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Abstract

In this paper, a new class of nonconvex vector optimization problems is considered. The
concepts of E-B-pseudoinvexity and E-B-quasiinvexity are introduced for F-differentiable
functions. Then, the sufficiency of the so-called E-Karush-Kuhn-Tucker optimality con-
ditions is established for the considered FE-differentiable vector optimization problems
under (generalized) E-B-invexity. To illustrate the aforesaid results, an example of a
nonsmooth vector programming problem with E-differentiable functions is given. For
the E-differentiable vector optimization problem, the so-called vector Mond-Weir E-dual
problem is defined, and several E-dual theorems are established under (generalized) E-B-
invexity hypotheses.
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1. Introduction

The theory and applications of vector optimization problems have been closely tied
with convex analysis and calculus analysis. During the last few years, generalizations of
convexity related to optimality conditions and duality of nonlinear differentiable and non-
differentiable multiobjective optimization problems have received great interest from the
authors in the areas of optimization theory and thus to explore the extent of optimality
conditions and duality applicability in mathematical programming problems (see, for ex-
ample, [1], [3], [7], [8], [9], [13], [16], [17], [18], [19], [20], [22], [23], [24], [25], and others).
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One of such important generalizations of the convexity notion is the concept of invex-
ity introduced by Hanson [15] in the case of differentiable scalar optimization problems.
More precisely, Hanson established Karush-Kuhn-Tucker sufficient optimality conditions
and duality theorems for a differentiable optimization problem involving an invex function.
After that, Bector and Singh [12] introduced the class of B-vex functions as a generaliza-
tion of convex functions. Later, Bector et al. [11] extended the concept of B-vexity of
functions to B-invex functions.

Equally important in the optimization theory is the classes of nonconvex sets and non-
convex functions, called E-convex sets and F-convex functions, respectively, were intro-
duced and studied by Youness [29]. These results inspired the authors to produce a great
deal of subsequent research work in optimization theory (see, for example, [2], [4], [5], [6],
[10], [14], [21], [26], [27], [28], [30], and others). Abdulaleem [1] introduced the concept
of E-differentiable E-invexity in the case of (not necessarily) differentiable vector opti-
mization problems with E-differentiable functions. Recently, Abdulaleem [3] introduced
a new concept of generalized convexity as a generalization of several notions of gener-
alized convexity previously introduced in the literature. In the meanwhile, Abdulaleem
defined the concept of E-differentiable E-B-invexity in the case of (not necessarily) differ-
entiable scalar optimization problems with E-differentiable functions and used this concept
in proving sufficient optimality conditions for a new class of nonconvex FE-differentiable
scalar optimization problems.

However, in this paper, a nonconvex vector optimization problem is considered. The
notions of E-B-pseudoinvexity and FE-B-quasiinvexity are introduced for not necessarily
differentiable functions. The sufficiency of the so-called F-Karush-Kuhn-Tucker optimality
conditions is established for the considered E-differentiable vector optimization problems
under (generalized) E-B-invexity. The result is illustrated by the example of a noncon-
vex E-differentiable optimization problem in which the involved functions are E-B-invex.
Furthermore, for the considered E-differentiable vector optimization problem, its vector
FE-dual problem in the sense of vector Mond-Weir E-duality is defined. Then, various du-
ality theorems between the considered FE-differentiable vector optimization problem and
its vector Mond-Weir E-dual problem are established under (generalized) E-B-invexity
hypotheses.

2. Preliminaries

Throughout this paper, the following conventions vectors z = (z1, 2, ..., xn)T and y =
(Y1, 92, -, yn)T in R™ will be followed:

(i) x=y ifand only if x; = y; for all i = 1,2,...,n;
(i) x >y if and only if z; > y; for all i = 1,2, ..., n;
(iii) = 2y if and only if x; = y; for all i = 1,2, ..., n;
(iv) x>y ifand only if z; = y; for all t = 1,2, ...,n but z # y;

(v) =« #y is the negation of x > y.
Further, denote by R} = {y € R" : y 2 0} and R} , = {y € R" : y > 0} the nonnegative
orthant and interior of nonnegative orthant of R™, respectively.

Definition 2.1. [1] Let £ : R — R". A set M C R" is said to be an E-invex set with
respect to n: M x M — R™ if and only if the relation

E(u)+An(E(x),E(u)) e M
holds for all z,u € M and any X € [0, 1].
Let M C R"™ be a nonempty FE-invex set with respect to 7.

Definition 2.2. [27] Let E': R™ — R™. A function f : M — R is said to be E-B-preinvex
on M with respect ton: M x M — R™ and b : M x M x [0,1] — R4 if and only if the
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following inequality
FE(u) + M (E(z), E(u)) =
AD(E(x), E(u), \)f (B (2)) + (1 = Ab(E(z), E(u), ) f (E (u))
holds for all z,u € M and any X € [0, 1].
Definition 2.3. Let £ : R® — R". A function f : M — R is said to be strictly E-B-
preinvex on M with respect ton : M x M — R" and b: M x M x [0,1] — R if and only
if the following inequality
FE(u) + M (E(z), E(u)) <
AD(E(2), E(u), ) f (E () + (1 = M(E(z), E(u), M) f (E (u))
holds for all z,u € M, E(x) # E(u), and any A € [0, 1].

Now, we introduce new class of functions called E-B-prequasiinvex, F-B-prepseudoinvex
functions.

