(v\ec“omc Joy,,

L
N
\‘O

INTERNATIONAL ELECTRONIC ]OURNAL OF GEOMETRY
VOLUME 17 NO. 2 PAGE 437-446 (2024)
DOI: HTTPS:/ /DOIL.ORG/10.36890/1E]G.1393446

\nterng, tio,)
%,

a
>
4;&99

\

Screen Pseudo-Slant Lightlike Submersions
from Indefinite Sasakian Manifolds onto
Lightlike Manifolds

S. S. Shukla and Vipul Singh *

(Communicated by Murat Tosun)

ABSTRACT

As a generalization of screen slant lightlike submersions, we introduce the notion of screen
pseudo-slant lightlike submersions from indefinite Sasakian manifolds onto lightlike manifolds.
We give examples and prove a characterization theorem for the existence of such lightlike
submersions. We also obtain integrability conditions of distributions involved in the definition
of this class of lightlike submersions. Further, we find necessary and sufficient conditions for
foliations determined by these distributions to be totally geodesic.
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1. Introduction

In [10], O’'Neill initiated the study of Riemannian submersions and Gray [4] further continued it. Let
[ (My,g1) = (Ma,g2) be a smooth map, where (M, g:) and (Mo, g2) are Riemannian manifolds. Then f is
called a Riemannian submersion if f, preserves the lengths of horizontal vectors and f has maximal rank. It is
well-known that the fibers of Riemannian submersions are Riemannian submanifolds. However, the fibers
of submersions between semi-Riemannian manifolds may not be semi-Riemannian submanifolds because
the induced metric on fibers may also be degenerate. Therefore, O’Neill [11] introduced semi-Riemannian
submersions between semi-Riemannian manifolds. Recently the geometry of some new pseudo-Riemannian
submersions have been studied that can be found in [5, 6, 8, 9]. Moreover, the notion of screen lightlike
submersions from lightlike manifolds onto semi-Riemannian manifolds was defined and studied by Sahin [14].
After this, Sahin and Giindiizalp [15] introduced lightlike submersions between semi-Riemannian manifolds
and lightlike manifolds. They also defined O’Neill tensors for such submersions and obtained interesting
results. Following this work, several geometer studied these submersions (see [7, 12, 13, 17, 18, 19, 20] and
references there in). In [16], Shukla and Yadav introduced screen pseudo-slant lightlike submanifolds of
indefinite Sasakian manifold. The above theories motivated us to study a new class of lightlike submersions. In
the present paper, we define the notion of screen pseudo-slant lightlike submersions from indefinite Sasakian
manifolds onto lightlike manifolds.

The paper is organized as follows. In Section 2, we collect basic formulae and definitions as needed for this
paper. In Section 3, we study screen pseudo-slant lightlike submersions from indefinite Sasakian manifolds
onto lightlike manifolds, giving two examples. In section 4, we research foliations determined by distributions
on a fiber of screen pseudo-slant lightlike submersions.
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2. Preliminaries

In this section, we recall several definitions and formulae which will be required throughout the paper.
A smooth manifold M of dimension 2m+1 is said to have an almost contact structure (¢, £, ) if it carries a (1,
1) tensor field ¢, a vector field £ called characteristic vector field and a 1-form n on M, satisfying

¢’ =-IT+n®¢ nE) =1 ¢=0 no¢p=0, 2.1)
where I denotes the identity tensor. Further, if there exists a semi-Riemannian metric g on M satisfying
9(¢X,9Y) = g(X,Y) —en(X)n(Y), VXY e I(T'M), (2.2)

then (¢,£,1, g) is called an (¢)-almost contact metric structure on M [21, 2], where e= 1 or -1 according as § is
spacelike or timelike. From (2.2) it follows that

98 =€ n(X)=e€g(X,§), g(X,0Y)+g(¢X,Y)=0. (2.3)
An (e)-almost contact metric structure (¢, £, 7, g) on M is an indefinite Sasakian structure if and only if
(Vx9)Y = g(X, V)¢ —en(Y)X, (2.4)

forall X,Y € I'(TM), where V denotes the Riemannian connection of g [[2], Theorem 7.1.6].
If a semi-Riemannian manifold M admits an indefinite Sasakian structure (¢,&, 7, g), then (M, ¢,£,7,9) is
called an indefinite Sasakian manifold. Setting Y = ¢ in (2.4), we get

Vxé=—epX, VX eI(TM). (2.5)
In this paper, we assume ¢ = 1, i.e., the characteristic vector field ¢ is spacelike.

