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ABSTRACT. In this article, we adopt the tempered fractional integral opera-
tors to develop some novel Minkowski and Hermite-Hadamard type integral
inequalities. Thus, we give several special cases of the integral inequalities for
tempered fractional integrals obtained in the earlier works.

1. INTRODUCTION

The theory of convexity plays a vital role in different fields of pure and applied sci-
ences. Consequently, the classical concepts of convex sets and convex functions have
been generalized in different directions. The concept of function is one of the ba-
sic structures of mathematics, and many researchers have focused on new function
classes and have made efforts to classify the space of functions. One of important
class of functions defined as a product of this intense effort is the convex function,
which has applications in statistics, inequality theory, convex programming, and
numerical analysis. This interesting class of functions is defined as follows ( men-
tioned in ([6]).

Definition 1. Let H be an interval in R. Then f : H — R is said to be convez if

fa+(1—=80b) <&f(a)+(1-¢) f(b)
foralla,be H and & € [0, 1] .

For more information, see the papers [1-5] and [22]- [24].
Another aspect due to which the convexity theory has attracted many researchers
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is its close relationship with theory of inequalities. Many famous inequalities can be
obtained using the concept of convex functions. For details related to convexity, in-
terested readers are referred to [6,7]. Among these inequalities, Hermite-Hadamard
inequality, which provides us a necessary and sufficient condition for a convex func-
tion, is one of the most studied results. This result of Hermite and Hadamard reads
as follows:

Let f: I CR — R be a convex mapping defined on the interval I of real numbers
and a, b € I, with a < b. The following double inequality holds:

TEUE 1@ +10) "

This double inequality is known in the literature as the Hermite-Hadamard inequal-
ity for convex functions.

Definition 2. ([17-18]) Let f € £'(a,b). The Riemann Liouville integrals I, f
and I f of order oo > 0 with a > 0 are defined by

1o (o /f (w7, => a (2)
and

I f /f E—x)*lde, b> oz (3)

The tempered fractional 1ntegral was first studied by Buschman [8], but Liu et al.
[9], Meerschaert et al. [10] and Fernandez et al. [12] have described the associated
tempered fractional calculus more explicitly.

Definition 3. ([10]) Let [a,b] be a real interval and ¢ > 0, a > 0. Then, for
a function f € La,b], the left and right tempered fractional integral, respectively,
defined by

SIS @) = g [ =0 e (€ ag @)
and
1 b a—1
371 @) = 5 [ (€= o) e*“ﬁ*z)f(s) e, )
where T'() is the Gamma function defined by T'(o) = [ t*~ e~ dt.

For any { > 0, the positive one-sided tempered fractional operator of a suitable
function f(x) can be given by;

e e — L ’ — &)l ¢e=8)
W) = e | @9 e O @ as
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Remark 1. If we take ( = 0 in the equations and , then we have the left
and right R-L operators (2) and (3) respectively.

First of all, we define the new incomplete Gamma function following definition
as in [11].

Definition 4. For the real numbers , « > 0 and , x,{ > 0, we define the (-
incomplete Gamma function by

b
1
)= s [t
0

If ( =1, it reduces to the incomplete Gamma function

1
I, (a, *F—/ e dz.
0

Remark 2. For the real numbers o > 0 and x,( > 0, we have

1 a—1_—¢(b—a)z
a. Iepoay (1) = [y v te Co—a)z gy — ﬁla

1 Io(a ,b—a Io(a+1 ,b—a
b. fO Ioz(b—a) (Oé,il') dx = ((b_a)a ) - Eb_a)(!+l )

(a,b — a)

Recently, Nisar et al. [13] established some inequalities via fractional con-

formable integral operators. In [14,15], various researchers established Minkowski
inequalities involving fractional calculus with general analytic kernels and some
novel estimations of Hadamard type inequalities for different kinds of convex func-
tions via tempered fractional integral operator, the Hermite-Hadamard type in-
equalities for k-fractional conformable integrals are found in [16].
This paper is organized in the following way: In Section 2, the main results, the
reverse Minkowski and related Hermite-Hadamard integral inequalities, are estab-
lished using tempered fractional integral operators. The concluding remarks are
given in Section 3.

2. MAIN RESULTS

In this section, the reverse Minkowski and Hermite-Hadamard type integral in-
equalities are developed using the tempered integral operator.