Definition 2.4. Let E : R — R". A function f : M — R is said to be E-B-prequasiinvex
on M with respect ton: M x M — R™ and b: M x M x [0,1] — Ry if and only if the

following relation
) S f(E(u) =
n(E (z

(E(z),E(uw)) = f(E@)] =0

f(E(x)
b(E(x), E(u),A) [f (E (u) + A
holds for all z,u € M and any X € [0, 1].

Definition 2.5. Let £ : R" — R". A function f : M — R is said to be E-B-prepseudoinvex
on M with respect ton: M x M — R™ and b: M x M x [0,1] — R4 if and only if the

following relation
f(E (@) < f(E(u) =
b(E(z), E(u),\) [f (E (u) + A0 (E (2), E () — f (E (u))]
holds for all z,u € M, E(x) # E(u), and any A € [0,1].
Definition 2.6. [21] Let £ : R* — R™ and f : M — R be a (not necessarily) differentiable

function at a given point u € M. It is said that f is an E-differentiable function at w if
and only if f o F is a differentiable function at w (in the usual sense), that is,

(foE)(z)=(foE)(u)+V(foE)(u)(r—u)+0(uz—u)|z—u

where 0 (u,x —u) — 0 as z — u.
Definition 2.7. [3] Let £ : R — R", f : M — R be an E-differentiable function at u
on M. It is said that f is (strictly) E-B-invex at u € M with respect to n and b if, there
exist n: M x M — R"and b: M x M — R4 such that, for all x € M, the inequality

b(E(x), E(u)) [f(E(z)) = f(E(u))] 2 Vf(E(u)n(E(z), E(u) (>) (2.1)
holds. If inequality (2.1) holds for any u € M (E(z) # E(u)), then f is (strictly) E-B-
invex with respect to n and b on M.

A

0

Now, we introduce various classes of generalized F-B-invex functions with respect to 7
and b.

Definition 2.8. Let £ : R® — R", f : M — R be an FE-differentiable function at u on
M. The function f is said to be E-B-pseudoinvex at u € M on M with respect to n and
b if, there exist n : M x M — R™ and b : M x M — R, such that, for all x € M, the
following relation

V (fo E)(u)n(E(x), E(u) 2 0= b(E(x), E(u))f(E(z)) 2 b(E(z), E(u))f(E(u)) (2.2)
holds for all z € M. If relation (2.2) holds for any u € M, then f is E-B-pseudoinvex
with respect to n and b on M.
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Remark 2.9. a) Every E-B-invex function with respect to n and b is E-B-pseudoinvex
with respect to n and b. However, the converse is not necessarily true.
b) Every B-pseudoinvex function with respect to n and b is E-B-pseudoinvex with
respect to n and b. However, the converse is not necessarily true.
c) Every E-pseudoinvex function with respect to n is E-B-pseudoinvex with respect
to 17 and b. However, the converse is not necessarily true.

Definition 2.10. Let £ : R — R", f : M — R be an E-differentiable function at u on
M. The function f is said to be strictly FE-B-pseudoinvex at v € M on M with respect
to n and b if, there exist n : M x M — R"™ and b: M x M — R, such that, for all x € M
(x # u), the following relation

V (foE)(u)n(E(zx), E(w)) 2 0= b(E(z), E(u))f(E(x)) > b(E(x), E(u))f(E(u)) (2.3)

holds for all z € M (z # w). If relation (2.3) holds for any u € M, then f is strictly
FE-B-pseudoinvex with respect to n and b on M.

Definition 2.11. Let £ : R® — R", f : M — R be an FE-differentiable function at u on
M. The function f is said to be E-B-quasiinvex at u € M on M with respect to n and
b if, there exist n: M x M — R™ and b : M x M — R, such that, for all x € M, the
following relation

F(E(x)) = f(E(u) = V (f © E) (u) b(E(z), E(u))n(E(z), E(u)) = 0 (2.4)

holds for all z € M. If relation (2.4) holds for any u € M, then f is E-B-quasiinvex with
respect to  and b on M.

Remark 2.12. a) Every E-B-invex function with respect to n and b is E-B-quasiinvex
with respect to n and b. However, the converse is not necessarily true.
b) Every B-quasiinvex function with respect to n and b is E-B-quasiinvex with respect
to n and b. However, the converse is not necessarily true.
c) Every E-quasiinvex function with respect to 7 is E-B-quasiinvex with respect to
n and b. However, the converse is not necessarily true.

<

strictly E-B-invex >[ e ! ErB-quasiinvex
strictly

under E-differentiable E-B-pseudoinvex

under E-differentiable

E-B-pseudoinvex

Figure 1. Relationships between F-differentiable FE-B-invexity and different
types of E-differentiable generalized E-B-invexity.

Now, we present an example of such an F-B-pseudoinvex function with respect to 1
and b which is not E-B-invex with respect to n and b, B-pseudoinvex with respect to n
and b or E-pseudoinvex with respect to 7.
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Example 2.13. Let E: R — R and f:(0,5) — R be defined by

f(w) = sin(2),
E(x

) = Jr—Yu ifx>u
o

) =a’
n(x,u .
otherwise
1 if

bz, u) = 1 x>u- '

0 otherwise
Assume that V(f E) (u)n(E(x), E(u)) = 0. Thus, we have (r — u)cos(xz) = 0. This
implies that x =2 u for all z,u € (0, ). Moreover, we have
(fo

b(E(z), E(w)) (f o E) (x) 2 b(E(x), E(u)) (f o E) (u)

for all 2,u € (0, §). Therefore, by Definition 2.8, f is E-B-pseudoinvex. Indeed, if we set
r =3, u= g, then we have

b(E(z), E(w)) [f(E(x)) — f(E(u))] < VF(E(u)n(E(zx), E(u)).

