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1. Introduction

Kovacik and Rakosnik introduced the variable exponent Lebesgue spaceLp(.)(Rn) and the Sobolev

spaceWk,p(.) (Rn) as an alternative approach for coping with non-linear Dirichlet boundary value

problems in [18]. The study of these spaces has been triggered by the problems of elasticity, fluid

dynamics, calculus of variations, see [25], [32], [33]. Also, Diening [6] proved for the first time

the boundedness of the maximal operator in variable exponent Lebesgue spaces over bounded

domains ifp(.) satisfies the locally log-Hölder continuous condition, that is,

|p(x)− p(y)| ≤
C

− ln |x−y|
, x,y∈ Ω, |x−y| ≤

1
2
,

whereΩ is a bounded domain. Diening later extended the result to unbounded domains by assum-

ing, in addition, that the exponentp(.) = p is a constant function outside a large ball. After this

paper, many exciting and important papers appeared in non-weighted and weighted variable expo-

nent spaces, see [7], [11], [18] and [27]. For 1≤ p<∞, the spaceBp(G)= L1(G)∩Lp(G) is a Ba-

nach algebra with the norm‖.‖Bp(G) such that‖ f‖Bp(G) := ‖ f‖1+‖ f‖p and the usual convolution

product. Warner and Yap have studied the Banach algebrasBp(G) , for details see [29], [30] and

[31]. Moreover, Sağir and Gurkanlı investigated some properties ofBp,q
w,ϑ (G) = Lp

w(G)∩ Lq
ϑ (G)

and endowed it with the sum norm‖ f‖p,q
w,ϑ := ‖ f‖p,w + ‖ f‖q,ϑ in [26]. The aim of this paper is

to generalize some of the results in [26] to the spaceAp,q(.)
w,ϑ (Rn) = Lp

w(Rn)∩Lq(.)
ϑ (Rn) . Also, we

obtain several inclusions and embedding properties in thisspace. Using these results, we obtain
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some applications for the intersection spaceX ∩Y and the sum spaceX+Y, whereX andY are

two normed spaces. We refer to [19] and [23] for a detailed historical background. The bound-

edness of the maximal operator in variable exponent spaces is very effective such that there are

consequential papers e.g. [5], [6], [21], [22], [27]. By using this result under the conditionsw∈Ap

andϑ ∈ Aq(.), we will present Theorem 10, Theorem 11 and Corollary 2. Theseconsequences can

be used for some function spaces such as Sobolev spaces, Lorentz spaces, Amalgam spaces and

Morrey spaces.

In this paper, we will work onRn with Lebesgue measuredx. We write (Lp(Rn),‖.‖p) for the

Lebesgue spaces for 1≤ p < ∞ . We denote byCc(R
n) the space of all continuous, complex-

valued functions with compact support inRn. We denote the family of all measurable functions

p(.) : Rn → [1,∞) (called the variable exponent onRn) by the symbolP (Rn). In this paper, the

function p(.) always denotes a variable exponent. Forp(.) ∈ P (Rn) , define

p− = ess inf
x∈Rn

p(x), p+ = ess sup
x∈Rn

p(x).

For every measurable functionf onR
n we define the function

ρp(.)( f ) =
∫

Rn

| f (x)|p(x)dx.

The functionρp(.) is convex modular.Lp(.)(Rn) is denoted as the set of all (equivalence classes)

measurable functionsf onRn such thatρp(.)(λ f )< ∞ for someλ > 0, equipped with the Luxem-

burg norm

‖ f‖p(.) = inf

{

λ > 0 : ρp(.)

(

f
λ

)

≤ 1

}

.

If p+ < ∞, then f ∈ Lp(.)(Rn) iff ρp(.)( f )< ∞. The setLp(.)(Rn) is a Banach space with the norm

‖.‖p. If p(.) = p is a constant function, then the Luxemburg coincides with the usualLp−norm. A

positive, measurable and locally integrable functionϑ : Rn → (0,∞) is called a weight function.