Example 2.1. [3] Let R%Z“H denote the manifold equipped with a semi-Riemannian metric g and its usual
contact formn =1 ( dz — Y7 | yidz;

The characteristics vector field ¢ is given by 2:Z and its semi-Riemannian metric g and tensor field ¢ are
given by

1 1 "
g:n®77+4<_Zld$i®d$i+dyi®dyi+‘Z-dei(@dmi“rdyi@dyi)a
= i=q

¢><ij (Xigp + Vi) + Z;) - ij (Yigw ~ Xig) vl

i=1 = i=

where (z;,y;, 2) (i = 1,2, ...,m) are the Cartesian coordinates on Rg;”“. This gives a contact metric structure on
R?™+1 The vector fields Ei:za%ir Enpyi = 2(% + yia%) and £ form a ¢-basis for the contact metric structure.

Now, it can be proved that (Rg;”*l, ®,&,m, g) is an indefinite Sasakian manifold.

Let (M, g) be a real m-dimensional smooth semi-Riemannian manifold. Then the radical subspace Rad T, M
of T,M is defined by Rad T,M ={V € T,M : g(V,X) =0,X € T,M}. Suppose dim(Rad T,M) = r, then the
mapping Rad TM : p € M — Rad T, M is said to be the radical distribution of rank r on M. The manifold M is
said to be an r-lightlike manifold [1] if » > 0.

Let f: (Mi,91) = (Ms,g2) be a smooth submersion between a semi-Riemannian manifold M; and an r-
lightlike manifold M, then f~!(z) is a submanifold (called fiber) of dimension dim A/, - dim M,. Further
the kernel of f, at p € M; and its orthogonal complement are given by Kerf,, = {X € T,M; : f,, X =0}
and (Kerf.,)* ={Y € T,M; : g1(Y,X) = 0,X € Kerf,,}, respectively. Since T, M is a semi-Riemannian vector
space, Kerf. may not be complementary to (Kerf.):. Hence we assume A, = Kerf., N (Kerf.,)*= # {0}.
Then A and Kerf, are radical and lightlike distributions on M, respectively. In this case, there exists a
complementary distribution to A in Kerf, which is non-degenerate and we denote it by S(Kerf.). Thus we
have

Kerf., =A 1 S(kerf,). (2.6)
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Using the above argument again for (Ker f,)*, we get
(Kerf,)* =A L S(Kerf,)".
As S(Kerf,) is non-degenerate in T'M;, we obtain
TMy = S(Kerf.) L (S(Kerf.))™,

where (S(Kerf.))* is the complementary distribution to S(Kerf.) in TM;. Note that S(Kerf.)* is a non-
degenerate distribution in (S(Kerf.))*, we get

(S(Kerf.)™ = S(Kerf.)" L (S(Kerf.)")*.

Since for any local basis {V;} of A, there exists a local null frame {V;} of sections with values in the orthogonal
complement of S(Kerf.)* in (S(Kerf.))* such that g;(V;, N;) =§;; and g¢1(N;, N;) = 0. The distribution
spanned by Ny, N, ....., N, is called lightlike transversal distribution and we denote it by ltr(Ker f.)([1], page
144). Consider following vector bundle

tr(Kerf.) = ltr(Kerf.) L S(Kerf.)*, (2.7)
which is complementary (but not orthogonal) vector bundle to Ker f, in T'Mys-1(,). Therefore, we have
TMyf-1(z) = Kerfs @ tr(Ker f.). (2.8)

It should be noted that itr(Kerf.) and Ker f, are not orthogonal to each other. Using (2.6), (2.7) and (2.8) we
get
TMyjf-1(z) = S(Kerf.) L[A@ltr(Kerf.)] L S(Kerf,)?*.