Hence, by Definition 2.7, it follows that f is not E-B-invex with respect to n and b given
above Further, f is not B-pseudoinvex with respect to n and b given above, if we set
r =g, u= 7%, then we have V f(u)n(z,u) 2 0, but b(x,u)f (z) < b(x,u)f (u). Therefore,
by deﬁmtlon of B-pseudoinvex (see, Bector et. al [11], Suneja et. al [25]), f is not B-
pseudoinvex with respect to n and b given above. Also, f is not F-pseudoinvex with respect
to 1 given above, if we set x = &, u = %, then we have V f(E(u))n(E(z), E(u)) 2 0, but
(foE)(z) < (foFE)(u). Thus, by the definition of E-pseudoinvex (see, Abdulaleem [2]),
f is not E-pseudoinvex with respect to n given above.

s
3

Now, we present an example of such an E-B-quasiinvex function with respect to n and
b which is not E-B-invex, B-quasiinvex or F-quasiinvex with respect to 7.

Example 2.14. Let E: R — R and f : [0, 5] — R be defined by

fla) = 2 sin( /) — § sin(33),
E(z) = 23,

1(z,u) = cos(V/u)(sin(v/u) — sin(v/'z)),
o) {m if &> u

0 otherwise

Then, f is an F-B-quasiinvex function with respect to 1 and b given above. However, f
is not F-B-invex with respect to 17 and b as can be seen by taking x = u = %, the
following inequality

b(E(z), E(w)) [f (E(r)) = F(E(u))] < VF(E(u)n(E(x), E(u))

holds. Hence, by Definition 2.7, it follows that f is not E-B-invex with respect to n and
b given above. Further f is not an FE-quasiinvex function with respect to n as can be
seen by taking x = §, u = 7, we have f(E(z)) < f(E(u)), but Vf(E(u))n(E(z), E(u)) >
0. Hence, by Definition of E-quasiinvex function (see, Abdulaleem [2]), f is not an E-
quasiinvex function with respect to 1 given above. Moreover, f is only FE-differentiable
and it is not differentiable at w = 0. Therefore, for this reason, f is not B-quasiinvex or
quasiinvex with with respect to n given above.

7'('
6
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3. FE-differentiable multiobjective programming
Consider the following (not necessarily differentiable) multiobjective programming prob-
lem (VP):
minimize f(x) = (f1 (z),..., fq (z))
subject to g(x) <0, t €T :={1,...,m}
where f; : R" — R, 1 € I := {l,...,q} and ¢, : R"* — R, t € T are real-valued E-

differentiable functions defined on R™. We shall write g := (g1,...,gm) : R" — R™ for
convenience. Let

(VP)

Q:={zeR":q(x) 20, teT}
be the set of all feasible solutions of (VP). Further, by T (x), the set of inequality constraint
indices that are active at a feasible solution z, that is, T'(z) = {t € T : g;(x) = 0}.

Definition 3.1. A feasible point 7 is said to be a weak Pareto (weakly efficient) solution
for (VP) if and only if there exists no feasible point x such that

fz) < f(@).

Definition 3.2. A feasible point 7 is said to be a Pareto (efficient) solution for (VP) if
and only if there exists no feasible point x such that

f(@) < f(7).

Now, for the considered multiobjective programming problem (VP), we define its asso-
ciated differentiable vector optimization problem as follows:

minimize (fo E)(z) = ((fio E)(z),....,(f;0 E) (z))

VP
subject to (gro E)(x) £0, te T ={1,....,m}. (VPp)

Let
Qp:={zeR":(¢0FE)(x) =0, teT}

be the set of all feasible solutions of (VPg). We call the problem (VPg) an E-vector
optimization problem.

Lemma 3.3. [10] Let E : R™ — R"™ be a one-to-one and onto. Then E (2g) = Q.

Lemma 3.4. [10] Let T € § be a Pareto solution (a weak Pareto solution) of (VP). Then,
there exists Z € Qg such that T = E(Z) and Z is a Pareto (a weak Pareto) solution of

(VPg).

Theorem 3.5. [1] (E-Karush-Kuhn-Tucker necessary optimality conditions). Let T € Qg
be a weak Pareto solution of the E-vector optimization problem (VPg) (and, thus, E (T) be
a weak E-Pareto solution of the considered problem (VP)). Further, f, g be E-differentiable
at T and the E-Guignard constraint qualification [1] be satisfied at T. Then there exist
Lagrange multipliers X\ € RY, i € R™ such that

szv.fl (E(T)) + iﬁtht (E(f)) =0, (3.1)
i=1 t=1

gt (BE(@) =0, t=1,...,m, (3.2)

A>0,712=0. (3.3)

Definition 3.6. It is said that (T, \, i) € Qg x R?x R™ is a Karush-Kuhn-Tucker point for
the E-vector optimization problem (VP p) if the Karush-Kuhn-Tucker necessary optimality
conditions (3.1)-(3.3) are satisfied at T with Lagrange multiplier A, 7.
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Now, we prove the sufficient optimality conditions for the vector optimization prob-
lem (VP) under (generalized) E-B-invexity hypotheses that the functions constituting it
are nondifferentiable (generalized) E-B-invex at a feasible point satisfying the F-Karush-
Kuhn-Tucker necessary optimality conditions (3.1)-(3.3).

