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This paper investigates the Schwarz problem. Initially, the focus lies on analyzing
the problem for the first, second orders. Subsequently, attention shifts towards
studying the same problem for equations of higher order. In the realm of second-
order equations, the Schwarz problem is specifically examined for some operators;
Laplace, Bitsadze and its complex conjugate. The findings demonstrate that the
Schwarz problem for an n-order equation, when equipped with solely one boundary

condition, exhibits an infinite number of solutions. However, by incorporating
additional boundary conditions, it becomes feasible to obtain a unique solution for
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problem concerning n-order equations, effectively rendering it a well-posed problem.

1. Introduction

Explicit solutions to different boundary value
problems are investigated in [1-8] for different
domains. The Schwarz problem has an important
place in both real and complex analysis as one of
the fundamental problems. This boundary value
problem is widely recognized and extensively
studied.

This paper aims to investigate the Schwarz
problem for one complex variable with arbitrary
order.

We will define D as the unit disc with a smooth
boundary 0D, G € C,C = ¢ + in.

The following problem was solved with w = 0
in [1].

wz— =
The

same problem with

same domain and proved in Theorem 9 in [1].

0inD, Rew = 0 ond D, Imw((0) =0 (1)

nonhomogeneous
boundary conditions has a unique solution in the

The following problem is the complex conjugate
of the problem (1). It has a trivial solution in D.

w, =0inD,Rew =00ndD,Imw(0) =0 (2)

2. Schwarz Problem for Second Order
Equations

In the realm of complex analysis, Laplace and
Bitsadze operators hold fundamental importance.
In this section, our focus is on addressing the
Schwarz problem pertaining to these operators as
well as the conjugate operator of the Bitsadze.

Lemma 1:[1] Withinthe context of the Laplace
equation, the following Schwarz problem has
infinitely many solutions

w,z=0inD, Rew = 00onoD,Imuw(0) =0

Proof. Since w,; = 0 in D, w, is analytic in
D. Integrating the quantity, we get
w(z) = 91(2) + @,(2),

where ¢4, @, are both analytic functions in D.
Since Rewr = 0on D and Jmw (0) = 0, we
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obtain  Rep,(z) = —Rep,(z) on D  and
Ime,(0) = Img,(0).
From Theroem 9 in [1], we write
1 G+zdS .
01@) =50 | = RepaOTIZZ + 1 Impz(0)
()
@)

It follows that

01(2) = —92(2) + 9,(0) — 9,(0).
Substituting ¢,(z) into the w(z), we have
w(z) = —2Ime,(z) + 2 Ime,(0) for
arbitrary analytic function ¢,(2). O

The problem above has a unique solution over C
with additional boundary conditions as shown in
Theorem 1 in [1].

By swapping the roles of z and z in the result of
Theorem 1 in [1], we obtain the dual result
presented in [1].

Lemma 2: [1]
Bitsadze equation

The Schwarz problem for the

wyzz; =0 in D,Rew = 0ondD,Imw(0) =0,
has infinitely many solutions.

Proof. aw; isanalytic in D. Integrating w;; =
0, we have w(z) = hy(2) + zh,(z), where
hy, h, are both analytic in D. From the boundary
conditions Reh,(z) = —Rezh,(z) on dD and
Imh,(0) = 0 follows. This Schwarz problem
has a unigue solution as

1 — d
h(2) = Z—MJD - meqhz(c)%é + i Imhy (0)

and it follows

-1 1 — 1
hi(z) = 7}12(2) +Eh2(0) — zh,(0) +§h§(0)

1’—
—Ehz(O)

Then, we have the following

|z|? —1

1 -
w(z) = hy(2) < ) + ;hz(o) — zh,(0)

1 ’ 1,—
+5h2(0) =5 h3(0)

with arbitrary analytic function h,(z) in
D. O

In Theorem 2 in [1], it is proved that by taking
additional boundary conditions, the Schwarz
problem in Lemma 2 has a unique solution.

