x”7k ;

where n, k € Ny, giving its solution in terms of Fibonacci and Lucas sequences.

X+l =

Recently in Khelifa et al. [4], the following higher-order rational difference equations

(2) 3) (1)
O G o 2N epen _ 12N
n - > n - ’ ) T+l - ’
! 3+x£22k ! 3+x}(132k - 3+x£lljk
in terms of Fibonacci and Lucas sequences, where the initial values x@k, x(_l)k IRTREE ,x@l and x(()i), i=1,2,---,2p+1 are

real numbers such that, the denominator does not equal zero in each equation. Some theoretical explanations related to the
representation of the general solution are also given.

Consider the difference equation

Xn+1 :f(xnvxnflv”' ,Xn_k), l’l:(),l,"' . (14)

The Good set to Equation (1.4) is the set of all initial points (xo,x_1,...,x_) for which the corresponding solution {x,}__, is
well-defined or admissible solution.

Here, we list a set of identities concerning the Fibonacci and Lucas sequences that may be used in the paper [7, 8].

For s,m,r,0 € N, we have

o By =Fop1Fips +FsFm7(s+l) )

Ly = Fs1Lin—s ""FSme(sH) )

- FsLiny3+Fs—1Lyi2 = Lytm+2,

- LeLg—1)r+1 +Lr—1Lg—1)r = SFp,,

- Les1iLg—1)r+LrLig_1)r—1 = 5Fpr,

- Les1iLg—1)r41 +LrLg—1)r = 5Fpr1,
- LyLig—1yr+Lr—1Lg—1)r—1 = SFp,—1,
- Logni2)-1 T Lom+2)+1 = SFo(m+2) -

0N U AW~

Now, consider the system of second-order rational difference equations

Xpi] = Lm+2 +Lm+1ynfl Vnil = Lm+2 +Lm+lzn71
+l = 5 57 +l =55
" Lynt3 + Lintoyn—1 " Lyt + Liny2zn—1
(1.5)
Lm+2 +Lm+l Wp—1 Lm+2 +Lm+l~xn71
in+l = Wppl] = —————

b b
L3+ Lyown L3+ Lyyox,
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where {L,, jn':_m is Lucas sequence and the initial conditions x_p, xo, Y_1, Yo, Z—1,20 and w_j,wq are arbitrary real numbers

L .
such that v_; # —ﬁ, wherev_;=x_;,y_;,z_i,w_;,i=0,1 and m € Z.
m-

In this paper, we shall represent the admissible solutions of the system (1.5) in terms of Fibonacci and Lucas sequences.

2. Solvability of system (1.5)

In this section, we investigate the solvability of the system (1.5).

From (1.5), we can write fort =0, 1

. Lo+ Linr1yon— y Lo+ L1200
2nt+1)—t = 2nt+1)—1 =
(n+1) L3+ Loyt (n+1) L3+ Liyozon—t
z - Ltz + Linr1won— w _ Ly+2 + Lint1%00—+
2(n+1)—t — . 2(n+1)—t — .
(n+1) L3+ Lintowon— (n+1) Lint3 + Lint2Xon—+
Let
/ / / /
-xn = X2n—t, yn = )’ant, Zn = Dn—t, Wn = W2n7t, (21)
where t =0, 1.

Then, the system (1.5) becomes

P Lo +Lm+1y:1 ;o Lo +Lm+IZ£,
xn+17L L /0 yanL L /)
m+3 + L2y, m+3 + Lim+22,
(2.2)
4 Ling2 + Linw), , Lmio+Lpyix,
ntl L3+ Linyow), ’ n Ly 3+ Lipyox,
If we use the second recurrence relation in (2.2) in the first, we obtain
Fomia+ Fomysz),
x;lJr]: m—+ m+ 71’ n>1
Fonis + Famtazy,_y
The substitution of zi,_l into xﬁl 1 leads to
L +L w!
x;H _ Lami6 T Lamss 7,2 a2
Lami7+ L3m+6wn,2
Finally, after substituting with w/,_, into x],, |, we get
Fimi8 + Famy1x,_
Xyl = s s 737 n>3
Fimvo + Fam+8x,_»
Therefore, the system (2.2) can be written in the following form:
Fim+s + Fami7x,
X =B IS >3, (2.3)
Fanio + F4m+8xn73
Let us introduce the notation
U —— neN 2.4)
n = Xqpi 0 )
where j € {0,1,2,3}.
Using this notation, Equation (2.3) can be written as
1(j) Fapys+ F4m+7x:z(j) .
X, = o € {0,1,2,3} and n > 3. (2.5)
Fim19 + Fam+8Xn
Now consider the equation
F + F U
Unil = TAmi8 T HAmi T -, > 3, (2.6)

