Hacettepe Journal of Hacet. J. Math. Stat.
Volume 54 (2) (2025), 542561
Mathematics & Statistics DOI : 10.15672/hujms.1391474

RESEARCH ARTICLE
Local non-abelian class field theory

Sevan Bedikyan

Mimar Sinan Fine Arts University, Faculty of Science and Literature, Department of Mathematics,
Bomonti-Sisli, 34380, Istanbul, Tirkiye

In memory of my mother Silva Bedikyan

Abstract

The “local class field theory”, which can be defined as the description of the extensions of a
given local field K with finite residue field of ¢ = p/ elements in terms of the algebraic and
analytic objects depending only on the base K is one of the central problems of modern
number theory. The theory developed for the abelian extensions, around the fundamental
works of Artin and Hasse in the first quarter of the 20th century.

It is natural to ask if one could construct this theory including the non-abelian extensions
of the base field. There are two approches to this problem. One approach is based on
the ideas of Langlands, and the other on Koch. Koch’s method was later generalized
by Fesenko and Koch-de Shalit for specific type of non-abelian extensions of the base
field. Laubie extended Koch-de Shalit’s work and constructed a local non-abelian class
field theory for K. On the other hand, Ikeda and Serbest extended Fesenko’s works to
construct a non-abelian local class field theory for K, containing a p* root of unity.

In this study, we extended Ikeda-Serbest’s construction of the local reciprocity map for K
containing a p*" root of unity to any local field. Also we have shown that the extended
map satisfies the certain functoriality and ramification theoretic properties.
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1. Introduction

Let K be a local field; that is a complete discrete valuation field with finite residue class
field Ok /px =: ki of qx = ¢ = pf elements with p a prime number: Here, O denotes
the ring of integers in K with the unique maximal ideal pr. As usual, the unit group of
K is denoted by Ug and the i** higher unit group of K by Ui, where 0 < i € Z. One
of the main problems of algebraic number theory is to describe the arithmetical structure
of each Galois extensions L/K lying in the fixed separable closure K*P of K, in terms
of the certain invariants depending on the base field K. By the “arithmetical structure”
of the extension L/K, we mean the ramification theoretic properties of the Galois group
Gal(L/K).
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When the extensions of K are abelian, the answer of this problem, which is known as
the local abelian class field theory establishes a unique “natural” algebraic and topological
isomorphism called the Artin reciprocity law

Artg : G325 KX
of K, introduced by Artin and Takagi. Here, G%’ denotes the maximal abelian Hausdorff
quotient group G /G’ of the absolute Galois group G = Gal(K*P/K) of K, where G’
denotes the closure of the 1¥-commutator subgroup [Gk,Gk] of Gg. On the other hand
KX denotes the profinite completion of the multiplicative group K*. By the naturality of
Art g, we mean, it satisfies “existence”, “functoriality” and “ramification theoretic” certain
properties. See [6], [10], [11], [22] and [23] for details.

There are two “apparently different” approaches for the solution to the problem in-
cluding non-abelian extensions. One approach, based on the idea to construct a “natural”
correspondence between the set of the n dimensional representations of the absolute Galois
group G of K, and the set of the automorphic representations of GL(n, K) (Langlands’
philosophy). Another approach proposes to use of the property of Gx to be a profinite
group (Koch’s philosophy).

The studies based on Koch’s approach are as follows: Koch and de Shalit constructed
the metabelian local class field theory to describe the arithmetic structure of 2-step abelian
extensions of K ([18,19]), and Gurevich extended this theory for n-step abelian extensions
(see [9]). There is a construction of non-abelian local class field theory which belongs to
Laubie ([21]), by generalizing the work of Koch and de Shalit. On the other hand, Fesenko
described the arithmetical structure of each totaly ramified arithmeticaly profinite (APF')
Galois extension satisfying K C L C K., where ¢ is a fixed extension of the Frobenius
automorphism of K™ to K*P (Lubin-Tate splitting over K), and K, denotes the fixed
field of . Also he showed that, that the theories of Koch-de Shalit and Gurevich can
be obtained as partial cases of his theory. Note that, Fesenko’s construction needs the
assumption

Hp(K*P) € K (1.1)
where, p,(K*°P) denotes the group of all p" roots of unity ([3-5]).

Later, Ikeda and Serbest generalized Fesenko’s theory to APF Galois extensions lying in
KCLCK e where d equals the degree of the residue field extension kr,/kx. Moreover,

they introduced certain APF Galois extensions K C Fgln) for each positive integers n,d,
and proved that

Gk = lim Gal(I{" /K)
(n.d)

Hence they constructed the local non-abelian reciprocity map
®\7) . G 2 vien)

for K ([13-16]). Here, V%K ) denotes the certain group, which is defined in terms of the
Fontaine-Winterberger field of norms (for detailed information about field of norms, see

[7,8]). Also they showed that Q%K ) is natural, that is, it satisfies existence, functoriality,

and ramification theoretic properties. Furthermore, in [15], they remarked a method to

construct the local non-abelian reciprocity map @%K ) for a general local field K, not need

to satisfy the condition (1.1). Moreover, Kazancioglu in his thesis has shown that Laubie
reciprocity map and Ikeda-Serbest reciprocity map are equivalent ([17]).