Theorem 1. Let ( > 0, a > 0, p>1 and let there be two positive functions
fi and fy on [0,00) such that for all x> a, T3 f1? (z) <co, "I fof (x) <oco. If

0 <7'1<ch18 <73, holds for 71,72 € RT and £€[0,x], then we have:

1

(357 @) +(334 0 ()

T

1479 (T1—|-2)
(T141) (72+1)

IN

(3 + 2P @) )
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Proof. Under the given condition ;;Eg <79, £€[0,x], it can be written as
(To+1)" /17 (§) < 2P (fr + f2)" (€) - (7)
Multiplying both sides of (7) by F((Z;fig;:;, then integrating the resulting inequality

with respect to £ over [0,x], we obtain,

(mnpﬁ /0 @ 6O 7 (6) de

(®)

1 * a—1 —¢(z—
= 7—]201“(04) /0 (@ =) e TO(f + fo)P(€)d.
Consequently, we obtain
(ro A D)PTIT AP () < TPTIT(FL + f2)F (2). (9)
Hence, we can write
T ~0C v T2 T ~0,C p G
Faar @] s A i @) (10)
In contrast, as 71 f2(&)<f1(€), it follows that
1\? 1
(1+ ) @ < S ©+R©P (1)

Again, if we multiplying both sides of (11) by F(x—g)a* then integrating the

(a)es (==8)7
resulting inequality with respect to £ over [0,z], we obtain,

1

[aiar @) < s sy @) (12)

Adding the inequalities (10) and (12) yields the desired inequality. O

Remark 3. By setting Theorem 1 for o« =1, ( =0 and for an arbitrary choice of
function, we obtain Theorem 1.2 in [20].

Remark 4. In Theorem 1, if we choose ( =0, we obtain Theorem 2.1 in [19].

Inequality (6) is referred to as the reverse Minkowski inequality for the tempered
fractional integral operator.

Theorem 2. Let { > 0, « > 0, p>1 and let there be two positive functions
fi and fy on [0,00) such that for all x> a, T3 1P (z) <co, "I fof (x) <oco. If

0 <71§sz§8 <7s, holds for 71,72 € RT and £€[0,z], then we have:

2

(3w @) + (30 @)
- < (1+72) (T1+1)

= To

(13)

S

_2> [ngvqflp (x)} ’ [Tfjg’cfzp (x)}
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Proof. The product of inequalities (10) and (12) yields

1 2

W) () e e )] [0 027 )] < [0S+ £P @) ()

T2
Now, utilizing the Minkowski inequality to the right hand side of (14), one obtains

1

(st + 27 @) < ([732"%1} @]+ [32 @)] )

Then, we have

2

(5 + 2 @) <[ e @] + [3 @)°
+2 [P (@) [ R @)

Thus, from the above inequalities, we obtain the inequality (13).

(15)

O

Remark 5. By setting Theorem 2 for « =1, ( = 0 and for an arbitrary choice of
function, we obtain Theorem 2.2 in [21].

Remark 6. In Theorem 2, if we choose ( =0, we obtain Theorem 2.3 in [19].

Lemma 1. ([19]) Let G be a concave function on [a, b]. Then the following double
inequality holds:

Q(a)Jrg(b)gg(bJrax)+g(a:)§2g<a;_b>. (16)

Theorem 3. Let { > 0, > 0,p > 1 and let there be two positive functions h and
L on [0,00). If B? and L7 are two concave functions on [0,00), then we have:

27771 (R(0) + h(x))" (£(0)+L(x)) ! [[32 (22 1)]? (17)
<T@ (2) TR (@ IL () -

Proof. Since the #? and L7 are two concave functions on [0,00), then by Lemma 1,
for any £ > 0 we obtain,

BP(0)+ 1 (@) S B (=€) + ¥ (&) <20 (5. (18)

and

L(0) + £7(2) < £ (- ) + £7(§) < 2£7 (). (19)
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Multiplying both sides of (18) and (19) by %, then integrating the re-

T(a)es ==
sulting inequality with respect to £ over [0,z], we obtain,

P (0) + 77 (x) / @9t
0

I'(a) g

< r(la) /0 - 5);12_“1_5) B (x — €) de
Sl 5)212“”) W (©) de

. 27;?( g) /Ow (z — g);lzqws) "

and
L4 (0)F z; )cq (z) /Ox (z — g)zlls—aw—s) "

< r(la) /Oz (z — g)zllz—c(z—o £ (e ) de

s [ g
2\ o a=1__¢(am
. 2/;“10([)2) 0 (m_£)€1§ et) dc.

Using the change of variables z — £ = y, we have

1 . (x_é.)afle—C(w—f) » B _ Tt~ (a—1D
o | e - e = e o),

and

L [T (=g e 9 ~anC (a1
LY(x—&)dE=TF3° (%L (x)).
Ol (0 — &) de =733 (2" 7 ()
Thus, by using (20) and (22) yields,

P (0) + 1P (x) <7337C (xa—l)) < 273574 (xaflhp (x))

E T~0C a—1
< (2) ().

Similarly, the use of (21) and (23) yields,

K (0) + £9 (z) (732,4 (ma—l)) < QTS;&,C (xa—lcfl (@)

<o (3) ().