A Beurling weightϑ onR
n is a measurable and locally bounded function onR

n andϑ satisfies

1≤ ϑ(x) andϑ(x+y)≤ ϑ(x)ϑ(y) for all x,y∈R
n. We say thatϑ1 ≺ ϑ2 if and only if there exists

c> 0 such thatϑ1(x)≤ cϑ2(x) for all x∈R
n. Two weight functions are called equivalent, written

asϑ1 ≈ ϑ2, if ϑ1 ≺ ϑ2 andϑ2 ≺ ϑ1. We setLp
w (Rn) =

{

f : f w
1
p ∈ Lp(Rn)

}

for 1≤ p< ∞. It is a

Banach space under the natural norm‖ f‖p,w =
∥

∥

∥
f w

1
p

∥

∥

∥

p
. Recall thatLp

w1 (R
n) →֒ Lp

w2 (R
n) if and

only if w2 ≺ w1 [12]. The weighted modular is defined by

ρp(.),ϑ ( f ) =
∫

Rn

| f (x)|p(x) ϑ (x)dx.

The weighted variable exponent Lebesgue spacesLp(.)
ϑ (Rn) consist of all measurable functionsf

onR
n where‖ f‖p(.),ϑ =

∥

∥

∥ f ϑ
1

p(.)

∥

∥

∥

p(.)
< ∞. The spaceLp(.)

ϑ (Rn) is a Banach space with respect to
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‖.‖p(.),ϑ . Also, some basic properties of this space were investigatedin [2], [3], [4], [13], [14],

[15], [16], [17]. We say thatp1(.) is non-weaker thanp2(.) if and only if there exist positive

constantsK1,K2 andh∈ L1(Rn),h≥ 0 such that

tp1(.)ϑ1(x) ≤ K1(K2t)
p2(.) ϑ2(x)+h(x),

for a.e. x ∈ R
n and all t ≥ 0. We sayp1(.) � p2(.). Moreover, the embeddingLp2(.)

ϑ2
(Rn) →֒

Lp1(.)
ϑ1

(Rn) holds if and only ifp1(.) � p2(.), [10]. The spaceL1
loc (R

n) is the space of all mea-

surable functions f onRn such thatf .χK ∈ L1(Rn) for any compact subsetK ⊂ R
n. A Banach

function space (shortly BF-space) onRn is a Banach space(B,‖.‖B) of measurable functions

which is continously embedded intoL1
loc (R

n), i.e. for any compact subsetK ⊂ R
n there exists

some constantCK > 0 such that‖ f .χK‖L1 ≤CK .‖ f‖B for all f ∈ B. A BF-space(B,‖.‖B) is called

solid if g∈ L1
loc (R

n) , f ∈B and|g(x)| ≤ | f (x)| almost everywhere (shortly a.e.) implies thatg∈B

and‖g‖L1 ≤‖ f‖B. A BF- space(B,‖.‖B) is solid iff it is aL∞(Rn)-module. Letf be a measurable

function onRn. The translation and character operatorsLy andΛt are defined byLy f (x) = f (x−y)

andΛt f (y) = 〈y, t〉 . f (y) respectively forx,y∈ R
n , t ∈ R

n. Also (B,‖.‖B) is strongly translation

invariant if one hasLyB⊆ B and‖Ly f‖B = ‖ f‖B and strongly character invariant ifΛtB⊆ B and

‖Λt f‖B = ‖ f‖B for all f ∈ B ,y∈R
n andt ∈ R

n.

2. The SpaceAp,q(.)
w,ϑ (Rn)

Throughout this paper, we assume thatw,ϑ are Beurling weight functions.

Let q(.) ∈ P (Rn). We set

Ap,q(.)
w,ϑ (Rn) =

{

f : f ∈ Lp
w(R

n)∩Lq(.)
ϑ (Rn)

}

and equip this vector space with the norm

‖ f‖p,q(.)
w,ϑ = ‖ f‖p,w+‖ f‖q(.),ϑ

for any f ∈ Ap,q(.)
w,ϑ (Rn).