The aim of present paper is to remove the condition (1.1), and construct the non-abelian
class field theory for any local field K in the light of [15].

The organization of the paper is as follows: In section 2 we construct the non-abelian

o)

reciprocity map @&?K of any local field K. We make this construction by glueing the
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abelian reciprocity map Artg,/x of Ko/K and the non-abelian reciprocity map @%OKO)

of Ky. Here Ky = K((,), where (, denotes a primitive p" root of unity. Note that, the
theory of extensions of profinite groups plays fundamental role in our construction. In

section 3, we prove the certain funtoriality and ramification theoretic properties of @%KO).

2. Local non-abelian reciprocity map

From now on, K will denote any local field; that is, it does not need to satisfy the
condition (1.1). Ikeda and Serbest remarked a method to construct the local non-abelian
reciprocity map for K (see section 8 of [15]). In this section, we will construct the non-
abelian reciprocity map for K by following their strategy. Briefly, this can be done as
follows: Consider the local field Ky = K({,) where (, denotes a primitive p'" root of
unity. Since K(/K is abelian, by isomorphism theorem of local abelian class field theory,
there exists a unique topological isomorphism

ArtKO/KGal(KO/K) %,KVX/1\11(0/[(}(6< (21)

called the Artin map for Ko/K. On the other hand, since Ky contains p** roots of unity,
by the main theorem of local non-abelian class field theory of Ikeda and Serbest, there
exists a unique topological group isomorphism

(¢Kqg) ~ —(¥Ky)

B0 Gy S VR
for Ky. Here, as usual, ¢, denotes the Lubin-Tate splitting over Ky. In order to construct
the local non-abelian reciprocity map for K, the main idea is to glue properly Artg,

with Q%OKO) . This can be done by following construction steps: As a first step, we will

reconstruct the profinite group Gk in terms of Gal(Ko/K) and Gg,. As a second step,

we shall construct a topological group structure in terms of the topological groups V%OKO)

and K /N, K . We shall denote the resulting topological group by V%KO). As a final
step, we will define a topological group isomorphism

30 Gy & i)

2.1. Construction steps of the local non-abelian reciprocity map @%KO)

Throughout this part of the section, we will adapt the methods used in [2] for our
setting.

2.1.1. Reconstruction of Gk in terms of Gal(Ky/K) and Gk,. Since Gk, IGk and
Gr/Gk, = Gal(Ky/K), one can view Gk as a group extension of Gg, by Gal(Ky/K).
Namely, there is an exact sequence of the form

1 —— Gy 1 G 2% Gal(Ko/K) —— 1, (2.2)

where resg, is the restriction map defined by resg, : 0 — o|k,.
By Proposition 1.3.2 of [24], we fix a continuous section

S Gal(Kg/K) — GK
which is normalized, i.e. it satisfies s(1gai(r,/K)) = LGk -

Remark 2.1. Since Gal(Ky/K) is a finite group, then one can also define a continuous
section s as follows: Choose a complete set of representatives 8 C Gk for Gk /Gk,, with
lg, € 8. The set 8 is finite, hence closed subset of Gi. For each T € Gal(Ky/K),
define s(T) as the unique element of 8 satisfying resk,(s(7)) = 7. Then, the map s :
Gal(Ko/K) — Gk which sends each T € Gal(Ko/K) to s(t) defines a normalized con-
tionuous section.
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The continuous section s determines a pair of continuous maps (f,1*)

f 1 Gal(Ko/K) x Gal(Ko/K) — G, (2.3)
and
Ut : Gal(Ko/K) — Aut(Gr,) (2.4)
satisfying
(1) o™ (7) = a(f (1, 7)) 0 ™ (17"); (2.5)
fa Ve ) = (VO FE ) f T, (2:6)
f(Qaaixo/ k) Laal(xo k) = Lak, (2.7)

for each 7,7/, 7" € Gal(Ky/K). Here a : Gg, — Aut(Gg,) denotes the canonical conju-
gation action of Gg,, and ¥" (") f(7/,7") = s(7) (7', 7")s(7)~'. We call such a pair (f,*)
with properties (2.5), (2.6) and (2.7) a factor system. We have a group structure

Efﬂl’* = (GKO X Gal(Kg/K), *),
where the group operation is defined by
(1.7 * (7)) = (WO (7,7, 77
for each v,7" € Gk, and 7, 7" € Gal(Ko/K). Note that, (1g, , lal(x,/x)) is the identity

element, and for any element (-, 7), one has the left inverse (f(T_l, 7)), 7'_1)),

and the right inverse (v*(771)(vf(r,771)),771). These two inverses are necessarily equal
because of associativity. On the other hand, the map

f K : FE fob* — G K
given by
x : (7,7) = ys(T)
is an isomorphism. Note that, Ey = sits in the following exact sequence

1 — G —= By e — 2= Gal(Ko/K) — 1.