If we denote V = Ker f,, the vertical space of T,,M; and H = tr(Kerf.), the horizontal space then we have
TMi=H®V.

Moreover, we note that every V, coincides with the tangent space of f~!(z) atp, f(p) = z, thatis, V, = T, f ! ().

Definition 2.1. [15] Let (M, g1) be a semi-Riemannian manifold and (M, g») be an r-lightlike manifold. A
submersion f : My — My is called an r-lightlike submersion if

(@) dim A = dim{(Kerf.) N (Kerf.)*} =r,0<r < min{dim(Kerf.),dim(Kerf.)*}.
(b) f. preserves lengths of horizontal vectors, i.e., g1(X,Y) = g2(f: X, f.Y) for X, Y € T'(H).
Now, we have following three particular cases:

(i) If dim A = dim(Kerf.) < dim(Kerf.)* thenV = A and H = S(Kerf.)* L ltr(Kerf.) and f is called an
isotropic submersion.

(i) If dim A = dim(Kerf.)*t < dim(Kerf,) thenV = S(Kerf.) L A and H = itr(Kerf.) and f is called a co-
isotropic submersion.

(iii) If dim A = dim(Kerf,)* = dim(Kerf.) then V = A and H = itr(Kerf.) and f is called a totally lightlike
submersion.

As we know, the geometry of Riemannian submersions is characterized by O’Neill’s tensors 7 and .A. Therefore
Sahin and Giindiizalp [15] defined these tensors for a lightlike submersion as

TxY =hV,xvY +vV,xhY, AxY =vVyxhY + hVxrY, (29)

where h : TM; — H and v : TM; — V denote natural projections and V be the Levi-Civita connection of g;. We
note that 7 and A are skew-symmetric in Riemannian submersions but not in lightlike submersions because
the horizontal and vertical subspaces are not orthogonal to each other. 7 and A are vertical and horizontal,
respectively and both reverses the horizontal and vertical subspaces. Moreover 7 has the symmetry property
for vertical vector fields U and V, thatis, TV = Ty U.
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Let f be an r-lightlike submersion from an (m+n)-dimensional semi-Riemannian manifold (M, 1) onto ann-
dimensional lightlike manifold (Ms, g2), where m,n > 1. Then Ker f, is an m-dimensional lightlike distribution
on fiber f~!(z). We denote the induced metric on f~!(z) by §. Now by using (2.9) for any U,V € I'(Ker f.) and
X eT(tr(Kerf,)), we get

VoV =VuV + TV, (2.10)
VoX =T X + Vi X, (2.11)
where ViV =vVyV and VX =hVyX. Also {@UV, TuX} and {TyV,Vi X} belongs to I'(Kerf.) and

[(tr(Kerf.)), respectively. Let S(Kerf.)* # 0. Consider projections L and S of tr(Kerf,) on ltr(Kerf,) and
S(Kerf.)*, respectively. Then from (2.10) and (2.11), we obtain (for details see [18])

VoV =VuV +TEV + TV, (2.12)
VuyN =TyN + VLN + D*(U, N), (2.13)
VoW = TuW + DU, W) + Vi W, (2.14)

forany U,V € I'(Kerf.), N € D(itr(Kerf.)) and W € I'(S(Kerf.)*). Here T}V = L(T;'V), T3V = S(TyV) and
V!, V# are linear connections on ltr(Ker f.) and S(Ker f.)*, respectively. Also, D' and D* are I'(itr(Ker f.)) and
I'(S(Kerf.)*)-valued bilinear forms, respectively.

Let f be either r-lightlike or co-isotropic submersion and o denotes the projection of Ker f, on S(Ker f,) then
forany X,Y € I'(Kerf,) and V € I'(A), we obtain

VxoY = VoY + TioY, VxV =TV + ViV, (2.15)

where {V%cY, T3V} and {T{oY, Vi V} belongs to I'(S(Kerf,)) and I'(A), respectively. Here V* and V*! are
linear connections on S(Ker f,) and A, respectively.