Theorem 1. If q+ < ∞, then
(

Ap,q(.)
w,ϑ (Rn),‖.‖

p,q(.)
w,ϑ

)

is a Banach space.

Proof. Let { fn}n∈IN be a Cauchy sequence inAp,q(.)
w,ϑ (Rn). Thus givenε > 0, there exists ann0 ∈N

such that for alln,m> n0 implies

‖ fn− fm‖
p,q(.)
w,ϑ = ‖ fn− fm‖p,w+‖ fn− fm‖q(.),ϑ < ε .

Therefore,{ fn}n∈IN ⊂ Lp
w(Rn) and{ fn}n∈IN ⊂ Lq(.)

ϑ (Rn) are Cauchy sequences with respect to

‖.‖p,w and‖.‖q(.),ϑ norms, respectively. Since the spaces
(

Lp
w(Rn),‖.‖p,w

)

and
(

Lq(.)
ϑ (Rn),‖.‖q(.),ϑ

)
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are two Banach spaces, then givenε > 0, there aren1,n2 ∈N such that for alln> n1,n> n2 imply

‖ fn− f‖p,w <
ε
2

(1)

‖ fn−g‖q(.),ϑ <
ε
2
.

Thus fn −→ g in Lq(.)(Rn). Sinceq+ < ∞, convergence inLq(.)is necessity with convergence in

measure [18] and then there is a sequence{ fnk}k∈IN ⊂ { fn}n∈IN such thatfnk −→ g, a.e. [24].

Also, it is easy to see thatfnk −→ f . Therefore givenε > 0, there existsn3 ∈ N such that for all

nk > n3 andx /∈ K implies

| f (x)−g(x)|6 | f (x)− fnk (x)|+ | fnk (x)−g(x)|<
ε
2
+

ε
2
= ε ,

whereK is the set of{ fnk}k∈IN are not convergent. Then we writef = g, a.e. and since elements

of Lq(.)
ϑ (Rn) are equivalence classes, we yieldf = g. Since f ∈ Lp

w(Rn) and f ∈ Lq(.)
ϑ (Rn), then f ∈

Ap,q(.)
w,ϑ (Rn). Let n0 = max{n1,n2} . If we use (1), then givenε > 0, there existsn0 ∈ N such that

for all n> n0 it holds that

‖ fn− f‖p,q(.)
w,ϑ = ‖ fn− f‖p,w+‖ fn− f‖q(.),ϑ < ε .

This completes the proof.

Proposition 1. If q+ < ∞, then

(i) Cc(R
n)⊂ Ap,q(.)

w,ϑ (Rn)

(ii) The spaceAp,q(.)
w,ϑ (Rn) is dense inLp

w(Rn) andLq(.)
ϑ (Rn) .

Proof. (i) Let f ∈ Cc (R
n) be any function such that supp f = K compact. It is known that

Cc(R
n)⊂ Lp

w(R
n). Also, the inclusionCc(R

n)⊂ Lq(.)
ϑ (Rn) is satisfied by [28]. Then, we get

f ∈ Lp
w(Rn) and f ∈ Lq(.)

ϑ (Rn). Therefore,f ∈ Ap,q(.)
w,ϑ (Rn) which is the desired.

(ii) It is clear that the spaceCc (R
n) is dense inLp

w(Rn). Using the inclusion

Cc(R
n)⊂ Ap,q(.)

w,ϑ (Rn)⊂ Lp
w(R

n) ,

we get thatAp,q(.)
w,ϑ (Rn) is dense inLp

w(Rn). Similarly, we can conclude thatAp,q(.)
w,ϑ (Rn) is

dense inLq(.)
ϑ (Rn) .

Theorem 2. (i) The spaceAp,q(.)
w,ϑ (Rn) is strongly character invariant.

(ii) If q+ < ∞, then the functiont −→ Λt f is continuous fromRn into Ap,q(.)
w,ϑ (Rn).

(iii) The function f −→ Λt f is continuous fromAp,q(.)
w,ϑ (Rn) into Ap,q(.)

w,ϑ (Rn).