In particular the diagram

Gk
inc ﬁ
1*>GKO 1974 Gal(KQ/K)Hl
By~

is commutative.

Proposition 2.2. For each 0 € Gk, the map s : Gg — Gg,, defined by ¢ : 0 —
o (5(0|ky)) " s a continuous surjection, which satisfies <(1g,.) = lgy, and s(yo) = ys(o)
for all v € Gk,. On the other hand, the map px : Gk — Gk, x Gal(Ky/K) defined by
pr 0 — (s(0),0|K,) is a homeomorphism.

Proof. See Proposition 1.3.4 (a) and (c) of [24]. O
Note that pg is the inverse of {x. Thus {x : Efy+ — Gk is a homeomorphism.

Proposition 2.3. The group Ej .« is profinite.
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Proof. Clearly, the topology on Ef,« is locally compact and totally disconnected by
Proposition 2.2. On the other hand, for each (v, 7), (7/,7") € E} 4+, the operation

() x (7= (TG TN, )

is continuous, since its projections to each of its components are continuous. It means
Ey .+ is a topological group. Hence it is profinite. g

2.1.2. The construction of a topological group in terms of ngOKo) and K* /Ny, /kKg.

For each © € Aut(Gk,), let I'e denote the automorphism of V%OKO) defined by the com-

position

(I)wKO))—l

(2,
T : ViZKo) G,

Recall that, @%OKO) is the non-abelian reciprocity map for Ky. Thus, we have a homomor-
phism

T: Aut(Gre,) — Aut(ViE<0))
which is defined by I'(©) = I'g. Consider the norm-residue map
HKO/K : KX/NKO/K K6< l> Gal(Ko/K)
for Ko/K, which is the inverse of (2.1) . We induce the map

3 (PKg)
Fo KX Ny e K§ x KX Ny g K& — Vol (2.8)
by the composition
K Ny Ko x K Ny e Eg 1o v (2.9)
Ok 100 K) éifoKO)

Gal(Ky/K) x Gal(Ky/K) ; Gk,

where f is given by (2.3). Also we induce,

0 KX Ny e K3 — Aut(V050)) (2.10)
by the composition

X x V* (¢rq)

K> [ Ngox Kooy Aut(Vig 707) (2.11)
Orq /i r
Gal(Kg/K) T) Aut(GKO)

where ¢* is given by (2.4).
Lemma 2.4. Let

a: Vg?OKO) — Aut(ngOKo))
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(@Ko)

denote the canonical conjugation action of Vi "°". Then the following diagram is comu-
tative:
Gry ————— Aut(Gk,)
Q;pOKO)l lr
Ko u Ko

where o is the canonical conjugation action of G, .

Proof. For each v € Gk,, it is easy to show that the equation

Tt o) = (2@ ) ()

holds for all g € V([?OKO). O

Now we are ready to prove the following.

Proposition 2.5. For each n, n', n” € K*/ Ny, /k K, the properties

0 (n) 0 (n') = G (F(n, ")) 0 %% (nn) (2.12)
and
Bl 'y = (%09 f(l " ) Fnn) (2.13)
hold for f and ;ﬂv*

Proof. One can show that,

905" () =T ((7 (s se(m) ey cli)) ) ) o5 o

by using (2.11). On the other hand, by Lemma 2.4 we get

F(Oé(f (9K0/K(n)79Ko/K(n/)) )) =a (f(n, n’)) .

Hence (2.12) follows.
To prove (2.13) holds, note that

f(nv n')f(nn', n") =
047 ( (0, 1c(): O (W) Oy ()01 (). O () ). (214

By the cocycle condition (2.6) of f, we have

FOky (1), 0o/ (0')) f(Okcy i (n)Orcq i (), Oy /i () =
Ok D £ (05, 1 (0), Oy (n)) f (QKO/K(n)7 9K0/K(n/)9Ko/K(n”)) :
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It follows that,
8\9%0) (g 0 )£ (O 0 ),0
Ko (f( KO/K(n)a KO/K(n>)f( KO/K(n) KO/K( KO/K

_ (I,ngKo) (¢*(9KO/K(”))f(

") =
Oro/rc (M), Okcy i () ) o

(‘I)ngKO)(f (QKO/K(n)a QKO/K( HKO/K
= <<I>(¢K° 09" (0o /1 (1)) O‘I’(IfOKD)_l) (‘D%OKO)(f <9K0/K(”')79KO/K(”H)> )>
0 @) ( £ (0 5 (7). Oy ()0 1 (")) )

_ <1’5*<n> f(n',n”)> Fn,n'n"). (2.15)

Hence, (2.13) follows from (2.14) and (2.15). O
Thus, the pair (f, 15*) is a factor system to the profinite groups V([fOKO) and K/ Ng, /x Kg' -
So, we have the profinite group structure
Vi) .~ (v(“"KO) x K*/Ng, /KKOX,%)
where the group operation * is defined by
(gom)(g'sn') = (9(7 /) Fn, ) (2.16)

(@Ko)

for each (g,n), (¢',n') € V707 x KX/NKO/KKOX. Moreover, we have the group extension

2.1.3. Definition of the local non-abelian reciprocity map Q(@KO)

Theorem 2.6. For all (y,7) € Eyy+ the bijection

<¢(%0K0) ArtKO/K) Ef i V((pKO)
s a topological group isomorphism.