3. Screen Pseudo-slant Lightlike Submersions

In this section, we introduce screen pseudo-slant lightlike submersions from indefinite Sasakian manifolds
onto lightlike manifolds such that the characteristic vector field ¢ is tangent to fiber. At first, we state the
following lemma which will be useful to define the slant notion on the screen distribution.

Lemma 3.1. [17] Let f be a 2r-lightlike submersion from an indefinite Sasakian manifold (M, ¢,&,n, g1) onto a lightlike
manifold (M, g2). Then the screen distribution S(Ker f.) on f~1(z) is Riemannian, where 2r < dim(f~*(z)).

Definition 3.1. Let f be a 2r-lightlike submersion from an indefinite Sasakian manifold (M, ¢,&,7, g1) onto a
lightlike manifold (Ms, g2) such that 2r < dim(Ker f,) with the characteristic vector field ¢ tangent to f~'(z),
ie., & belongs to S(Kerf,). Then we say that f is a screen pseudo-slant lightlike submersion if following four
conditions are satisfied:

(i) Aisinvariant with respect to ¢, i.e., p(A) = A,
(ii) there exist orthogonal distributions D; and D; on f~!(z) such that S(Kerf.) =D; L Dy L (£),
(iii) the distribution D; is anti-invariant, i.e., ¢(D;) C S(Kerf.)*,

(iv) for every p € f~!(z) and every non-zero vector U € (Ds),, the angle § between ¢U and the vector
subspace (Dz), is a constant(# 7/2), that is, it is independent of choice of p € f~!(z) and U € (D3),.

A screen pseudo-slant lightlike submersion is said to be proper if Dy # {0}, Dy # {0} and 6 # 0. From
Definition 3.1, we get
K@Tf*ZALplLD2L<f>

Then, we have following particular cases:
(i) If D; =0, then f is called a screen slant lightlike submersion, as studied in [17].

(ii) If Dy = 0, then f is called a screen real lightlike submersion.
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(iii) If D1 = 0and 0 = 0, then f is called an invariant lightlike submersion.
(iv) If D1 # 0and 6 = 0, then f is called a contact SCR-lightlike submersion.

Thus, the above new class of lightlike submersions includes screen slant, screen real, invariant and contact
screen Cauchy-Riemann lightlike submersions as its particular cases.

Now, we construct two examples of proper screen pseudo-slant lightlike submersions from an indefinite
Sasakian manifold onto a lightlike manifold.

Example 3.1. Consider an indefinite Sasakian manifold as given in Example 2.1 for m =6 and q=1, i.e,
(R33,9,€,1m,91). Let (RS, g2) be a lightlike manifold, where g, = £{(da2)? + (das)* + (das)? + 2(das)?} and
at,......,ag are usual coordinates on R®. Define a map f : R}* — R by

f(xh s L6y Y1y vey Y65 Z) = (561 — X2,XT3 — X4,T5 — T, Y1 — Y2,Y3 + y47y6)-

Then we have Kerf, = Spcm{V1 =F7+ Eg, Vo = FEg+ F19,V3 = E11 + E19,Va=FE1 + Fo, Vs = Es — By, Vg =
E5,V7=E13:f} and (I((’,’r‘f,,ﬁ)l :Span{l/l,V4,W1 :EQ_E107W2 :E11 —E12,W3 :E3+E4,W4=E6}.
Further we get A= Kerf.n(Kerf)!= S’p(m{Vl7 V4}. Then, we obtain ltr(Kerf.) = Span{N1 =
—3(E7r — Eg), Ny = —1(Fy — E»)}. Thus f is a 2-lightlike submersion. Furthermore we see that ¢(V,) = Vi,
which implies A is invariant with respect to ¢. Again we obtain three mutually orthogonal distributions D;,
D, and (¢) such that S(Kerf,) = Dy L Dy L (£), where Dy = Span{Va, Vs } and Dy = Span{Vs, Vs }. It is easy to
see that D; is anti-invariant while D, is slant distribution with slant angle § = 7. Therefore f is a proper screen
pseudo-slant 2-lightlike submersion.