Proof. (i) Take anyf ∈ Ap,q(.)
w,ϑ (Rn). Also, we have

|Λt f (x)|= |〈x, t〉 f (x)|= | f (x)| .
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Using the definitions of norms of the spacesLp
w(Rn) andLq(.)

ϑ (Rn), we get

‖Λt fn−Λt f‖p,q(.)
w,ϑ = ‖Λt fn−Λt f‖p,w+‖Λt fn−Λt f‖q(.),ϑ

= ‖ fn− f‖p,w+‖ fn− f‖q(.),ϑ = ‖ fn− f‖p,q(.)
w,ϑ .

(ii) If we use same method in Proposition 2.4 by [2], then we can conclude

‖Λt f − f‖p,q(.)
w,ϑ = ‖Λt f − f‖p,w+‖Λt f − f‖q(.),ϑ <

ε
2
+

ε
2
= ε

for any f ∈ Ap,q(.)
w,ϑ (Rn) andt ∈R

n.

(iii) Let ( fn)n∈N ⊂ Ap,q(.)
w,ϑ (Rn) and f ∈ Ap,q(.)

w,ϑ (Rn). Also, fn −→ f in Ap,q(.)
w,ϑ (Rn). Then, we get

‖Λt fn−Λt f‖p,q(.)
w,ϑ = ‖Λt fn−Λt f‖p,w+‖Λt fn−Λt f‖q(.),ϑ

= ‖Λt ( fn− f )‖p,w+‖Λt ( fn− f )‖q(.),ϑ

= ‖ fn− f‖p,q(.)
w,ϑ < ε .

That is the desired.

Lemma 1. (i) The spaceAp,q(.)
w,ϑ (Rn) is a BF-space onRn.

(ii) If q+ < ∞, thenAp,q(.)
w,ϑ (Rn) is a solid BF-space onRn.

Proof. It is known that
(

Ap,q(.)
w,ϑ (Rn),‖.‖p(.),ϑ

)

is a Banach space. LetK ⊂ R
n be a compact sub-

set and 1
p(.) +

1
q(.) = 1. If we use the generalized Hölder inequality for variableexponent Lebesgue

space, we obtain aC > 0 such that
∫

K

| f (x)|dx ≤ C‖χK‖t(.) ‖ f‖q(.) ≤C‖χK‖t(.),ϑ ‖ f‖q(.),ϑ

≤ C‖χK‖t(.),ϑ ‖ f‖p,q(.)
w,ϑ

for all f ∈ Ap,q(.)
w,ϑ (Rn),whereχK is the characteristic function ofK. It is clear that‖χK‖t(.),ϑ <

∞ iff ρt(.),ϑ (χK)< ∞ for t+ < ∞. Sinceϑ(x) ≥ 1 for x∈R
n, we get

ρt(.),ϑ (χK) =
∫

K

ϑ(x)q(x)dx=

(

sup
x∈K

ϑ (x)q+
)

µ (K)< ∞

Therefore,Ap,q(.)
w,ϑ (Rn) →֒ L1

loc(R
n). This completes (i). If we use (i), then the proof of (ii) is clear.

Theorem 3. Let q+ < ∞. ThenAp,q(.)
w1,ϑ1

(Rn)⊂ Ap,q(.)
w2,ϑ2

(Rn) if and only if Ap,q(.)
w1,ϑ1

(Rn) →֒ Ap,q(.)
w2,ϑ2

(Rn).

Proof. The sufficient condition of the theorem is clear by the definition of embedding. Now, let

Ap,q(.)
w1,ϑ1

(Rn)⊂ Ap,q(.)
w2,ϑ2

(Rn). Put the sum norm‖| f |‖= ‖ f‖p,q(.)
w1,ϑ1

+‖ f‖p,q(.)
w2,ϑ2

onAp,q(.)
w1,ϑ1

(Rn). Hence it
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is easy to see that
(

Ap,q(.)
w1,ϑ1

(Rn),‖|.|‖
)

is a Banach space. Now, let us define the unit functionI from
(

Ap,q(.)
w1,ϑ1

(Rn),‖|.|‖
)

into
(

Ap,q(.)
w1,ϑ1

(Rn),‖.‖
p,q(.)
w1,ϑ1

)