Proof. Obviously the map is a topological isomorphism. Now, let us show that it is also
an isomorphism of groups: Let (v,7), (7/,7") € Efy+. Then,

(@50 (1), Articy 1 (P H@IE (7)), Artigy e (7))
— (220 (" (Arar D @ (1) ) F (st (7). Artacy (7)) vty ic(r7) )
On the other hand, for (v,7), (', 7') € Efy, one has
(@52, Artieyic) () (0 7) =
= (‘I’%DOKO) : ArtKo/K> (VO f (), 77

— (@5 B (O B (7). vty (7))
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Hence, it’s enough to show that, the equations

BE 0/ =P (o) (@) (217)
and o) i
8,510 (f(r, 7)) = F(Artyy (7). Artyey (7)) (2.18)

hold. To show (2.17), for each 7 € Gal(Ky/K) we get,

WV (Artrey k(7)) =T ey (¥7(7))

Ko

by using (2.11). On the other hand, by definition of FQ(*’KO) we get

Ko

Hence,
T (At k(Ma @) o — a @) (o) L (Pr) s
o/ IR L (Y) = R (V7)) ®, (@, (7))
) (V).

The equation (2.18) follows by puting Artg,/x(7), Artg, /k(7') respectively instead of n
and n’ in the composition given by (2.9). O

Corollary 2.7. The following composition

8\ Gy L By virro) (2.19)
defines a topological group isomorphism between Gg and V%KO).
Proof. Obvious, since @%KO) is defined as a composition of topological group isomor-
phisms. O

Definition 2.8 (non-abelian reciprocity map). The topological group isomorphism

8\70) . gy > viemo)

defined by the composition (2.19) in Theorem 2.7 is called the local non-abelian reciprocity
map for K.

The diagram

resK,

1 GK()( GK Gal(Ko/K)Hl

@, K Artrg /K

1 yieKe) 0 glere) P pex Ny Ky 1

is commutative.

Remark 2.9. The inverse <<I>§<(PK°)) of local non-abelian reciprocity map @%KO) is

called the local non-abelian norm-residue homomorphism for K. It satisfies the following
equality

(2) " ) = (2) " @) -0 )
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for each (g,n) € V%KO).

3. Properties of the local non-abelian reciprocity map
In this section, we will show that, the local non-abelian reciprocity map
870 Gy 2 i)

satisfies the certain functoriality and ramification theoretic properties.

3.1. Functoriality

Let F//K be a finite extension of the local field K such that Fy = F((,) is a ¢x,-
compatible extension of Ky. Fix the Lubin-Tate splitting ¢, over Fy. Following the same
reasoning as in Section 2.1.1 we induce a group structure

By, = (Gry x Gal(Fo/F), )
isomorphic to Gr. We denote the corresponding isomorphism by
§F : EfF7¢} = Gp.

Now, the diagram

ArtLO/L % x
Gal(Lo/L) F*/Np, rFg (3.1)
resxoi lNF/K*

Art
Gal(Ko/K) S KX Nk KG

is commutative by functoriality property of Artg : G“}? Z KX. Here the left vertical
arrow resg, denotes the map given by the restriction of o € Gal(Lo/L) to Ky, and the
right vertical arrow Np/ g, denotes the map induced from the norm map Np/g. Also, by

functoriality property of the local non-abelian reciprocity map (I,%)Ko) G, = V%OKO), the

following diagram
(P Fg)

Gy ———s V) (3.2)
inc. JN;?O/KO
QE:KO)
GK() - vg?OKO)

is commutative. Thus, we induce the following diagram,

@;WFO)
(or)
o (@ O Artp p) s
p )
Gr—" s By —— vier) (3.3)

inc. (inc.,resk,) (N%T)/Ko Nr/k.,)
(PKy)
a PK I (@, Artrg/x) V(‘PKO)
[N «
K~ £ ¢ K
‘DE:KO)

which is commutative, since the diagrams (3.1) and (3.2) are commutative.