)
Famao + Famgiy
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The solution of Equation (2.6) is (can be found in [20])

_ Fyymi) + Fanmia)—140

Un , n € No,

B F4n(m+2)+1 + F4n(m+2) ug

where (F,,)"™___ is Fibonacci sequence.

n—=—oo

Then the solution of Equation (2.5) is given by

L) Fap(m+2) +F4n(m+2)—1x;)(j)

1(j)?’
F4n(m+2)+1 + F4n(m+2)x()(j)

j€40,1,2,3} and n € Ny.

Therefore, the solution of Equation (2.5) can be written as

, Fapm+2) + Fan(m+2)-1
x4l’l+j = F4
n

/
x.
J .
0.1.2.3) and n € No.
<m+2)+1+F4n(m+2)x;-7 ‘]E{ g Ly 4y }an ne Ny

Theorem 2.1. Let (x;,,,,2,,Wy,), >0 be an admissible solution of the system (2.2). Then we get

¥ = Fin(ms2) + Fan(m+2)-1%0 4 = Fynms2) + Fan(m+2)-120
) )
" Fanme2)+1 T Fan(m+2)%0 ! Fhnms2)+1 + Fan(m+2)20
xﬁt = Lan(mi2)+(m+2) +L4n(fﬂ+2)+(m+1)y6 ’ Zﬁt . = Lin(ms2)+(m+2) +L4n(m+2)+(m+1)W6 ’
" Lin(m+2)+(m+3) + Lan(m+2)+(m+2)Y0 " Liyn(mt2)+(m+3) + Lan(ms2)+(m+2)Wo
v _ Fin(m+2)+2m+4) T Fan(m+2)+2m+3)20 y _ Fyn(ms2)+2ms4) + Fan(m+2)+2m3)%0
dnt2 F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)26 ’ 2 F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)x6 ’
v  Layni2)+(3m+6) + Lan(m+2)+(3m+5)Wo y _ Laymi2)+(3m+6) + Lin(m-+2)+(3m+5)Y0
3 Lin(m+2)+(3m+7) + Lan(m+2)+ 3mr6)Wo a3 Lan(m+2)+(3m+7) + Lan(m+2)+(3m+6)Y0
2.7)
, Finim+2) + Fan(mi2)-150 , Fanm+2) + Fan(ms2)-1W0
Yan = /0 Wan = /0
Fanm+2)+1+ Fanm+2)Y0 Fanm+2)+1 + Fan(mr2)Wo
. _ Lapini2)+(m+2) + Lin(m+2)+(m+1)20 W _ Laypmi2)+(m+2) + Lan(m+2)+(m+1)%0
il L4n(m+2)+(m+3) +L4n(m+2)+(m+2)z(,) 7 s L4n(m+2)+(m+3) +L4n(m+2)+(m+2)x(,) ’
, Fin(m+2)+2m+4) T Fan(m+2)+@m+3)Wo , Fan(ms2)+2m+4) + Fanme2)+2m+3)Y0
Yapy2 = 7 Wappo = VR
Fanm+2)+@m+5) T Fan(m+2)+@2m+4)Wo Fapm+2)+@m+5) + Fan(m+2)+@m+4)Y0
, _ Layim+2)+(3m+6) + Lan(m+2)+(3m+5)%0 , _ Laymi2)+(3m+6) + Lin(m+2)+(3m+5)20
Yan+3 Want3

B Lan(m+2)+G3m+7) + Lan(m+2)+ (3m+6)X0 B Lan(m+2)+(3m+7) + Lan(m+2)+(3m+6)20

where n € Ny, (Lm)+°°

e —oo is Fibonacci sequence.