. ThenI is continuous. Because, we can obtain the

inequality‖I( f )‖p,q(.)
w1,ϑ1

= ‖ f‖p,q(.)
w1,ϑ1

≤ ‖| f |‖ . Using the closed graph mapping theorem, it is clear

that I is a homeomorphism. That means the norms‖|.|‖ and‖.‖p,q(.)
w1,ϑ1

are equivalent. Thus, for

every f ∈ Ap,q(.)
w1,ϑ1

(Rn) there existsk> 0 such that

‖| f |‖ ≤ k‖ f‖p,q(.)
w1,ϑ1

. (2)

Therefore, by using (2) and the definition of norm‖|.|‖ , we write

‖ f‖p,q(.)
w2,ϑ2

≤ ‖| f |‖ ≤ k‖ f‖p,q(.)
w1,ϑ1

.

That is the desired.

Theorem 4. If w2 ≺ w1, thenAp,q(.)
w1,ϑ (Rn) →֒ Ap,q(.)

w2,ϑ (Rn).

Proof. The proof is straightforward.

Theorem 5. If ϑ2 ≺ ϑ1, thenAp,q(.)
w,ϑ1

(Rn) →֒ Ap,q(.)
w,ϑ2

(Rn).

Proof. It is clear thatϑ2 ≺ ϑ1 implies andLp(.)
ϑ1

(Rn) →֒ Lp(.)
ϑ2

(Rn) by [2]. Hence, we write

Ap,q(.)
w,ϑ1

(Rn) →֒ Ap,q(.)
w,ϑ2

(Rn) .

Theorem 6. If q1(.)� q2 (.) , thenAp,q2(.)
w,ϑ2

(Rn) →֒ Ap,q1(.)
w,ϑ2

(Rn).

Proof. Let q1(.)� q2(.). Then, we writeLq2(.)
ϑ2

(Rn) →֒ Lq1(.)
ϑ1

(Rn). Using this embedding, we con-

clude thatAp,q2(.)
w,ϑ2

(Rn) →֒ Ap,q1(.)
w,ϑ1

(Rn) .

Theorem 7. If q+1 < ∞ and
∥

∥

∥

ϑ2
ϑ1

∥

∥

∥ q1(.)
q1(.)−q2(.)

,ϑ1

< ∞, then Ap,q1(.)
w,ϑ1

(Rn) →֒ Ap,q2(.)
w,ϑ2

(Rn) .

Proof. Let us assume that
∥

∥

∥

ϑ2
ϑ1

∥

∥

∥ q1(.)
q1(.)−q2(.)

,ϑ1

<∞. It is known by Theorem 5.1 in [10] thatLq1(.)
ϑ1

(Rn) →֒

Lq2(.)
ϑ2

(Rn). Thus there exists a constantc> 0 such that

‖ f‖q2(.),ϑ2
≤ c‖ f‖q1(.),ϑ1

.

for any f ∈ Lp(.)
ϑ1

(Rn).

Therefore, we can write as follows

‖ f‖p,q2(.)
w,ϑ2

≤ ‖ f‖p,w+‖ f‖q2(.),ϑ2
≤ ‖ f‖p,w+c‖ f‖q1(.),ϑ1

≤ max{1,c}
{

‖ f‖p,w+‖ f‖q1(.),ϑ1

}

= max{1,c}‖ f‖p,q1(.)
w,ϑ1

.

for any f ∈ Ap,q1(.)
w,ϑ1

(Rn). That isAp,q1(.)
w,ϑ1

(Rn) →֒ Ap,q2(.)
w,ϑ2

(Rn).
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The following corollary can be easily proved using Theorem 3, Theorem 4, Theorem 5, Theorem

6 and Theorem 7.

Corollary 1. (i) The equalityAp,q(.)
w1,ϑ (Rn) = Ap,q(.)

w2,ϑ (Rn) holds if and only ifw2 ≈ w1.