Local non-abelian class field theory 951

We denote Np g = (N%‘;/KO,NF/K*). If K C F C F'is a tower of extensions of
finite degree, such that Fy/Ky and Fj/K( are compatible with ¢, (cf 0.4 of [19]), the
transitivity

NF’/K = NF/K 0 NF’/F
follows from the commutativity of the diagram (3.3). We denote

Np 1= Npyie (Vi) = N3 Npyse F* ) Nigy e K
)

(SOK())

which is a closed subgroup of V- "?". Here, N7} is the closed subgroup of V%FO defined

by the functoriality property of the non-abelian map @%OKO) (cf. (7.6) of [15]).

When L/K is an infinite extension, such that Lg/Kj is a union of finite ¢x,-compatible

subextensions Ey/ Ky, we have the closed subgroup N7o = Ng, NE, of V%OKO), where FEj

runs all over finite pg,-compatible subextensions of Lo/Ky (cf. (7.7) of [15]). Also we
have the closed subgroup Ny, L* /Ny, i Kg of the group K* /N /i Kg', with

Np/x L =(\Ng/x E*,
E

where E runs over all finite subextensions of L/K, such that Ey/Kj is a ¢k,-compatible

extension. We denote the closed subgroup N7° x Ny /i L™ /Ny /x K of V%KO) by
Np = NF, x Npjx L™/ Niey i K-
Observe that, N, satisfies
Nr =[Ne,
E

where E runs over all finite Galois subextensions of L/K, such that Ey = E((,) is a
¢ K,-compatible extension.

More generally, if L/K is any finite Galois extension, then L has a finite extension L’
such that, L{,/ Ly is a finite unramified extension compatible with ¢r,. Following the same
reasoning as in Section 2.1.1 we have the topological group structures

Epwy = (G x Gal(Lo/L), ),
and

EfL/ﬂPz, = (GL() X Gal( 6/L,)7 *)
isomorphic with G, and G, respectively. Also we denote the corresponding isomorphisms
by

pr:Gp = Eyp s
and
PL G = Ef'Lﬂ/’Z/'

Now, by the functoriality property of @%OKO), the following diagram
(WL()) ( |
P, wrr
Gy —2——v," (3.4)
inc.
Gr, N /K
inc.
(PKq)
G — 5yl

is commutative. If we combine (3.4) with (3.1), we induce the diagram



552 S. Bedikyan

HL/ /L/
Gal(Lj /L") o LNy L (3.5)
nj
810 An inj
At
P "o o Cory)
G — EfL’ﬂ/’Z/ VL’ Npyr
resy,
) . Oro/L X X
inc (inj,resr,) Gal(Lo/L) = L /NLO/L LO
inj
inc (inj,resKO) Gal(KO/K> KN/K K~ / NKO/K KUX
0
inj v inj
Gk — = V%KO)

Eg oy
prc Y (ercy)
@KO 7ArtK0/K

which is commutative. Thus the closed subgroup @%KO)(G L) of V%(OKO) satisfies

870 (G) = N3 x Ny L Nyy i K

where N7° = Q%OKO)(G Lo) is the closed subgroup of ngOKO), which is defined by the

functoriality property of the local non-abelian reciprocity map @%OKO) (cf. (7.13) of [15]).

We denote this closed subgroup by
Np = 850 (G,
If L/K is an infinite Galois extension, we have the closed subgroup N7, =Ng, Ng, of

V%OKO), where FEj runs all over finite subextensions of Lo/Ky (cf. (7.14) of [15]). Again,
we have

Np/x L =(\Ng/x E*,
E

where E runs over all finite subextensions of L /K. We denote the closed subgroup Nz° x
NL/K LX/NKO/K K6< of V%KO) by

NL = Nz% X NL/K LX/NKO/K K6<
Observe that,

Np =[\Ne,
E
where E runs over all finite Galois subextensions of L/K.

3.2. Isomorphism Theorem

Let L be any Galois extension of the local field K. In this section, we shall calculate
the kernel of the continuous surjection
(exg)
o 07y—1 r
i) i) B 1 g 1 GalL/ k). (3.6)

~
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Consider the subextension L N Ky of L/K. We have the following diagram
LKy = Ly

N

K

L

N

LN Ky
K
of field extensions such that, there is an isomorphism
rE0 : Gal(Lo/Ko) = Gal(L/L N Ko)

which sends each o of Gal(Lg/K)) to its restriction oy, to L. This is well known fact from
Galois theory (for the proof, see Theorem 1.14 of [20]). Now, as Ko = K ((,), we have the
following continuous surjection

(px @(LW/{g ()"
Vi o) 2050, Gal(Lo/Ko) ——— Gal(L/L N Ky) (3.7)

(

whose kernel is the closed subgroup N7° of V IfOKO)). Here @54?/(?()0 denotes the norm residue
isomorphism for Ly/ Ky, which is induced by the isomorphism theorem for the local non-

abelian reciprocity map @%OKO) for K.
On the other hand, since L N K/ K is abelian, the following diagram