Example 3.2. Consider an indefinite Sasakian manifold as given in Example 2.1 for m =7 and ¢ =1,
ie., (RY, ¢,&,m,01). Let (R g5) be a lightlike manifold, where g, = £ {(daz)* + 2(das)? + 2(das)* + (dag)? +
2(dar)? 4 2(das)?} and ay, ......, as are usual coordinates on R®. Define a map f : R3® — R® by

f(xla e 7, Y1, ""7y77z) = (.131 +.T3,.132 + T5, T4 COS X + e Sinaax'ﬁyl + Y3, Y2 — y5ay47y7)a

where a € (0, 5). Then we get Kerf, = Span{Vl =FEg— FEi9,Vo = Eg — E13,V3 = —FEq;sina+ Ejzcosa, Vy =
Ey— E3,Vs = By + E5,Vs = Es, Vs = = Ei5} and (Kerf.)" = Span{Vy, Vi, W1 = Eg + E13, Wy = E1j cosa +
E13 sin Q, W3 = E'147 W4 = E2 — E]57 W5 = E4, W6 = E7}. Further we getA = K@’I‘f* N ([(B’I“f*)l = Span{Vl, V4}
Then, we obtain ltr(Kerf.) = Span{Ny = —3(Es + E19), N2 = —3(E1 + E3)}. Hence f is a 2-lightlike
submersion. Moreover we see that ¢(V,) = Vi, which gives A is invariant with respect to ¢. Again we
have three mutually orthogonal distributions D;,Ds and (£) such that S(KerF,) =D, L Dy L ({), where
Dy = Span{Va, Vs } and Dy = Span{ V3, Vs }. By a simple calculation we see that D, is anti-invariant distribution
while D; is a slant distribution with slant angle § = a. Therefore f is a proper screen pseudo-slant 2-lightlike
submersion.

Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢, &, n, g1) onto

a lightlike manifold (Ms, g2). Then for U € I'(Ker f.), we can write ¢(U) = PU + FU, where PU and FU are

tangential and transversal components of ¢U, respectively. Suppose P;, P and Ps; denote projections of Ker f,

on A, D; and D;, respectively. Also, we denote projections of tr(Ker f,) on ltr(Kerf,), D, and D’ by Q1, Q2

and Q3, respectively, where D’ is non-degenerate orthogonal complementary subbundle of ¢D; in S(Ker f,)*.
Thus for U € T'(Kerf.), we have

U="PiU+PU +PsU+nU)E. (3.1)

On applying ¢ to (3.1), we get pU = ¢P1U + ¢P2U + ¢PsU which gives,
oU = ¢P1U + ¢PoU + 7PsU + wPsU, (3.2)

where 7P3U and wPsU denote tangential and transversal components of ¢PsU, respectively. Therefore from
(3.2) and Definition 3.1, we get ¢P1U € T'(A), ¢P2U € T'(¢Dy) C T(S(Kerf.)t), 7PsU € I'(D2) and wP3U €
['(D)'. Moreover for W € T'(tr(Kerf)), we have

W =Q1W + QW 4+ Qs W. (3.3)
Applying ¢ to (3.3), we get oW = ¢Q1 W + ¢Q2W + ¢Q3W which gives,
W = ¢ W + ¢Q2W + BQsW + CQsW, (34)
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where BQ3;W and CQ3;W denote tangential and transversal components of ¢Q3WW, respectively. Thus we have
¢Q1W € F(ltr(Kerf*)), ¢Q2W € F(Dl), BQgW € F(Dg) and CQ3W € F(D)I

Now, from (2.4), (3.2), (2.12), (2.14), (3.4) and (2.15) and identifying the components on A, Dy, Dy, ltr(Ker f,),
#(D1), D' and () respectively, we obtain