(ii) If ϑ2 ≈ ϑ1, thenAp,q(.)
w,ϑ1

(Rn) = Ap,q(.)
w,ϑ2

(Rn) .

(iii) If w2 ≺ w1 andϑ2 ≺ ϑ1, thenAp,q(.)
w1,ϑ1

(Rn) →֒ Ap,q(.)
w2,ϑ2

(Rn) .

(iv) If w2 ≈ w1 andϑ2 ≈ ϑ1, thenAp,q(.)
w1,ϑ1

(Rn) = Ap,q(.)
w2,ϑ2

(Rn) .

(v) The embeddingAp,q1(.)
w1,ϑ1

(Rn) →֒ Ap,q2(.)
w2,ϑ2

(Rn) holds ifw2 ≺ w1 andq2(.)� q1(.).

(vi) The embeddingAp,q1(.)
w1,ϑ1

(Rn) →֒ Ap,q2(.)
w2,ϑ2

(Rn) holds ifw2 ≺ w1 and
∥

∥

∥

ϑ2
ϑ1

∥

∥

∥ q1(.)
q1(.)−q2(.)

,ϑ1

< ∞.

Now, we characterize the embeddings of the sum and intersection of variable exponent Lebesgue

spaces. For two normed spacesX andY (which are both embedded into a Hausdorff topological

vector spaceZ) we equip the intersectionX ∩Y := { f : f ∈ X, f ∈Y} and the sumX +Y :=

{g+h : g∈ X, h∈Y} with the norms

‖ f‖X∩Y : = max{‖ f‖X ,‖ f‖Y} ,

‖ f‖X+Y : = inf
f=g+h,g∈X,h∈Y

{‖g‖X +‖h‖Y} .

The following theorem is well known by [8].

Theorem 8. Let p(.) q(.) , r (.)∈P (Rn) with p(.)≤ q(.)≤ r (.) , almost everywhere inRn. Then

Lp(.) (Rn)∩Lr(.) (Rn) →֒ Lq(.) (Rn) →֒ Lp(.) (Rn)+Lr(.) (Rn) .

Theorem 9. Let 1≤ p< ∞, q(.) , r (.) ∈ P (Rn) with p≤ r (.)≤ q(.) , almost everywhere inRn.

Then

Ap,q(.)
w,ϑ (Rn) →֒ Lr(.) (Rn) →֒ Lp(Rn)+Lq(.) (Rn) .

Proof. Sincew,ϑ are Beurling’s weight functions, we can write embeddingsLp
w(Rn) →֒ Lp(Rn)

andLq(.)
ϑ (Rn) →֒ Lq(.)(Rn). Using the last two embeddings and Theorem 8, we get

Ap,q(.)
w,ϑ (Rn) →֒ Lp(Rn)∩Lq(.) (Rn) →֒ Lr(.) (Rn) →֒ Lp(Rn)+Lq(.) (Rn) .

The exponentq(.) satisfies the locally log-Hölder continuous if

|q(x)−q(y)| ≤
C

− ln |x−y|
, x,y∈ Ω, |x−y| ≤

1
2

.

whereΩ ⊂ R
n. We denote the family of all locally log-Hölder continous functions by the symbol

Plog(Rn).
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For f ∈ L1
loc(R

n), we denote the (centered) Hardy-Littlewood moximal operator M f of f by

M f (x) = sup
r>0

1
B(x, r)

∫

B(x,r)

| f (y)|dy.

where the supremum is taken over all ballsB(x, r) .

Let 1≤ p< ∞. A weight w satisfies Muckenhoupt’sAp(R
n) = Ap condition, orw∈ Ap, if there

exist positive constantsC andc such that, for every ballB⊂ R
n,





1
|B|

∫

B

wdx









1
|B|

∫

B

w− 1
p−1 dx





p−1

≤C, 1< p< ∞

or




1
|B|

∫

B

wdx





(

esssup
B

1
w

)

≤ c, p= 1.

Let 1< p< ∞. Then Muckenhoupt proved thatw∈ Ap if and only if the Hardy-Littlewood maxi-

mal operator is bounded onLp
w(Rn), see [20].