ArtKo/K

K*/Ng,x Ko ~ Gal(Ko/K)
eil(:]‘}‘LmKO J resLﬁKO J/
Art
K>/ Ny i (D0 Ko)* ———" Gal(L N Ko/ K)

is commutative by the existence theorem of the local abelian class field theory. Here,
CFT

e is the natural inclusion defined via the existence theorem of local abelian class
Lo/LNKo
field theory. Thus the composition
Art T

KX/ Ny i K& —25 Gal(Ko/ K) —2% Gal(L N Ko/K), (3.8)

has kernel
ker (I‘GSLQKO ] ArtKO/K) = NL/K LX/NKO/K KOX
where
NL/KLX == ﬂ NE/KEX
K C ECL
finite

Other observation is that, since we have
Gal(L/L N Kyp) < Gal(L/K)

and
Gal(L/K)/Gal(L/L N Ky) = Gal(L N Ky/K),
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one can view Gal(L/K) as a group extension of Gal(L/L N Ky) by Gal(L N Ky/K). So, it
makes sense to reconstruct Gal(L/K) in terms of Gal(L/L N Ky) and Gal(L N Ky/K) in
order to find the kernel of (3.6).

3.2.1. Reconstruction of Gal(L/K) in terms of Gal(L/LN Ky) and Gal(LN Ky/K).
Since Gal(L/L N Ky) < Gal(L/K) and Gal(L/K)/Gal(L/L N Ky) = Gal(L N Ky/K), one
can view Gal(L/K) as a group extension of Gal(L/L N Ky) by Gal(L N Ky/K). Namely,
there is an exact sequence of the form

L
ST e

1—— Gal(L/L N Ko)“— Gal(L/K)

Gal(L N Ko/K) — 1

where res? | K, 18 the restriction map, which sends each o € Gal(L/K) to the restriction
or, to LN Ky.

Since those groups in the above exact sequence are profinite, from the same reasoning
with Section 2.1.1, we have the profinite group structure

HfL/K.sz/K = (Gal(L/L N Ko) X Gal(L N I(()/I()7 *) ,
isomorphic with Gal(L/K). We denote the corresponding isomorphism
/it Hyppypey e = Gal(L/K)
which is defined by

(o,7) USL/K(T)
for each (o,7) € Hy, IV Recall that, Hy, IV sits in the following exact sequence

| — Gal(L/L N Ko) "% Hy, g~ Gal(L N Ko/K) — 1.

In particular the following diagram

Gal(L/K)
inc. \S%WKOA\
1HG8¢1(L/LQKQ) EL/K Gal(LﬂKo/K)H—l
inj. Pro

HfL/Kﬂbz/K
is commutative.

3.2.2. Proof of the isomorphism theorem. Before we state the isomorphism theorem
of K, we have the the following lemma:

Lemma 3.1. The square

resy,

Gk

4\ /&L/K
(reSL:reSLmKo)

Epye ————— Hyy vy

s commutaive.

Proof. Let (0,7 € Efy~, where 0 € Gk, and 7 € Gal(Ky/K)). Then, by restricting
&(o,7) = o0s(7), to L, we get

resy,(os(7)) = opsp(7),
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where o, and sz,(7) denote the restriction of o and s(7) to L respectively. On the other
hand,
respnk, (SL(7)) = respak, (s(7))

= respnk, (resk, (s(7))) = respr, (T) =: TLAK,,
which means
fZ}K(O'LSL(T)) =O0LTLNKy = (resL, I‘eSLmKO)(O', T),
and this completes the proof. O
Now the isomorphism theorem for the local non-abelian reciprocity map @ngO), can be
stated as follows:

Theorem 3.2 (isomorphism theorem). The continuous homomorphism, given by (3.6)

has kernel
ker <¢(Li};(0)> = Npy % Npji L™/ Ny /i Ko

Proof. Since the kernel of (3.7) is N3°, and the kernel of (3.8) is N/ L™ /Ny, /x K,
the proof follows from Lemma 3.1. U

3.3. Existence theorem
The existence theorem for a general local field K is stated as follows:
Theorem 3.3 (existence). The rule

L/K'—)NL

gives one to one correspondence between the closed subgroups of V%KO) and the Galois
extensions of K. The group N7; x NL/KLX/NKO/KKOX is of finite index in V(;{DKO) if and
only if L/K 1is finite, and if this is the case, we have

[L: K] = (V?}KO : Nz, % NL/KLX/NKO/KKOX) :
Proof. From the commutativity of the diagram (3.5), we have N = @%KO)(G L), and we
see that the correspondence L/K + Ny, is an injection. The remaining part of the proof
follows from Theorem 3.2. U
3.4. Galois conjugation
Let 0 : K — K®°P be any embedding of the local field K, and fix an extension
G K% = K5P
of o to K*P. Denote o(K) by

K°:=0(K) .
As Koy = K((p), we have 6(Ky) = K?((p). We denote
K§ = K°((p).