is Lucas sequence and (F,,)t>

Proof. Let (x,,,,2,,Wy),>o be a solution to system (2.2). Then, (x;,),> is a solution to Equation (2.5) and so

o Fannr2) + Fan(mi2)-1%;
x4n+j - F4
n

)

(m2)+1 + Fan(mi2)¥
where m € Z, j € {0,1,2,3}. For j = 0, we have

Y = Fin(ms2) + Fan(ms2)-1%0
An = .
" Fyp(mi2)+1 t Fan(ms2)X0

We also have
, Fanm+2) + Fan(mi2)-1%]

Xn+1 = F
n

(m+2)+1 +F4n(m+2)x/1 ’

Lm+2 + Lm+1y6

where x| = -
Lint3 + L2y

Using identity (2), we get

, Lan(m+2)+(m+2) + Lan(ms2)+(m+1)Y0
Xan+1 = Ls
n

(m+2)+(m+3) + Lan(m2)+(m+2)Y0
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Similarly,

/

h r Pomta+ Fami3z
where x, = ﬁ
2m+5 T F2m+42

Using identity (1), we get
Finally, for j = 3, we have

!
L3y i6+ Lamysw;

where x| = =
Lam+7+ Lam+6w;

Again using identity (2), we get

Then

, Fynm+2) + Fan(mi2)—1%
Xapt2 = A
n

(m+2)+1 +F4n(m+2)x/2 ’

Fan(ms2)+2m+4 + Fan(m+2)+2m+3)20

/
Xany2 = /o
Fanm+2)+2m+5 + Fan(m+2)+2m+4%0
/
v Fanpnio)  Fan(mr2)-1%3
Xan4+3 = F E R
an(m+2)+1 T Fan(m+2)%3

/
’ L4n(m+2)+3m+6 + L4n(m+2)+3m+5w()

..
(m+2)+3m+7 T Lan(m12) 13m+6Wo

v  Fyumr2) T Fan(mi2)-1%0
o F4n(m+2)+1 + F4n(m+2)x6 7

_ Laypmi2)+(m+2) + Lan(ms2)+(m+1)Y0

/
X, = )
et Lan(m+2)+(m+3) + Lan(m+2)+(m+2)Y0
Xﬁt , = F4n(m+2)+(2m+4) + F4n(m+2)+(2m+3)ZE) 7
" Fan(ms2)+@m+5) + Fanms2)+(@2m+4)20
, L4n(m+2)+(3m+6) + L4n(m+2)+(3m+5)W6
X4n+3

B L4n(m+2)+(3m+7) +L4n(m+2)+(3m+6)w6 .

In the same way, after some calculations and using the fact that

r_ L2 +Lm+1Z;,_1 r_ L2 +Lm+1W:,_1 r_ L2 +Lm+1x£,_1
Lyt3 +Lm+22;,,1 ’ " L3 +Lm+2W;,,1 o L+ +Lm+2x;,,1 )
we find
y _ Fynim+2) + Fan(ms2)-150 p _ Finm+2) + Fan(m+2)-120
o Finim+2)+1 + Fan(m+2)Y0 o Fin(m+2)+1 + Fan(m+2)20
N ~ Layim+2)+(m+2) + Lin(m+2)+(m+1)20 2  Laymi2)+(m+2) + Lin(m+2)+(m+1)Wo
M Linme2)+(me3) T Lan(ma2)+(ma2)%0 M Langna2) +(me3) T Lan(m2)+ me2)Wo
y _ Fupnia)r@mia) + Fan(m+2)+(2m+3)Wo / _ Fupnra)+omra) + Fan(m+2)+2m+3)X0
a2 Fypmia)+2m+s) + Fanpme) s meaywy 2 Fanmt2)+2m+5) + Fan(m+2)+(2mr4)%0
,  Lun(m12)+(3m+6) + Lan(m+2)+(3m+5)%0 ,  Lupms2)13m+6) + Lan(m12)+(3m+5)Y0
Yan+3 24n+3

 Lanim+2)+(3m+7) + Lanm+2)+ Gmr6)X)

 Lanim+2)+Gm+7) + Lanm+2)+Gmr6)Y)

- F4n(m+2) + F4n(m+2)7 1 W6

W) = ,
n F4n(m+2)+1 + F4n(m+2) W6
Wiy = Lan(m+2)+(m+2) +L4n(m+2)+(m+])x6 7
" L4"(m+2)+(m+3) + L4n(m+2)+(m+2)x6
Wﬁl , = F4n(m+2)+(2m+4) +F4n(m+2)+(2m+3)y6 7
n+ Fin(mt2)+@m+5) + Fanime2)+2m+4)Y0
! _ Lanimi2)+(ame) + L4n(m+2)+(3m+5)Z6
Wany3

B L4n(m+2)+(3m+7) +L4n(m+2)+(3m+6)26 .
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The following theorem is our main result that shows the solvability of the system (1.5).