ViloPLV + PL(VyTPsV) + Pi(TuwPsV) = =P (TudPV) + 6PV V — n(V)PL(U), (3.5)

Po(TGdPLV) + Pa(TudPaV) + Pa(TowPsV) = —Po(VymPsV) + ¢QaTEV — n(V)PoU,
Ps(Ti¢P1V) + Ps(TudP2V) + Ps(TuwPsV) + Ps(VurPsV) = rPsVyV + BQs TV — (V) PsU, (3.6)
To¢PLV + DU, ¢P2V) + TorPsV + D' (U,wPsV) = ¢(TV),
Q2V5 0PV + QaViwPsV = ¢PoVyV — QaTE¢P1V — QuTEmPsV, (3.7)
Q3V5 9PV + QsViwPsV — WPV V = CQsTEV — Qs TEmPsV — Qs TPV, (3.8)
N(VutPsV) + (TG ¢PIV) + 0(TodPaV) + n(TowPsV) = g1 (U, V) = n(U)n(V).
Theorem 3.1. Let f be a 2r-lightlike submersion from an indefinite Sasakian manifold (M, ¢,&,n, g1) onto a lightlike

manifold (Ma, g2). Then f is a screen pseudo-slant lightlike submersion if and only if following two conditions are
satisfied:

(i) ltr(Kerf.) is invariant and Dy is anti-invariant with respect to ¢,

(ii) there exists a constant \ € (0,1] such that (P3 o 7)?U = =AU, for U € I'(Ds). Here Dy and Dy are orthogonal
distributions on f~1(x) such that S(Kerf.) = D1y L Dy L (£).

Proof. Let f:(Mi,¢,&,m,91) = (Ma,g2) be a screen pseudo-slant lightlike submersion. Then D; is anti-
invariant and A is invariant with respect to ¢. Now, from (2.3) and (3.2), we get g1(¢N,U) = —g1(N, oU) =
—g1(N, ¢PyU + 7P3U + wP3U) =0, for N € I'(itr(Kerf,)) and U € T'(S(Kerf.) — (¢)). Hence ¢N does not
belong to I'(S(Kerf.) — (£)). For N € I'(itr(Kerf.)) and W € I'(S(Kerf.)*), using (2.3) and (3.4), we obtain
g1 (6N, W) = —g1 (N, pW) = —g1 (N, pQ2W + BQ3W + CQ3W) = 0. From which it follows that ¢ N does not
belong to T'(S(Kerf.)t). Now if ¢N € T'(A), then from (2.1), we get ¢(¢pN) = ¢?N = —N +n(N)é = —N €
I'(ltr(Kerf,)), which contradicts that A is invariant with respect to ¢. Therefore itr(Kerf.) is invariant with
respect to ¢. To prove (ii) of Theorem 3.1, we have

g1(¢U, 7P3U) 91(U, (P30 7)°U)

0 pr— —_— — 3 3-9
0 = U P GUTT P30 42
for U € T'(D3). We also have for U € I'(D-)
osf = . 3.10
401 (310
Now, from (3.9) and (3.10) we get
g1(U, (P30 7)2U) = cos? 0g, (U, ¢*U). (3.11)

As f is a screen pseudo-slant lightlike submersion. Thus slant angle of D, is constant, so we put cos? = \ €
(0,1]. Then (3.11) gives g1 (U, (Ps o 7)2U — A\¢$?U) = 0, which implies

(P307)2U = A\p?U = —\U. (3.12)

Conversely suppose that (i) and (ii) are satisfied. Then by using similar steps, it can be easily proved that A is
invariant as ltr(Ker f,) is invariant. Further, using (3.9), (3.10) and (3.12) we obtain

cosf = _g1(U,)\¢>2U) = 91U, ¢*T) — AleU| = B
[oU||7PsU| |oU||7PsU|  |7PsU|  cosf’
which implies cos? § = A(constant). Therefore f is a screen pseudo-slant lightlike submersion. O

Corollary 3.1. Let f be a lightlike submersion from an indefinite Sasakian manifold (M, $,£,m, g1) onto a lightlike
manifold (Ma, g2). Then, f is a screen-pseudo slant lightlike submersion if and only if
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(i) ltr(Ker f.) is invariant and D; is anti-invariant with respect to ¢,

(ii) there exists a constant a € [0, 1) such that BwU = —aU, YU € I'(D3). Here Dy and D, are orthogonal distributions
on f~Y(x) such that S(Kerf.) =Dy L Dy L (£).