(20)

(22)

(23)
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The inequalities (24) and (25) imply that

(W (0) 4+ 17 () (£7 (0) + £7 (@) (735€ (227 )
AT (2P (2)) T3 (2L (@)

(26)

Since f and L are positive functions, therefore for any x > 0,p > 1,and ¢ > 1,
we have

(MO);W) "> 27 (5(0) + (),

and

(W) > 971 (L£(0) + £ (x)).

Hence, it follows that

(7 )+ 1 (@)

5 ST 227 (h(0) + R (@) (7)), (27)

(£9(0) + £9 (z))

(207 227U (0) + L (@) (@07 (28)

2
The inequalities (27) and (28) imply
L p q q rrod (ca-1y]7
7 (77 (0) + 12 (2)) (£7 (0) + £9 (@) [38° (o)) o)
2
> 2771 (0) + i (2) (£ (0) + £ ()" [35¢ (2271)]
Thus, by combining (21) and (24), we get the desired result. O

Remark 7. By considering Theorem 3, for « = 1, ( = 0 and for an arbitrary
choice of function, we obtain Theorem 2.3 in [21].

Remark 8. In Theorem 3, if we choose ¢ =0, we obtain Theorem 2.5 in [19].

Theorem 4. Let ( > 0, o, > 0, p>1 and let there be two positive functions h
and L on [0,00). If h? and L% are two concave functions on [0,00), then we have:

F<5) T~ a—13p T ~Q —1%p
< [F(oz)ﬂ JOC (207 () + 730 (2P (x))] (30)
F(B)BT (e
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Proof. Multiplying both sides of (18) and (19) by %, then integrating
the resulting inequality with respect to £ over [0,z], we obtain

B (0) + P () / - tecem0
0

F(Oé) glfﬁa
1 [ (z—&* e S0
< F(a) /0 (.’17 5)51_62 hP (3? _ 5) dé— ( )
31
1 [ (z—&* e =9
* I‘(a)/o i )fl,é’i hP (€) d§
2P (%) [ (x— &) e S0
S F(a) /0 é—l—ﬁa d )
and
L9(0) + L (z) [T (x—&)* Te <=0
F(O{) /O é—lfﬁa df
T (g — ) e C(a=8)
Sl f)gl L (2~ €) d
1 _ (x 1 —C(JC {) (32)
T / gi=pa L2(8) dE
2/;(1 g) a 1,—¢(x—€)
S F( )2 /O f —Ba d&
Using the change of variables x — £ = y, we have
I'(B) Pz —g) et
(A (a) / e ds "
F(/B) ﬂ‘r"a’( a—1zp

and

@) [T @-g* et
04)/0 c-pa L1 (x = &) d¢ a
- 15&3673;4 (e ().
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Thus, from (31) and (33), we write
(B (0) + 17 () 7357 (a27)

a,¢
< DB ry™ (qomtpr (2)) 730 (100 (1)) (35)

and with (32) and (34), we can write,
(€7 (0) + £ () 7357 (+°7Y)

< oo (e () 473 (P L0 @) (36)

From (30) and (31), it follows that
(7 (0) + 7 (2)) (£ (0) + £ @) [735 (@7 1)]”

I'(B) praonc (- e (o fe
X [F(a)ﬂ ¢ (z*71L9 (z)) + i faeld (wB lea (x))} )
Since h and L are positive functions, therefore for any x > 0,p > 1,and ¢ > 1,
we have
hP hP

MT‘?;}C (271 = 27P(h (0) + B (2))P 735 (2°71),  (38)
and

q L4

(E (0) "g (x))r3g,C (x,é’—l) > 2—q(£ (0) + £(x))QT3:,C (:EB_I) ) (39)

Thus from (38) and (39) it follows that

3 9 0) 1 (@) (£9.0) + £9 () [F33¢ (227 (40)
> 979 (0) + () (£(0) + £ ()" [732€ (27)]
Combining inequalities (37) and (40), we get the desired proof.
(]

Remark 9. By considering Theorem 4 for « =1, ( = 0 and for an arbitrary choice
of function, we obtain Theorem 2.4 in [21].

Remark 10. In Theorem 4, if we choose , ¢ =0, we obtain Theorem 2.8 in [19].

Remark 11. In Theorem 4, if we choose o = 3, we obtain Theorem 2.4.
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3. CONCLUSION

The Minkowski and Hermite-Hadamard inequalities for the tempered fractional
integral operator have been newly established in this paper. Not only do we prove
that the results obtained are mathematically more valuable, but similar inequali-
ties can also be constructed, for example with the help of the incomplete Gamma
function used in Remark 2. We hope that our results can stimulate further research
in various fields of pure and applied science.
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