Theorem 2.2. Let {xn,Yn,2n, Wn }n>—1 be an admissible solution of system (1.5). Then for n € N, we get

o Fan(my2) + Fan(m+2)-1%-1 ’ ey = Fanm+2)+@m+4) F Fan(m+2)+(2m+3)2-1 ’
Fanmy2)+1+ Fan(mr2)%-1 Fanmr2)+@m+5) T Fan(m+2)+2m+4)2-1
Fan(m+2) + Fanim+2)-1X0 Fan(n+2)+@m+4) T Fan(m+2)+(2m+3)20
X = 4 T F o Xgn+d = o F e
n(m+2)+1 T Fan(mr2)X0 Un(m+2)+(2m+5) T Fan(m+2)+2m+4)20
Noet — Lan(m+2)+(m+2) T Lan(m+2)+ (m+1)Y-1 s — Lan(m+2)+(3m+6) T Lan(m+2)+ (3m+5)W—1 ,
Lan(m+2)+(m+3) + Lan(m+2)+(m+2)Y-1 Lan(m+2)+(3m+7) T Lan(ms2)+ 3m+6)W—1
Noen = Lan(m+2)+(m+2) T Lanm+2)+(m+1)Y0 e Lan(m+2)+(3m+6) + Lan(m+2)+(3m+5)W0 7
Lin(m+2)+(m+3) T Lan(m+2)+(m+2)Y0 Lan(m+2)+(3m+7) + Lan(m+2)+(3m+6)W0
_ Fynia) + Fanmia)—1Y-1 _ Fypmi2)+m+a)  Fan(m+2)+ (2m+3)W-1
Yoo = Fin(ms2)+1 + Fan(ma2)y-1 Vo3 = Fin(ms2)+(2m+5) + Fan(me2)+ meayW—1"
_ Fynio) + Fanmi2)—10 _ Fynia)+em+a) + Fan(ms2)+ (2m+3)W0
Yo = Fanms2) 41+ Fan(mi2)y0 Yota = Fin(m2)+(2m+5) + Fanme2)+ 2m+4)W0
_ Lanmi2)+(m+2) + Lan(m+2)+ (m+1)2-1 _ Lan(m+2)+(3m+6) T Lan(mi2)+ (3m+5)% -1
Yo = Lun(ms2)+(m+3) + Lan(m+2)+(m+2)2-1 Vo> = Lan(m+2)+(3m+7) + Lan(me2)+ (3m+6)X -1
_ Lanmi2)+(m+2) + Lan(m+2)+(m+1)20 _ Lanni2)+(3m+6) T Lan(m+2)+(3m+5)X0
Yoz = Lin(ms2)+(m+3) + Lanm+2)+(m+2)20 Yonre = Lin(m+2)+(3m+7) + Lan(m+2)+(3m+6)X0
S Fapm+2) + Fan(m+2)-12-1 7 fines — Fanm+2)+(2m+4) + Fan(m+2)+(2m+3)X-1
Fynimi2)+1 + Fanm+2)2-1 Finms2)+2m+5) T Fanm+2)+2mra) X1
- Fipm+2) + Fan(ms2)-120 7 Conis Fanmr2)+@m+4) + Fan(m+2)+2m+3)%0
Fynimt2)+1 + Fanm+2)20 Fan(mt2)+2m+5) T Fan(m+2)+@m+4)X0
o Lan(m+2)+(m+2) T Lan(m+2)+ (m+1yW-1  gs = Lan(m+2)+(3m+6) T Lan(m+2)+(3m+5)Y-1 ’
Lan(m+2)+(m+3) + Lan(m+2)+(m+2)W-1 Lapms2)+(3m+7) + Lan(m+2)+ 3m+6)Y—1
tinin = Lyn(m+2)+(m+2) T Lan(ms2)+(m+1)Wo0 e Lyn(m12)+Gm+6) + Lan(m+2)+(3m+5)Y0 ’
Lyn(m+2)+(m+3) T Lan(ms2)+(m+2)Wo Lan(n+2)+(3m+7) + Lan(m+2)+(3m+6)Y0
and
I Fanm+2) + Fan(my2)-1W-1 7 W43 = Fan(mi2)+@m+4) T Fanmr2)+(2m+3)Y-1 ’
Fanms2)+1 + Fanime2yw-1 Fann2)+@m+5) T Fan(m+2)+(2m+4)y—1
Fin(mi2) + Fan(m2)—10 Fan(m+2)+@m+4) T Fan(m+2)+2m+3)Y0
Wen = o T F o Wenid = - 7 ;
4n(m+2)+1 4n(m+2)W0 4n(m-+2)-+(2m+5) 4n(m+2)+(2m+4)Y0
o Ln(m+2)+(m+2) + Lan(m+2)+ (m+1)X—1  wepys = Lan(m+2)+(3m+6) T Lan(m+2)+ 3m+-5)2-1 7
Lin(m+2)+(m+3) T Lan(m+2)+(m+2)X—1 Lan(m+2)+(3m+7) + Lan(m+2)+ (3m+6)2—1
Wenia — Lin(m+2)+(m+2) T Lan(m+2) +(m+1)%0 e = Lin(m+2)+(3m+6) + Lan(m+2)+(3m+5)20 ’
Lan(n+2)+(m+3) + Lan(m+2)+(m+2)X0 Lanm+2)+(3m+7) T Lan(m12)+ (3m+6)20
where (Lm);:_w is the Lucas sequence, (Fm);:_oo is the Fibonacci sequence.