Presently, we have the opportunity to examine
the Schwarz problem concerning the subsequent
equation

w,, = 0in D, Rew = 0 ondD, Imuw (0) = 0.
4)

Lemma 3 follows from this result.

Lemma 3: The Schwarz problem (4) exhibits an
infinite number of solutions over the complex
plane, C.

Proof.
applied.

First the following transformation is

ws;; =0inD, Rew = 0 ondD, Imw(0) = 0.

Then from Lemma 2 applied to w, we get

—{1z]* -1 1
’W(Z)=(P2(Z)< 7 )"‘?@2(0)
11— 1
—Zp,(0) + 5%(0) - Ecpé(o)

with arbitrary analytic function ¢,(z) in
D. m|

Using boundary conditions again, the following
result is obtained.

Corollary 4: The following Schwarz problem in
D

Wyz = f(Z) in Dr mew = YO(Z)I

Rew, = y1(z) on dD, Imw (0) = ¢y, IMmu,(0)
=

has a unique solution for

f € Li(ID; C) and vy, v, C(OD; R),cy,c; ER

with solution
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w(z) =1icy+ic(z + 2)

§+Zd§
me Vo(()g ; C
1 Gtz ———\dS
I R G A
fS+z f(§)1+Z_§
2nﬂ< _Z < 1—z‘§>(q_z
+G—2z) dgdn

Proof. The issue can be rephrased in the
following manner by taking the complex
conjugation:

wi; = f(z) inD, Rew = yy(2),

Rew; = y,(z) ondD,
Imw (0) = ¢y, Imw,(0) = ¢;

The desired result is obtained by applying the
result in Theorem 2 in [1] to w. O

3. Schwarz Problem for Higher Order
Differential Equations

In this section, we explored the Schwarz problem
concerning n-order model differential equations
in the complex domain, C.

3.1. Auxiliary lemmas

Lemma 5: [2] Suppose that f(z) is analytic
function in D. We obtain the equation (5).
G _f@

L S\

2mi ,[g ozl
l

1 fU9(0)

Bl Z ZzImTHL (=) L=0. ®)

r=1

Lemma 6: [2] Suppose that f(z) is analytic
function in D. We get the equation (6) for k=0.

Zk—mf(m) 0
m!

i on ST 25 = Tk (6)
3.2. The Schwarz problem for polyanalytic

equations

The solution of w;n» = 0 is called polyanalytic
function. Theorem 2 in [1] is generalized as
follows:

Lemma 7: The Schwarz problem below exhibits
an infinite number of solutions in the unit disc of
the complex plane. For 1>2 we get,

wz =0 inD, Rew = 00ondD, Imw(0) =0,

Proof. By integratingthe given quantity, it

follows that:
l

w(z) = Zz‘"‘l

n=1
for @;, i=1,...,
have

l
Rep,(z) = —Re Z zn

n=2

on(z ),

[. They are analytic in D. We

L, (z) on oD

and
Ime,(0) = 0.

We get the equation below after applying the
Theorem 9 in [1].

1(2) = l
1 —n-— G+ z\dG .
o | —ﬁneZ 7 u© (c ) S

n=2
l
() = ;—;Jm > G @+ )2

=2

+ 12—1le 0@+ )2

D n=2

From Lemma 5 and Lemma 6, we have

Z Z anm 1<pf1m)(0)

n=2m=0

(pn (Z)

p1(2) = —

_i Z - 1<o£:“)<0>
L (n 1) (n-1)
1 0) ¢, (0
72( n-1)! (n-1)! )

Therefore, w(z) is equal to

|Z|2(n—1) -1
S onto (1)

n=2
I n-2
s 1 o™ O o™
zn-m-1 ml —7 m!
n=2m=0
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S O)
(n-1)!

_on O .
(n—1)!

1
+?Z£1:2<

Unless additional boundary condtions are
imposed, the Schwarz problem for higher order
model equations is known to be undetermined.