Proof. Let f : (M, ¢,£,m,91) — (Ma, g2) be a screen pseudo-slant lightlike submersion. Then D; is anti-invariant
and ltr(Ker f,) is invariant with respect to ¢. Further, for U € I'(D,), we have

oU = 7P3U + wPsU, (3.13)

where 7P3U and wPsU are tangential and transversal components of ¢U, respectively. On applying ¢ to (3.13)
and considering tangential components of ¢pU, we get

~U = (P307)?U + BwU. (3.14)

Since f is a screen pseudo-slant lightlike submersion, from Theorem 3.1(ii) for any U € I'(D;), we have
(P30 7)2U = — cos® U, where cos? § = \(constant)€ [0, 1). Therefore from (3.14), we obtain

BwU = —aU, VU eT'(Ds) (3.15)

where 1 — A = «a(constant)€ [0, 1).
Conversely, suppose that we have conditions (i) and (ii). Then by using similar steps as in the proof of
Theorem 3.1(i), we can derive A is invariant with respect to ¢. Using (3.14) and (3.15), we obtain

~U = (P307)°U — al,

which gives
(Pg o) 7')2U = *)\U,

where 1 — o = Mconstant)e (0, 1]. This completes the proof. O

Corollary 3.2. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢,£,1.91)
onto a lightlike manifold (Ms, g2) with slant angle 6, then for any U,V € I'(Ds), we have

G(TPsU, 7P3V) = cos? 0{g(U, V) — n(U)n(V)}, (3.16)

and
g1 (wWP3U,wPsV) = sin? 0{g(U, V) — n(U)n(V)}. (3.17)

Proof. Using (3.2), (2.3) and Theorem 3.1, we obtain g(rPsU,7PsV) = g(U, ( 7)2V), where U,V € I'(Dy).
Now, from the last equation and (3.12), we get §(7PsU, 7PV ) = —g(U, A\p?U ) = (qﬁU ¢V') which proves (3.16).
Using similar steps as above, we can obtain (3.17). O

Lemma 3.2. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M1, ¢,&, 1, g1)
onto a lightlike manifold (Ms, g2). Then for U,V € I'(Kerf. — (&)), we have

(i) §(VuV,€) = gi1(V,¢U),
(i) §([U,V],€) = 291(V, ).

Proof. Let f: (My,0,6,m,91) = (M2,g2) be a screen pseudo-slant lightlike submersion. As V is a metric
connection, using (2.5) and (2.12), we have

I(VuV,€) = g1(V, oU), (3.18)

where U,V € T(Kerf. — (£)). Since V is a symmetric connection, from (3.18) and (2.3), we obtain §([U, V], &) =
291 (V. ¢U). O

Theorem 3.2. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M1, ¢,&, 1, g1)
onto a lightlike manifold (Ms, g2). Then A is integrable if and only if

(i) Q2TydP1U = Q2T5¢P1V
(i) Q3T oP1U = QsT5oP1V,
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(i) P3(Ti¢PLU) = Pa(TEdPiV),
where U,V € T'(A).