Proof. We have
! /I ! !/ _0 1
Xpy = X2n—ty Yn = Yon—ty 3y = 22n—ty Wy = W2n—t, =01

Then for ¢t =0, 1, we have
/ / / /
Xgpn = X8n—ts Yan = Y8n—ts Z4n = L8n—ts W4 = W8n—t,

and

/ / / /
X0 =Xty Yo = V-t 20 = 2=ty Wo = W—¢.
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Using Theorem (2.1), we can write for t =0, 1

F4n(m+2) + F4n(m+2)f 1X—t

o = Fanmy2) 11 Fan(mi2)X—t
Yoy — Fin(ma2) + Fan(ma2)—1y—t ,
Fanm+2)+1 + Fan(m2)y—1
o = Fanima2) + Fan(ma2)—12— 7
Fanim+2)+1 + Fan(mi2)2—
ey — Fapm+2) + Fan(mi2)—1w—

F4n(m+2)+1 + F4n(m+2)wft ’

Also, fort =0, 1, we have

/ / / /
Xan+1 = X8n+2—ty Van+1 = Y8n+2—t5 2pt1 = L8n+2—ty Wap1 = W8n+2—¢-

Using Theorem (2.1), we get fort =0, 1

. Lan(m+2)+(m+2) T Lan(m+2)+ (m+ 1)yt
8n+2—t — )
" L4n(m+2)+(m+3) +L4n(m+2)+(m+2)y7t
y Lin(m+2)+(m+2) T Lan(m+2)+ (m+1)2—
8n+2—1 )
" Lyn(m+2)+(m+3) T Lan(m+2)+(m+2) 2t
z L4n(m+2)+(m+2) + L4n(m+2)+(m+1)wfl
8n+2—t = )
" Lin(m+2)+(m+3) + Lan(m+2)+ (m+2)W—t
w Langn+2)+(m+2) T Lan(m+2)+ (m+1)X—
8n+2—1t = .
" Lin(n+2)+(m+3) + Lan(m+2)+ (m+2)X—
In the same way, we get forr =0, 1
X F4n(m+2)+(2m+4) JrF4n(m+2)+(2m+3)24
8n+4—t = )
" Fyn(mr2)+@m+5) T Fanm+2)+@m+4)2—t
y F4n(m+2)+(2m+4) + F4n(m+2)+(2m+3)wft
8n+4—t = )
" F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)wft
z F4n(m+2)+(2m+4) + F4n(m+2)+(2m+3)xfl
8n+4—t = )
e Fan(m+2)+2m+5) T Fan(m+2)+(2m+4)X—
" Fan(mt2)+2m+4) T Fanm+2)+(2m+3)Y—1
8n+4—t =
" Fngnr2)+2mt5) T Fanma2)+ mra)y—1
and
. Lin(m+2)+(3m16) T Lan(m+2)+ Gm+5)W—t
8n+6—1t — )
" L4n(m+2)+(3m+7) + L4n(m+2)+(3m+6)w—t
y L4n(m+2 +(3m+6) +L4n(m+2)+(3m+5)x !
8n+6—1 — P
" L4n(m+2)+ (3m+7) +L4n(m+2)+(3m+6)x t
z L4n(m+2) +(3m+6) +L4n(m+2 +(3m+5)Y—
8n+6—1 — 3
et Lynim+2)+Gm+7) + Lan(m+2)+(3m+6)Y-
" Lin(m+2)+(3m+6) +L4n(m+2>+(3m+5)2—r
8n+6—1 = .
e L4n(m+2)+(3m+7) JrL4rz(m+2)+(3rrl+6)M
This completes the proof. O

3. Special cases

We end this paper by illustrating the cases m = —1 and m = 0 in system (1.5).