Theorem 8: [1] The Schwarz problem for
inhomogeneous polyanalytic equation

wyk = f(z) inD, Redyw =y, on 0D,
Imozw0)=c, 0<v<k-1,

has a unique solution for 1y, € C(dD;C), ¢, €
R, 0<v<k-1as

k-1
w(z) =i;% (z+2)V
_ ¢tz
Z b v(@—g (5-2
vd
+§—z) ?C
(1)" ﬂ f(QGS+z f(§)1+Z§
(k—l)' 2m S G-z ¢ 1-2G
X(C—Z+§—Z)k_ dédn

Lemma 9: The Schwarz problem

w,x =0 inD, Rew =0 on ID,
Imw(0) =0, k€ Z*, k> 2

has infinitely many solutions in the complex
space.

Proof. Taking the complex conjugation of the
problem in Lemma 7 and then replacing w by w
leads to

w, =0 inD, Rew = 0on D, Imu(0) = 0.

Therefore, we get w(z) as

IZlZ(n 1) _ 1>

Zn-1

w(z) = <Pn(Z) <

S IRE R

Z o O oV
(n— 1)! (n =1)!
for analytlc functions  ¢;(2),i = 2,...,k in

D. a
Similarly, the unique solution for the problem

wy =0 inD, Redy w =

¥y on 0D, Imady w(0) = c,,

kez*t, 0<v<k-1

can be obtained, as stated in Theorem 10.

Theorem 10: The Schwarz problem for
inhomogeneous equation

w,x = f(z)in D, Redy w =y, on ID,
Imoy w(0)=c, 0<v<k-1, (7)

has a unique solution for y, € C(0D; C), ¢, €
R,0<v<k-1as

dS

k-1
w(z) =i ZO% (z+2)Y
v 1 S+z
Z V! Zm G — (C —ZH6 - )_
(1)" ﬂ f(§)§+z f(§)1+Z'§
(k—l)' 21 §—z ¢ 1-2G

x(q—z+q—z)k " dedn

Proof. The anticipated outcome is a consequence
of applying Theorem 8 to the complex conjugate
of equation (7) with respect to the variable
w. |
3.3. The Schwarz problem for mixed higher

order partial differential equations

Lemma 11: The Schwarz problem

W,ymzn = 0 in D,

Rew = 0 on 0D, Imuw(0) = 0,
n+m>2, n=1m=>1

has infinitely many solutions.

Proof. Upon integrating w,mz;» =0  with
respect to both z and z we obtain
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n

n-l / (n-k) (n—k)
w@ =) g, +z %100 | 90O
& 2\t Tl
n+m
- m-—1 b
+ ) MR, 2 €D, S o0 D) gl 0(0)
Sk m—k —D! ' (m—k—1)!

k=0
where @,(z), 0 <k <n+m—1 are analytic
functions. ~ Since Rew =0on dD, and  Pnim-1(0) _Pnim-1(0)