In the sense of [12], we see that 5o, is a Lubin-Tate splitting of K§. Thus, we have
the local non-abelian reciprocity map

ST G S VT
for the local field K§ in the sense of Ikeda and Serbest. Now, the correspondence
R o (3.9)
for each v € Gk, defines a topological group isomorphism

(;SZ;:GK%GKU
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and for each x € K*, the correspondence
¢:x (mod Ny, x Kg)— d(z) (mod Nge/xo(KG)™)
defines an isomorphism
G K™/ Ny, Ko = (K°)*/ N o (K§)™
On the other hand, there exists a topological group isomorphism

a'_—‘r . V(L‘DKO) % V(;WKogil)

Ko K¢
defined by the composition
¢=leg,
GKO GKg

(pxy) "1 EE ot
QKO 0 T J/q,g(g 0 )

~, ~

ngol{o) 77777777 ot _ vgg(cerOo )

0

where ¢~ is the isomomorphism given by the equation (3.9).
Consider the extension of G- by Gal(KJ/K)

resygo

1 GKg© Gro — Gal(K§/K°) — 1

where the map resgg is defined by resgg () = v |kg. Observe that, there is an isomor-
phism
b5, Gal(Ky/K) = Gal(KJ/K?)
0
defined by
) ~ 1
gb;KO CT O ORoTO g,
for each 7 € Gal(Ky/K), where
5}(0 : Ko :) Kg
is the restriction ¢ |k, of the automorphism & : K%P — K5P. Now, for each v €
Gal(K§/K) define the map
S5 . Gal(Kg/K) — GKU
by
~(v) = os(d=? 1
s7(7) = os(d7, (V)a
This is a normalized continuous section for resig. Hence, from the same reasoning with
~ =1
stepl of Section 2, we construct a topological group operation “%z” on Vg(i})(ga )

(6K, 1)

(K“)X/NKg/Ko (Kg)*, and we denote this topological group by V.. . By Theorem
2.7, we have
@(g@Kogil) . G ~ (&QDKO&il)
Kg . KU —> VKO-
which is the local non-abelian reciprocity map for K°.
Theorem 3.4 (Galois conjugation). The following diagram

(WKO)_l

viem) T Gk

(Caa ,g)l J,q};
(&SOKO &71)
Vo ———— Gko

(oegyo b
®,, 0
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15 commutative.

& 61
Proof. From Remark 2.9, we see that, for each (¢',a) € V%f Ko ), the inverse of the

local non-abelian reciprocity map @g?f %0?) satisfies

Cergo ), Gergo )L,
@0 (9.a)= (I)Kg (9) SE(aKg/KU(a))

where Qg /Ko 18 the local norm-residue map for the abelian extension K§/K¢ . This
implies

~ =41 ~ o~ -1
o7 ) (GH8)gm) =@ (GH(9) - sylang e (@) (3.10)

for each (g,n) € ngKO).

= 5—1
By the Galois conjugation law for the local non-abelian reciprocity map @ggg}(oa ), the

equation
Gor.o-H) L ~ 2 (pr) L
@Képl(o (0’+(g)) — O_@}foko
holds for each g € V%)KO), and from the Galois conjugation principle of the abelian local

class field theory for the extension Ky/K,

()5t (3.11)

holds for each n € K* /Ny, Ky . If we put (3.11) and (3.12) in the equation (3.10) we
get

¢(5¢K05*1)_1 ~t o~ _ ~(I)(¢KO)*1 ~—1 . (= ~—1
Ko (6%,8)(9,m) = 60,25 ()5 - 55 (Freourcyy (M)t -
But, by the definition of s, we have

s5(arg ko ((n))) = 55(5K00¢K0/K(n)51_<(1)) = 5'5(041(0/1((”))5_1

Thus, we conclude that

Lo R ~ ~
L7 ((67.6)(0,m)) = 52 ) - s e (m)
= 5@¥K0)(9,n)5_1 .

This completes the proof. ]

3.5. Ramification Theory

Let K{’; denote the unique unramified degree d extension of Ko; F[()ng denote the max-

imal n-abelian extension of K@ in (Kjy) o1 Where (K0)¢c;{ denotes the fixed field of
’ 0 0

d
PKy-
Following [16], we define the partial ordering “ <” on (Z x Z) by (n/,d') =X (n,d) iff
n' < n and d'|d for each (n,d), (n',d") € Z x Z. For an increasing net w := (w(, q)) over
R>_; defined on the partially ordered set (Z x Z, <),

Vo k(W) = (Vry/ i (Win,a)))

is also an increasing net. Here, ¢ /i denotes the Herbrand function for the extension
Ky/K. Thus, for each increasing net w, the projective limit

Ko :L

GlﬁKO/K(M) - Gal(F(()TL(E/KO)WO/K(w"’d)
(n,d)
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over the transition homomorphisms
P ) G e s G o))

— Gal(F(()T’LC;/)/K0)¢KO/K(w(n’,d’))

is a subgroup of G, called the v, sk (w)-higher ramification subgroup of Gk, in upper
numbering (see [16] for the definition of w-higher ramification subgroup in upper numbering
G of the absolute Galois group of a local field K for each increasing net w).