Theorem 3.7. Let (T,\, 1) € Qp X BRI x R™ be a Karush-Kuhn-Tucker point for the E-
vector optimization problem (VPg). Further, assume the following hypotheses are fulfilled:

a) each objective function f;, i € I is E-By,-invex function with respect to n and by,
at T on Qp,
b) each inequality constraint g¢, t € Ty (T), is an E-Bg,-invex function with respect
ton and by, at T on Q.
Then T is a weak Pareto solution of the problem (VPg) and, thus, E(T) is a weak E-Pareto
solution of the problem (VP).

Proof. By assumption, (T, \,71) € Qg x R? x R™ is a Karush-Kuhn-Tucker point for the
E-vector optimization problem (VPg). Then, by Definition 3.6, the Karush-Kuhn-Tucker
necessary optimality conditions (3.1)-(3.3) are satisfied at T with Lagrange multiplier \, 7.
We proceed by contradiction. Suppose, contrary to the result, that T is not a weak Pareto
solution of the problem (VPg). Hence, by Definition 3.1, there exists another z € Qg
such that

fi(E (@) < fi (E(F)), i€l (3.4)
Using hypotheses a)-b), by Definition 2.7, the following inequalities

by, (E(Z), E @) [fi (E@)) - fi (E@)] 2Vfi(E@)n(E@),E(Z) (3.5
for i € I, and
by, (E(Z), E (7)) [9:(E (2)) — 9:(E (7))] 2 Ve (E () n (E(Z), E (7)) (3.6)

for t € T'(E (7)) hold, respectively. Multiplying inequalities (3.5) and (3.6) by the corre-
sponding Lagrange multipliers, respectively, we obtain

Aiby, (E(2), E @) [fi (E(2) - fi (B (@))] 2
XV i (E@)n(E(3),E (@), i€l

Titbg, (E(Z), E (7)) [9:(E (2)) — (B (7))] 2
mNVg: (E(T)n (E(2), E (7)), t€T(T).

Since, A; > 0, by, (E(Z),E (z)) > 0, i € I for all Z € Qg. Combining (3.4) and (3.7), we
get

(3.7)

(3.8)

NV (fioE)@)n(E((Z),E (X)) <0,icl.
Thus,

Z iVfi(E(T)n(E(T),E(T) <0. (3.9)

Using the F-Karush- Kuhn—Tucker necessary optimality condition (3.2) together with z €
Qpand T € Qp, 1, 20, by, (E(Z),E(T)) >0, t €T (E(T)), we have
Vg (E(7))n(E(2),E(z)) =0,t €T (E(T)).
Thus,
ZMtht n(E (), E(T)) 0. (3.10)

Combining (3.9) and (3. 10) we obtain that the following inequality

ZEVJ% (E(T)) + Zﬁtht (E ()| n(E (), E(T) <0
=1

t=1
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holds, which is a contradiction to the the E-Karush-Kuhn-Tucker necessary optimality
condition (3.1). By assumption, F : R™ — R" is an one-to-one and onto operator. Since T
is a weak Pareto solution of the problem (VPg), by Lemma 3.4, E (%) is a weak E-Pareto
solution of the problem (VP). Thus, the proof of this theorem is completed. O

Theorem 3.8. Let (T,\,7i) € Qp x RI x R™ be a Karush-Kuhn-Tucker point for the E-
vector optimization problem (VPg). Further, assume the following hypotheses are fulfilled:
a) each objective function f;, i € I is strictly E-By,-invex function with respect to n
and by, atT on Qp,
b) each inequality constraint g¢, t € Tg (T), is an E-Bg,-invex function with respect
ton and by, at T on Q.
Then T is a Pareto solution of the problem (VPg) and, thus, E(T) is a E-Pareto solution
of the problem (VP).

Now, under the concepts of generalized F-B-invexity, we prove the sufficient optimality
conditions for a feasible solution to be a weak E-Pareto solution of problem (VP).

Theorem 3.9. Let (T, )\, i) € Qg x R x R™ be a Karush-Kuhn-Tucker point for the E-
vector optimization problem (VPg). Further, assume the following hypotheses are fulfilled:
a) each objective function f;, i € I is E-By,-pseudoinvex function with respect to n
and by, at T on Qp,
b) each inequality constraint g;, t € Tg (Z), is an E-Bgy,-quasiinvez function with
respect to 1 and by, at T on Q.
Then T is a weak Pareto solution of the problem (VPg) and, thus, E(T) is a weak E-Pareto
solution of the problem (VP).