Case m = —1 When m = —1 in system (1.5), we obtain the system of difference equations
P I+2y,1 ot = 1+2z,1 — 142wy L 142x,4 neN
n+1 3+Yn71 ) n+1 312, 4 y<n+1 3L w, ’ n+1 341x, ) 0- 3.1
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For system (3.1), by applying Theorem (2.2) we get
ey | = Fap+ Fap1x4 ’ Nonis = Fapyo+ Fapy1z1 7
Fap1 + Fapx—y Fanyz + Fapyoz-1
g = Fap + Fap—1x0 7 Nonia = Funio+ Fanyi120 7
Fant1+ Fanxo Fin+3 + Fani220
o Lap1 + Lany—1 | Xanys = Lapy3+ Lapow—q 7
Lapio + Lap1y—1 Lapya+ Lap3w—q
o2 — Lapt1 + Lanyo  Xgne = Lapy3 + Lapyowo 7
Lany2 4 Lant1y0 Lapya 4 Lany3wo
_ Fapt Fap1y-1 Byt Fappiw_g
on-1 = Fapi1+Fany—1’ Yont3 = Fany3+ Fapow_1’
_ Fapn+Fan—1y0 _ Fupgo+ Fapiwo
o = Fani1+ Fanyo ontd = Fany3+ Fangowo
_ Lapy1 + Lanz—g _ Lapy3+ Lapiox—y
Yo+l = Lapio+Lapi1z-1° onts = Lapsa+Lagizx_y’
_ Lapy1 + Lanzo _ Lapy3+ Lant2xo
on+2 = Lapi2+Lans120’ Yont6 = Lanta+Lany3xo’
S Fap + Fan—12-1 7 L = Fipo + Fap1x-1 7
Fipi1 4 Fanz— Fany3 + Fapyox—
- Fyn + Fyn120 7 Zn 4 = Fin2 + Fant1x0 ’
Fan1 + Fanzo Fany3 + Fanyoxo
- Lani1 + Lapw—1  Zenes = Lani3+ Lantoy-1 ,
Lapio+Lapriw—_y Lapya +Lany3y_1
Znin = Lant1+ Lanwo  Zeme = Lant+3 + Lant2Y0 ,
Lynt2 + Lany1wo Lan+a+ Lany3y0
Way | = Fan+ Fapn_ 1wy s Faniz + Fanyr1y—1 ,
Fyn1+ Fapw—q Fini3 + Fapioy_1
- Fan + Fapn_1wo 7 Wansa = Finy2 + Fan1y0 ’
Fin1+ Fanwo Fani3 + Fanioyo
S Lapt1+ Lapx—y  wenys = Lani3+Lapy221 ’
Lani2+Lapy1x— Lapnta+Lapy3z1
Wy — Lan+1+ Lanxo 7 T Lans3 +Lany220 ,
Lapy2 + Lant1%0 Lapya+ Lany320
Case m =0 When m = 0 in system (1.5), we obtain the system of difference equations
Xn+1 ZM, Yn+1 :M»Zn-&-l ZM, Wn+1 ZM, n € Np.
4+ 3y, 443z, 4 443w, 44 3x, (3.2)
For system (3.2), applying Theorem (2.2) we get
N Fgy + Fgp—1x-1 7 Nones = Fynsa + Fyny32-1 ,
Fgny1 + Fynx—y Fnys+ Fsnyaz—i
gy = Fgy + Fgn—1x0 7 N1 — Fn+a+ Fsny320 7
Fgni1 + Fnxo Fsnis+ Fsnyazo
o Lgnio+Lgni1y-1  xgrs = Lgyt6+ Lgn+sw—1 7
Lgnt3+ Len+2y—1 Lgni7+ Lgpyew—1
Xonia = Lgni2+ Lgnt1y0 Nonis = Lgnt6+ Lgn+swo