Hastö and Diening defined the classAq(.) to consist of those weightsw for which

‖w‖Aq(.)
:= sup

B∈κ
|B|−qB ‖w‖L1(B)

∥

∥

∥

∥

1
w

∥

∥

∥

∥

L
p(.)
q(.) (B)

< ∞,

whereκ denotes the set of all balls inRn, qB =

(

1
|B|

∫

B

1
q(x)dx

)−1

and 1
q(.) +

1
p(.) = 1. It is clear

that the Hardy-Littlewood maximal operator is bounded onLq(.)
ϑ (Rn) if and only if q∈ Plog(Rn) ,

1< q− ≤ q+ < ∞, ϑ ∈ Aq(.), see [3].

Theorem 10. Let 1< p< ∞, q ∈ Plog (Rn) and 1< q− ≤ q+ < ∞. Then, the maximal operator

M : Ap,q(.)
w,ϑ (Rn)−→ Ap,q(.)

w,ϑ (Rn) is bounded if and only ifw∈ Ap andϑ ∈ Aq(.).

Proof. It is known that the maximal operatorsM : Lp
w(Rn) −→ Lp

w(Rn) andM : Lq(.)
ϑ (Rn) −→

Lq(.)
ϑ (Rn) are bounded if and only ifw∈ Ap andϑ ∈ Aq(.), respectively. Using the definition of the

intersection space, the proof is completed.

Definition 1. Let ϕ : Rn −→R be a nonnegative, radial, decreasing function belonging toC∞
0 (R

n)

and having the properties:

(i) ϕ (x) = 0 if |x| ≥ 1,

(ii)
∫

Rn
ϕ (x)dx= 1.

Let ε > 0. If the functionϕε (x) = ε−nϕ
(

x
ε
)

is nonnegative, belongs toC∞
0 (R

n) and satisfies

(i) ϕε (x) = 0 if |x| ≥ ε ,



CUJSE 13, No. 2 (2016) On Some Properties of the SpaceLp
w(Rn)∩Lq(.)

ϑ (Rn) 9

(ii)
∫

Rn
ϕε (x)dx= 1,

thenϕε is called a mollifier and we define the convolution by(ϕε ∗ f ) (x) =
∫

Rn
ϕε (x−y) f (y)dy.

The following proposition was proved in [9].

Proposition 2. Let ϕε be a mollifier andf ∈ L1
loc(R

n). Then sup
ε>0

|(ϕε ∗ f )(x)| ≤ M f (x) .

Proposition 3. If ϑ ∈ Aq(.) and f ∈ Lq(.)
ϑ (Rn), thenϕε ∗ f ⇀ f in Lq(.)

ϑ (Rn) asε −→ 0+, see [3].

Theorem 11. If w ∈ Ap and ϑ ∈ Aq(.) and f ∈ Ap,q(.)
w,ϑ (Rn), then ϕε ∗ f ⇀ f in Ap,q(.)

w,ϑ (Rn) as

ε −→ 0+.

Proof. Let f ∈ Ap,q(.)
w,ϑ (Rn) andε > 0 be given. Ifw∈ Ap andϑ ∈ Aq(.), then the inequality

‖ f −ϕε ∗ f‖p,q(.)
w,ϑ = ‖ f −ϕε ∗ f‖p,w+‖ f −ϕε ∗ f‖q(.),ϑ

<
ε
2
+

ε
2
= ε

is satisfied by [1], [3]. That is the desired.

Corollary 2. Let w∈ Ap andϑ ∈ Aq(.). The classC∞
0 (R

n) is dense inAp,q(.)
w,ϑ (Rn).
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10 C. Ünal et al.

[11] X. Fan, D. Zhao, On the SpacesLp(x) (Ω) andWk,p(x) (Ω) , Journal of Mathematical Analysis and Applications,

263(2), (2001), 424-446.

[12] H. G. Feichtinger, Gewichtsfuncktionen Auf Lokalkompakten Gruppen, Sitzungsberichte derÖster. Akad.d. Wis-
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