Proof. By assumption, (T, \, 1) € Qp x R? x R™ is a Karush-Kuhn-Tucker point for the
E-vector optimization problem (VPg). Then, by Definition 3.6, the Karush-Kuhn-Tucker
necessary optimality conditions (3.1)-(3.3) are satisfied at T with Lagrange multiplier \, 7.
We proceed by contradiction. Suppose, contrary to the result, that T is not a weak Pareto
solution of the problem (VPg). Hence, by Definition 3.1, there exists another Z € Qg
such that

fi(B@) < fi(E@), i€l
Since, by, (E (), E (x)) > 0, i € I, thus,
by, (E(2), E(T)) fi(E(T)) < by, (E(Z), E(2)) fi (E(T)), i€l
By hypothesis (a), each objective function f;,i € I is E-By,-pseudoinvex at Z on Qg with
respect to n and by,. Then, Definition 2.8, gives

V(fioE) (@) n(E®),E@) <0,icl. (3.11)

By the E-Karush-Kuhn-Tucker necessary optimality condition (3.3), inequality (3.11)
yields

[ZAZ‘V!}%(E (53))] n(E(z),E(z)) <O0. (3.12)
i=1

Since T € Qp, therefore, the F-Karush-Kuhn-Tucker necessary optimality conditions (3.2)
and (3.3) imply

g(E(Z)) —g(E(T)) =0, te T(E(T)).
From the assumption, each inequality constraint g;, j € J, is an E-By,-quasiinvex function
with respect to n and by, at T on Qg. Then, by Definition 2.11, we get

Vi (E (7)) by, (E(2), E(T))n (E(2), E(T)) £ 0, t €T (E(T)).
Since, by, (E (z),E (z)) >0, t € T(E(T)), we get
Vi (E(z))n (E(2),E (7)) =0, te T(E(T)). (3.13)
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Thus, by the E-Karush-Kuhn-Tucker necessary optimality condition (3.3), (3.13) gives

> Ve (E@)n(E(Z),E () 0.
teT(E(T))

Hence, taking into account i, =0, t ¢ T (E (T)), we have
m
> mVe (E(@)n(E @), E(z) 0. (3.14)
t=1

Combining (3.12) and (3.14), we get that the following inequality

m

S RVAE @)+ > m Ve (E @) (@) E@) <0
=1 t

=1

which is a contradiction to the FE-Karush-Kuhn-Tucker necessary optimality condition
(3.1). The result that E(7) is a weak E-Pareto solution follows directly from Lemma 3.4.
Thus, the proof of this theorem is completed. O

In order to illustrate the sufficient optimality conditions established in the paper, we
now present an example of an F-differentiable vector optimization problem in which the
involved functions are (generalized) E-B-invex.

Example 3.10. Consider the following nondifferentiable vector optimization problem

F@) = (o), ate) = (vor+ a1, {fd+ v —4) > Vomin
g1(x) = sin ¥x1 — 4sin Yz2 <0,
o) = 2§/t + 2323 —9 <0, (VP1)

g3(x) = —sin 1 £ 0,
g4(x) = —sin w3 < 0.

Note that the set of all feasible solutions of (VP1) is
Q ={(z1,72) € R? : sin Yx1 — 4sin Yy 0, 2¢/22 +2¢/22 -9 =20,
—sin ¢/z1 £ 0, —sin Yz < 0}.

Note that the functions constituting problem (VP1) are nondifferentiable at (0,0). Let

n(z,T) = (sin Yz — sin T, sin J/xg — sinTy),
sin ¥/x1 + sin /r9 — sinT1 — sin o

bf1 ($7j) = \3/1_»1 T \3/5 )
. sin ¥z + 2sin ¢/ry — sinxr] — 2sin Ty
be(x,x) =

Yo+ i ’

bgl (:L‘,T) = bgs(xvj) = bg4($vf) =1,
bgz(%T) = \3/ HT% + \3/ x% - T%’
and E : RZ — R? be defined as follows

E (z1,22) = (mi’,x%) .
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Now, for the considered E-differentiable multiobjective programming problem (VP1), we
define its associated E-vector optimization problem (VP1g) as follows

f(E(z) = (f1(E(2)), fa(E(x))) = (21 + 22+ 1, 21+ 22 —4) = V-min
g1(E(z)) =sinz; —4sinxg = 0,
92(E(z)) = 223 + 223 - 9 <0, (VP1g)
3(E(z
(

)) = —sinz £0,
E(z)) = —sinzy = 0.

o

4

Note that the set of all feasible solutions of the considered E-vector optimization problem
(VP1g) is Qg = {(z1,72) € R? : sinzy —4sinxy £ 0, 223 +223 -9 <0, —sinz; <
0, —sinzy < 0}, (see, Figure 2). Further, it is not hard to see that all functions con-
stituting the problem (VP1g) are differentiable at (0,0). Then, it can also be shown
that the E-Karush-Kuhn-Tucker necessary optimality conditions (3.1)-(3.3) are fulfilled
at (0,0). Moreover, all hypotheses of Theorem 3.9 are fulfilled, it can be proved that each
objective function f;, 1 = 1,2, is an E-By,-pseudoinvex function with respect to  and by,
given above at T on g, each inequality constraint g, t = 1,2, 3,4, is an E-By,-quasiinvex
function with respect to n and by, given above at T on Q. Hence, T = (0,0) is a Pareto
solution of the E-vector optimization problem (VP1g) (see Fig. 2). Furthermore, that the
sufficient optimality conditions under E-differentiable E-invexity are not applicable since
not all functions constituting problem (VP1) are E-invex with respect to n given above.

25 r
2 it
1.5 F
Y
1 &
Qg
05 ¢
Nl | | | |
0 0.5 1 1.5 2 2.5

i

Figure 2. The set of all feasible solutions of (VP1g) in example 3.10.
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4. Mond-Weir E-duality

Let E: R® — R" be a given one-to-one and onto operator, for the differentiable vector
E-optimization problem (VPg), we define its dual problem in the sense of vector Mond-
Weir duality as follows:

(foE)y) = (fi(E®Y)), -, fo(E(y))) = V — max
st S AV (fio B) () + S uV (900 E) (y) = 0,
St (g o E) (y) 20,
AERIAN>0,ue R, u=0.