Lgni3+ Lgnioyo

)
Lgni7 + LgnieWo



240 Fundamental Journal of Mathematics and Applications

12 20 . . . . . :
Xn xn
10 1
A Yn
gl Zn | 15 F Zn 4
WH Wn
61 i
c 10 E
B L ] B
© 4 ©
N N
= =
> ot 4 >
ol JA\ < 5t 1
ol i
2F - ok 7
4+ 4
6 ‘ ‘ ‘ ‘ ‘ ‘ 5 . . . . . .
5 0 5 10 15 20 25 30 5 0 5 10 15 20 25 30
n n

Figure 1: System (3.1) (left) and System (3.2) (right).

Fgu + Fgu—1y-1 _ Fguya+Fguyawog
Y8n—1 = m, Y8n+3 = Fonss + Fonraw ,
Fgu + Fsu—1)0  Fypra+ Fyugzwo
P R+ Fao’ T R+ Fyrawo
Lgni3+ Lent22-1 Lgni7 + Lgni6X—1
%nﬂzM, y8n+6:M7
Lgn+3 + Lgn+220 Lgy 7+ Lgnt6X0
Fyni1 4 Fynz—1 Fypis + Fnyax—
2g, — Lo Fon120 tn s = Lot Faniato.
F3nt1+ Fsnzo Fgyv5 4+ Feptaxo
Zonl = Lgpi2 + Lgnt1w-1  Zges— Lgni6 + Lgntsy—1 ’
Lgnt3 + Lento2w—i Lgni7+Lgni6y_1
tgnsn = B2t Lenewo o Leniet Lenisyo
Lgyn+3+ Lgnt2wo Lsn+7+ Lgnt6Y0
wgp = Dot By o Bt Fayor
Fypi1 4 Fgnw—1 Fenys + Fsnyay-—1
wgy = 3t P10, Wi = LBreat Fonisdo
Fypy1 + Fgawo Futs + Fgntayo
wpey = 2t Loy L LenvetLaniszr
Lgy+3 + Lgn+2X-1 Lgy17+ Lsnt67—1
W8n+2 = M W8nt6 = M

) b
Lgn13+ Lgni2x0 Lgn17+ Lgny620

Example 3.1. Fig.1. (left) represents system (3.1) withx_1 =2, xo=—1.29,y_1=7,y0=0.7, 21 =2, z20=—1.8, w_1 =24,
wo = —3.28

Example 3.2. Fig.l. (right) represents system (3.2) withx_1 =4, xo = —1.6, y_1 =1.42, yo = —1.28, z_1 = =5, 20 = 2.8,
w_1 = 3.1, wo = —5.28.
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4. Conclusion

In this paper, we showed that the system of difference equations

x Lm+2 +Lm+lynfl y Lm+2 +Lm+1Zn71
= Yprl =5,
L3+ Linyoyn—1 L3+ Liny22p—1
Lyy2+ Ly 1w L2+ L1,
Znpl = , Wppl = —

Ly 3+ Lypyown—y Ly 3+ Lypyoxp—1

where the coefficients are the well-known Lucas numbers is solvable in closed form.

In fact, its solution is represented in terms of Lucas and Fibonacci numbers.

We also provided two illustrative examples for the case m = —1 and m = 0.

We conjecture that, the results in this paper can be satisfied to a more general case of the aforementioned system.
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