On the other hand, as F(()ncg/Ko is APF, so I’(()ncz/K is an APF extension. Thus, for each
increasing net w

Gy = lim Gal(I'{) /K)o

(n,d)
over the transition homomorphisms
iy GaI/R) e S Gl /K)o Gal(Tl) /) e

for each (n’,d’) =< (n,d), is a subgroup of Gk. Again we call G by w-higher ramification
subgroup in upper numbering of G .

Proposition 3.5. For a given increasing net w = (w(n,d))z the projective limit
@Gal(KO/K)w(nvd)
n,d
over the embeddings
Gal(Ko/K)" ) — Gal(Ko/K)"™4 (W ary < Wna))

satisfies
yLn Gal(Kg/K)“’("@ = Gal(KO/K)w
n,d
where the number w € R U {oo} is defined by w = sup{w, q)}. We define

Gal(Ko/K)™ := {lgai(ro/x)}

when w = 0.

Proof. Let w < oo. Note that, for each real number w’ satisfying

[V i (w)] =1 <w' < [Yp, i (w)]
we have

Ga‘l(KO/K)L/JKO/K(w) = Ga‘l(KO/K)’w/
by definition of the higher ramification groups. On the other hand, since Herbrand function
is increasing,

@Z}KO/K(U’) = SUP{¢KO/K(w(n,d))}-
Let us fix a couple (ng,dp) € Z>1 X Z>1 satisfying
[Vro/x (W) =1 < Yrcy i (Wing o)) < Yo/ (W)

For a given

(U(n,d)) S 1&11 Ga](Ko/K)
(n,d)

Yy K (Win,d))

the following equality
T(nosdo) = 0 € Gal(Ko/K)y,e ye(w)
holds. On the other hand for each (n,d) € Z>1 x Z>1, we have

_ __(nno,ddo) B
0 = U(no,do) - r(ﬂo,do) (U(nno,ddo)) - U(n’no,ddo)
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Hence,

nng,dd
O(n,d) = Tgn d(; 0) (U(nno,ddo)) =0.

This shows

(0(n,a)) = (0) -
If w = oo, then there exists a (n1,d1) € ZxZ, such that Gal(Ko/K)"40 = {1gak,/K)}-
The proof follows by taking w = w,, 4,) and by making the preceding calculations. [

Let us consider the normalized continuous section s : Gal(Ky/K) — G for the exten-
sion of Gk, by Gal(Ky/K), which has given by (2.2). Now, for each 7 € Gal(Ky/K)"Y,
one can suppose that, s satisfies

s(1) € G%
by Remark 2.1. In this case, for each 7, 7" € Gal(K(/K) one can show that f(7,7") € GKO,

and *(7) |G, € Aut(Gk,). From these observations, it can be shown that (G?O{O/K( )

Gal(Ko/K)",*) is a subgroup of Ef,+. We denote the topological group (GwKO/K(w) X

Gal(Ko/K)", ) by
B2, = (G0 ™) s Gal(Ko /), +) .

Moreover, restriction of the topological group isomorphism § : Ey g+ — G defined by

(2.1.1) to E;f)*w* gives the topological group isomorphism

=¢ IEf fw* =GR (3.13)

Now, consider the topological group isomorphism
(prg)
(QKO 0 7ArtK0/K) (
PKg)
By Vi "
given in Lemma 2.6. Then for any increasing R>g-net w = (w(, q)), we define the subgroup
(1v(50K0))w fv(SDKo) b

( V(SDKO)) — (Q(SOK()) ArtKO/K> (E%"Z’*)

Lemma 3.6. For a given increasing net w = (w,.q)), assume that w < oo. Consider the
subgroups

Y ) e (P K (Wina)))
((IDK()) P o/ (w) _ R o F’ /Ko 0
LVt (1 >X<%l) Vi) Yoo wa Yo oy
of V50 and
U]wa Nio/x Ko/ Nioyx Ko
of K*/ Nk, /k Ky . Then,

(V5 = (3o s R Ny i K/ Ny KSG
On the other hand if w = oo, then we have

(Pry)\w (prg) w
(1VKKO )7 = (1VKOKO )%Z}KO/K(i) x <1K></NK0/K K0X> ’

Proof. The proof follows from Theorem 6.10 of [1], which is the sharpened version of

ramification theory for Q(IQPOKO) of Ikeda and Serbest (cf. [16]), and from ramification
theory for the abelian extension Ky/K. O
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Theorem 3.7 (Ramification theory for K). Let w = (w(, q)) be an increasing net. For
each 0 € Gk we have

o€ GL &8\ (5) e (Vi)
Proof. As o € G, we have
o) =&, (0) € Efye
where ,, is defined in (3.13). Thus, from the definition of the group (1V%K°))L", we get

8,7 (o) € (V)2
O
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