(MWDp)

Let

I'e = { (Y, ) € R X RIx R™ : 331 NV (fio E) (y) + X121 1tV (ge 0 E)(y) = 0,

S e (g0 E) (y) = 0, Azo,uzO}

be the set of all feasible solutions of the problem (MWDpg). Let us denote, Yp = {y €

R": (y,\,n) €T}
Now, under E-B-invexity hypotheses, we prove duality results between (VPp) and
(MWDg) and, thus, E-duality results between (VP) and (MWDpg).

Theorem 4.1. (Mond-Weir weak duality between (VPg) and (MWDg)). Let x and
(y, A\, ) be any feasible solutions of the problems (VPg) and (MWDg), respectively. Fur-
ther, assume that at least one of the following hypotheses is fulfilled:

A) each objective function f;, i € I is E-By,-invex with respect to n and by, at y on
Qr UYE, each constraint function g¢, t € T, is E-Bgy,-invex with respect to n and
by, aty on QpUYE.

B) \ifi, i € I is E-By,-pseudoinvex with respect to n and by, at y on Qp U Yg,
pege, t € T is E-Bg, -quasiinvex with respect to n and by, aty on Qg UYE.

Then
(foE)(x) £ (foE)(y).

Proof. Let x and (y,\, 1) be any feasible solutions of problems (VPg) and (VMDpg),
respectively. We, first, consider the case that under hypothesis A) is satisfied. If x = vy,
then the weak duality trivially holds. Now, we prove the weak duality theorem when
x # y. We proceed by contradiction. Suppose, contrary to the result, that the inequality

(foE)(z) <(foE)(y) (4.1)
holds. By the feasibility of (y, A, i) in problem (MWDg), the above inequality yields

q q
Y Aifi(B(z) < Y- Nifi(B((v)). (42)
i=1 =1

By assumption, x and (y, A, ) are feasible solutions for problems (VPg) and (MWDg),
respectively. Since each function f;, 7 € I is E-By,-invex with respect to  and by, at y on
Qg UYE, each constraint function g¢, t € T', is E-Bg,-invex with respect to 7 and by, at y
on Qg UYg, by Definition 2.7, the following inequalities hold

by, (E(z), E W) [fi (E(z)) = fi(EW)] 2Vi(EW)n(E(@),E(y)  (4.3)
for all 7 € I, and

by, (E (x), E(y)) [9: (E (x)) — g: (E(y))] 2 Vg (E(w))n (E (), E(y))  (44)
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for all t € T (E(y)), respectively. Multiplying inequalities (4.3)-(4.4) by the corresponding
Lagrange multiplier, respectively, we obtain the inequalities

Aibg, (E (), E(y)) [fi (B (x)) = fi (E(y))] 2 MV i (E(y))n (E (), E (y)) (4.5)

for all 4 € I, and

pibg, (E (x), E (y)) [9: (E (2)) — g (E (y)] 2 1V ge (E (y)) 0 (E (z), E (y)) (4.6)
for all t € T (E(y)). Since, \; >0, by, (E(x),E (y)) >0, i € I for all x € Qp. Combining
(4.2) and (4.5), we get

V(fioE)(y)n(E(x),E(y)) <0, i€l

Thus,
> AV (E(y)n(E(x),E(y)) <0. (4.7)
=1

Using the E-Karush-Kuhn-Tucker necessary optimality condition (3.2) together with = €
Qp, (4.6) and y € Qp, u 20, by, (E (), E(y)) >0, t € T(E (y)), we have

Vg (E(y)n(E(x),E(y) =0,teT(E(y))-
Thus,

Z Vg (E(y))n(E(x), E(y) = 0. (4.8)

Combining (4.7) and (4.8), we obtain that the following inequality

q m
D AV(EW) + Y wmVa (B ()| n(E(x),E(y) <0
i=1 t=1

holds. This is a contradiction to the first constraint of the vector Mond-Weir FE-dual
problem (MWDpg) which means that the proof of the Mond-Weir weak duality theorem
between the E-vector optimization problems (VPg) and (MWDpg) is completed under
hypothesis A).

The proof of this theorem under hypothesis B). We proceed by contradiction. Suppose,
contrary to the result, that (4.1) holds. Since \; f;, ¢ € I is E-Bj,-pseudoinvex with respect
to n and by, at y on 2g U Yg, by Definition 2.8, the inequality

S AV (fio B) () (B (2), E () < 0 (4.9)

i=1

holds. Since yutg; is E-Bg,-quasiinvex with respect to n and by, at y on QpUYg, b (E (z),E (y)) >
0, Definition 2.11 implies that the inequality

A

>V (g0 E) (y)n (E (), E (y))

t=1

holds. Combining (4.9) and (4.10), it follows that the inequality

0 (4.10)

Z/\sz +Zngt W) | n(E(x),E(y)) <0
t=1
holds. This contradicts with the first constraint of the vector Mond-Weir E-dual problem
(MWDg). This means that the proof of the Mond-Weir weak duality theorem between

the E-vector optimization problems (VPg) and (MWDg) is completed under hypothesis
B). O
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Theorem 4.2. (Mond-Weir weak E-duality between (VP) and (MWDg)). Let E (z) and
(y, A\, 1) be a feasible solutions of the problems (VP) and (MWDg ), respectively. Further,
assume that all hypotheses of Theorem 4.1 are fulfilled. Then, Mond-Weir weak E-duality
between (VP) and (MWDg) holds, that is,

(fo E)(z) £ (f o E)(y).