Imw (0) = 0, we obtain 2 2
(= ) Substituting ¢,,_; (z) into w (z), we get
Regn1(2) = —e Y 7"* gy, ()
k=1 n-1 |Z|2(n— K _ 1
m-1 w(z) = Z (z"——k> Pr-1(2)
—Re Z zmk-1¢  1(2)on 0D k=1
k=0 n-1n-k—1
N z o™ (0)
and Zn—k-m m!
k=1 =0
Im@pn_1(0) = Im@pm-1(0). i m(p,gmgm)
@n-1(2) is analytic in € D. Therefore, from
Theorem 9 in [1], we obtain
m-1m—k-2 )
- (pn +k(0)
+ gm—k—-1-1 I
Pros (D) = f Z $pea(S) & =
= RO
- §+ — ym—k-l- 1(pn+k(0)
+ Z gm=k= 1gon+k(<))g .
m-—1
TN G e B e
+ 1§ IMPram -1(0). & ST gmolem1 ¥tk
From Lemma 5 and Lemma 6, we have —
n Prim-1(0) _ Pn+m ~1(0)
n-1 2 2
_ Pr-1(2) ) ) ]
Pn-1(2) = — Sk for arbitrary analytic functions ¢ (z),
k=1 0<k<n-2,n<k<n+m-1. O
n—k 1)
3 z R O)
Lo znlemmat (m — 1)) Theorem 12: The Schwarz problem for the
inhomogeneous higher order equation in D
n-1/n-k T PN
_ Z Zn= k- m(pkml (0)
m!
k=1 \m=0
m-1 /m—k-1 (l)
_ Z m—k—1- 1 P (0)
Al
k=0 =0
m-—1 m-k -1
RyoON 3 RO
Zzm—k—1 zm—k-l (l — 1)!
k=0 =1
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w,mz = f(z) inD, Red,w=Yy,,
Re 6;(6;“ w) =Y, on dD,
Imaoyw(0) =c,, Im a;(afznw)(O) =cy,

0<vsm-1,0<pu<n-1,
mnezZ', m+n>2 nm>1

is uniquely solvable for y,,Y,, € C(OD; C)as

m-—1
w(z) =i Z%(Z+E)v
v=0
m—1(_1)v gT
+ ), e v Q= (57
v=0 aD v dc
L s
D™ ¢,
Z(m Dl v G 2)
n-1
(_1)m (_1)V 1 dg
v=0 aD
(-h" o o)
(m —D!(n —1)! an (€S2
+F(S, Z))dfdr]
D™ D" 1 f(g)
(m —1)!(71—1)!271_[ (D(g z)
+E(§Z))dfdn
where
= 1G+z 11+2G
160 ( (QC—Z ql—Z’C)
m—1
x(g—z+g z)  dédn,
S+G1G+
B - —_—
©n= .ﬂ ~5r9=9) ( 555~
+ﬂll+z§
Ssim
x(§—2+§—z) - dédn,
1 ([S+61G+z - a1
€6 =5 = 6-5%59)

x(§—z+@) ) dédn,
1+qq n—1
DG)—ngl_« +5=5)
1C+z m—1
x:TZ(g—2+§—Z) dédn,
S+s1 =
ES, )— =—-(G-G+G5—¢
£ = cg( )
- \m-1
xitz_g (C—Z+§—z) dédn,
P62 =5 ‘ﬂifEZQ s+5-5)
%1t§_g(§—z+§—z)  dedn.

Proof. The problem can be stated in another way
as follows:

of'w = w in D, Redyw =y, on dD,
Imijw =c,, 0<v<m-1,
02w = f(2z) inD, Re 02 (07 w) =Y, on 9D,
ImoL(0fw) =c, 0<u<n-—1.

Using theorems 10 and 8 respectively, the unique
solutions are given as follows

w(z) =i Z— (z+2)Y

1 1 T (e
;; — 2mm5@6>g_z(q 2
vd
+g—Z) ?
=™ ﬂ w(§)§+z w(Q) 1 +1§
(m—l)'Zn _Z G 1—-2G
x(§—z+§—z) _1dfdn, (8)
n-1
w(z)=iz%(z+z_)"
v=0
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S+ z

Z = anfmqg (s~
vdg
+g—Z) ?
(1)" ﬂ fG)G+z f(§)1+Z§
(n—l)'Zn < C—Z g 1—z§

x(g—z+§—z)n 1d‘fdn

Inserting w into (8), we achieve the desired
outcome. O

4. Conclusion

This paper explores the analysis of higher order
complex partial differential equations in C. The
focus lies on investigating the uniqueness of the
Schwarz problem. The findings reveal that there
exist an infinite number of solutions for the
Schwarz problem in the context of higher order
complex partial differential equations in C with
only two boundary conditions. The ideas here
can be extended to the multidimensional case.
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