Proof. Let E (z) and (y, A, i) be any feasible solutions of the problems (VP) and (MWDg),
respectively. Then, by Lemma 3.3, it follows that x is any feasible solution of (VPg). Since
all hypotheses of Theorem 4.1 are fulfilled, the Mond-Weir weak E-duality theorem be-
tween the problems (VP) and (MWDpg) follows directly from Theorem 4.1. O

If some stronger E-B-invexity hypotheses are imposed on the functions constituting
the considered E-differentiable multiobjective programming problem, then the following
stronger result is true.

Theorem 4.3. (Mond-Weir weak duality between (VPg) and (MWDg)). Let x and
(y, A\, 1) be any feasible solutions of the problems (VPg) and (MWDg ), respectively. Fur-
ther, assume that at least one of the following hypotheses is fulfilled:
A) each objective function f;, i € I is strictly E-By,-invex with respect to n and by, at
y on QrUYE, each constraint function g, t € T, is E-Bg,-invex with respect to n
and by, aty on Qp U YE.
B) Aifi, i € I is strictly E-By,-pseudoinvex with respect to n and by, aty on QpUYE,
Hige, t € T is E-By, -quasiinvex with respect to n and by, at y on Qp UYEg.
Then
(foE)(x) £ (foE)(y).

Theorem 4.4. (Mond-Weir weak E-duality between (VP) and (MWDg)). Let E(x)
and (y, A\, p) be any feasible solutions of the problems (VP) and (MWDg), respectively.
Further, assume that all hypotheses of Theorem 4.3 are fulfilled. Then, weak E-duality
between (VP) and (VMDg) holds, that is,

(foE)(x) £ (foE)(y).

Theorem 4.5. (Mond-Weir strong duality between (VPg) and (MWDEg) and also Mond-
Weir strong E-duality between (VP) and (MWDg)). LetT € Qg be a weak Pareto solution
(a Pareto solution) of the E-vector optimization problem (VPg) (and, thus, E(T) be a weak
E-Pareto solution (an E-Pareto solution) of the E-vector optimization problem (MOP)).
Further, assume that the E-Guignard constraint qualification proposed in [1] be satisfied at
Z. Then, there exist \ € RY, i € R™, i > 0 such that (f, A, ﬂ) is feasible for the problem
(MWDg) and the objective functions of (VPg) and (MWDg) are equal at these points.
If also all hypotheses of the Mond-Weir weak duality (Theorem 4.1 (Theorem 4.8)) are
satisfied, then (T, A, ﬁ) is a weak efficient (an efficient) solution of a maximum type in
the problem (MWDg ).

In other words, if E(T) € Q is a (weak) E-Pareto solution of the multiobjective program-
ming problem (VP), then (T, A, ﬁ) is a (weak) efficient solution of a mazximum type in
the dual problem (MWDg) in the sense of Mond-Weir. This means that the Mond- Weir
strong E-duality holds between the problems (VP) and (MWDg).

Proof. Since T € Qp is a (weak) Pareto solution of the problem (VPg) and the E-
Guignard constraint qualification be satisfied at T, by Theorem 3.5, there exist A € RY,
L€ R™, i 2 0 such that (T, A, ﬁ) is a feasible solution of problem (MWDpg). This means
that the objective functions of (VPg) and (MWDg) are equal. If we assume that all
hypotheses of the Mond-Weir weak duality (Theorem 4.1 (Theorem 4.3)) are fulfilled, then
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(f, A, ﬂ) is a (weak) efficient solution of a maximum type in the dual problem (MWDpg)
in the sense of Mond-Weir.

Moreover, we have, by Lemma 3.3, that E(z) € Q. Since T € Qp is a weak Pareto
solution of the problem (VPg), by Lemma 3.4, it follows that E (%) is a weak E-Pareto
solution in the problem (VP). Then, by the Mond-Weir strong duality between (VPg)
and (MWDpg), we conclude that also the Mond-Weir strong E-duality holds between the
problems (VP) and (MWDg). This means that if E(Z) € Q is a weak E-Pareto solution
of the problem (VP), there exist A € RY, i € R™, i = 0 such that (T, A, ﬁ) is a weakly
efficient solution of a maximum type in the Mond-Weir dual problem (MWDg). O

Theorem 4.6. (Mond-Weir converse duality between (VPg) and (MWDg)). Let (T, A, ﬁ)

be a (weakly) efficient solution of a mazimum type in Mond-Weir dual problem (MWDg)
such that T € Qg. Moreover, assume that at least one of the following hypotheses is
fulfilled:

A) each objective function f;, i € I is (strictly) E-By,-invex with respect to n and by,
at T on Qp UYE, each constraint function g¢, t € T', is E-Bgy,-inver with respect
ton and by, at T on Qp U YEg.

B) Nifi, i€ I is E-By,-pseudoinvex with respect to n and by, at T on Qg U YE,
:g: t € T is E-Bgy, -quasiinvex with respect to n and by, at T on Qg U YE.

Then T is a (weak) Pareto solution of the problem (VPg).

Proof. Let (f, A, ﬁ) be a (weakly) efficient solution of a maximum type in Mond-Weir

dual problem (MWDg) such that T € Qp. By means of contradiction, we suppose that
there exists Z € (g such that the inequalty

(fo E)(Z) < (f o E)(T) (4.11)

holds. By assumption (f, A, ﬁ) is a (weakly) efficient solution of a maximum type in the
problem (MWDyg), the above inequality yields

q q
Y Nf(E@) <Y NifiB(7)). (4.12)
i=1 i=1
Since functions f;, ¢ € I are E-By,-invex with respect to n and by, at ¥ on Qg U Y, each

constraint function g;, t € T', is E-Bgy,-invex with respect to n and by, at T on Qp U YE,
by Definition 2.7, the following inequalities hold

by, (E(2),E (7)) [f: (B (7)) — fi (E(2))] 2 Vi (E(@)n(E(2),E () (4.13)
for all 4 € I, and
by, (E(Z),E (7)) [9: (E (%)) — g (E(7))] 2 Ve (E () n (E (Z), E (7)) (4.14)

for all t € T (E(T)), respectively. Multiplying inequalities (4.13)-(4.14) by the correspond-
ing Lagrange multiplier, respectively, we obtain that the inequality

Aiby, (B (2),E () [fi (B (2) — fi (E@)] 2 NVi(E@)n(E@),E@) (415
for all 4 € I, and
Titbg, (E (7), E (7)) [9: (B (2)) — 9: (E (7))] 2 1, Ve (E (7)) 1 (E (%) , E (7))
for all t € T (E(Z)). Since, A; > 0, by, (E(Z),E(T)) >0, i € I for all 7 € Qp. Combining
(4.12) and (4.15), we get

>NV (B@)n(E (@), E (7)) <O0. (4.16)
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Using the F-Karush-Kuhn-Tucker necessary optimality condition (3.2) together with z €
O, (4.6) and T € Qp, 1, >0, by, (E(Z),E (T)) >0, t € T(E(T)), we have

mNVg: (E (7)) n (E(Z),E (7)) =0,teT(E(T)).
Thus,

Ms

Y0 (E @), E () <0. (4.17)
t=1
Combining (4.16) and (4.17), we obtain the following inequality

q

Y NV (B(T) + Zﬁtht (E(z))| n(E(Z),E(T)) <0.
i=1 t=1

This contradicts with the (weakly) efficient solution of a maximum type of (f, A, ﬂ) in

(MWDg). This means that the proof of the converse duality theorem between the E-vector
optimization problems (VPg) and (MWDpg) is completed under hypothesis A).

The proof of this theorem under hypothesis B). We proceed by contradiction. Suppose,
contrary to the result, that (4.11) holds. Since \;fi, i € I is E-B r,-pseudoinvex with
respect to n and by, at T on Qg U Yg, by Definition 2.8, the inequality

Z (fio B) (@) (E(&),E () <0 (4.18)

holds. Since 1,9 is E-Bg,-quasiinvex with respect to 7 and by, at T on Qg UYE, Definition
2.11 implies that the inequality

Y V(g0 B) (2)by, (B (2),E ()0 (E (2),E (7)) =0
t=1
holds. Since by, (E (Z), E (Z)) > 0, we obtain

m

Y AV (g0 E) (@) (E (2), E (z)) < 0. (4.19)
=1

Combining (4.18) and (4.19), it follows that the inequality

Y NVHE @)+ Y 1 Va(E(@)|n(E@),E([®) <0
=1

t=1
holds. This contradicts with the first constraint of the vector Mond-Weir E-dual problem

(MWDg). This means that the proof of the converse duality theorem between the E-vector
optimization problems (VPg) and (MWDpg) is completed under hypothesis B). O

Theorem 4.7. (Mond-Weir converse E-duality between (VP) and (MWDg)). Let (T, A, ﬁ)
be a (weakly) efficient solution of a maximum type in Mond- Weir dual problem (MWDg ).
Further, assume that all hypotheses of Theorem 4.6 are fulfilled. Then E(T) € Q is a
(weak) E-Pareto solution of the problem (VP).

Proof. The proof of this theorem follows directly from Lemma 3.4 and Theorem 4.6. [J

5. Conclusion

In this paper, new classes of generalized E-B-invex functions called F-B-pseudoinvexity
and E-B-quasiinvexity with respect to n and b are introduced. These classes of functions
are defined by relaxing the definitions of the classes of F-pseudo-invex and E-quasi-invex
functions (with respect to n) defined by Abdulaleem [1], and the classes of B-pseudo-invex
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and B-quasi-invex functions (with respect to 7 and b) defined by Bector et al. [11]. Sev-
eral sufficient optimality conditions have been derived for E-differentiable vector optimiza-
tion problems under (generalized) E-B-invexity hypotheses. Further, the so-called vector
Mond-Weir E-duality problem has been investigated for the considered FE-differentiable
vector optimization problem. Various duality theorems between the E-differentiable vec-
tor optimization problem and its vector Mond-Weir E-dual problem have been proved
under (generalized) E-B-invexity hypotheses.

However, some interesting topics for further research remain. It would be of interest to
investigate whether it is possible to prove similar results for other classes of E-differentiable
vector optimization problems. We shall investigate these questions in subsequent papers.
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