Proof. Let f: (My,¢,6,m,91) — (Ma, g2) be a screen pseudo-slant lightlike submersion. Suppose that U,V €
I'(A). Then from (3.7), we obtain Q2 75¢P1V = #P>Vy V, which implies Q2T5¢P1V — Q2T ¢oP1U = ¢Ps[U, V.
Using (3.8), we have QsT5¢P1V =CQsT5V + wPsVyV, which gives QsT5oP1V — QsTi¢P1U = wP3[U, V.
Also from (3.6), we get P3(TjoP1V) = TPV V + BQsT3V. The last equation implies Ps(7;¢P1V) —
Ps(Ty¢P1U) = 7Ps[U, V]. Thus the proof follows from above equations and Lemma 3.2(ii). O

Theorem 3.3. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢,&, 1, g1)
onto a lightlike manifold (Ms, g2). Then D; is integrable if and only if

(i) Pi(TvoPU) = Pi(TudpP2V),
(i) Ps(TydPU) = Ps(TudPaV),

(iii) Q3(V5¢P2U) = Q3(VioP2V),
where U,V € I'(Dy).

Proof. Let f: (My,¢,€,m,91) = (M2, g2) be a screen pseudo-slant lightlike submersion. Suppose that U,V €
['(D;). Then from (3.5), we get P, (Ty¢PV) = ¢P1 ViV, which gives Py (Tu¢P2V) — Pi(Ty ¢Pol) = ¢P1[U, V).
Using (3.6), we obtain P3(Ty¢PV) — BQsTSV = 7PsVyV. The last equation implies P3(Ty¢P.V) —
Ps(Ty¢P2U) = 7Ps[U,V]. Also, from (3.8), we get Q3(Vi¢PV)—CQsTSV = wPsVyV, which gives
Qs(VE P V) — Q3(Vi¢PU) = wP3[U, V]. Therefore we conclude the proof from Lemma 3.2(ii) and above
equations. O

Theorem 3.4. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢,&, 1, g1)
onto a lightlike manifold (Ms, g2). Then Dy L (€) is integrable if and only if

(1) 7)1 (@UT'P3V — ﬁvT'PgU) = 7)1 (TVoJPg,U — TUngV),
(i) Q2(ViwPs3V — ViwPsU) = Qa(TEmPsU — TErPsV),
where U,V € T'(Dy L (£)).

Proof. Let f:(Mi,9,€,m,g1) = (Ma,g2) be a screen pseudo-slant lightlike submersion. Suppose that
UV eIl (Dy L (€)). Then using (3.5), we get Pl(@UTPgV) = —PiTowPsV + ¢P1VyV, which implies
PL(VuTPsV) — Pi(VyrPsU) = Pi(TywPsU) — Pi(TuwPsV) + ¢Pi[U,V]. Also, from (3.7) we obtain
Q2VLwPsV 4+ Q2T5mPsV = ¢PoVy V. The last equation gives QaV{iwP3V — Q2ViwPsU = QaTiTPsU —
Q2T3TP3V + ¢P2[U, V]. Thus the proof follows from above equations. O

Theorem 3.5. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢,&, 1, g1)
onto a lightlike manifold (My, go). Then, the induced connection V on f~'(x) is a metric connection if and only if

(l) ¢Q2T§V =0 ﬂi’ld BQ3T§V = 0,
(ii) T vanishes on I'(Kerf,),
where U € T'(Kerf,) and V € T(A).

Proof. Let f: (Mi,¢,€,m,91) = (M2, g2) be a screen pseudo-slant lightlike submersion. From [3], the induced
connection V on f~!(z) is a metric connection if and only if A is a parallel distribution with respect to
V. Using (2.4), (2.12), (2.15) and (3.4), for U € T(Kerf.) and V € T(A), we get VoV = ¢TEV + VitV +
Q2 T3V + BQs T3V + CQ3T3V. On equating tangential components of the last equation, we obtain V¢V =
PTGV + VIV + ¢Q2 T3V + BQs TV . This completes the proof. O
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4. Geometry of Foliations

In the present section, we obtain necessary and sufficient conditions for foliations determined by
distributions on a fiber of a screen pseudo-slant lightlike submersions to be totally geodesic.

Theorem 4.1. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢,&, 1, g1)
onto a lightlike manifold (M, g2). Then, A defines a totally geodesic foliation on f~(x) if and only if g, (D' (U, pPaW) +
DYU,wPsW) + TETPsW, ¢V) = 0, for U,V € T'(A) and W € T(S(kerf.)).

Proof. Let f: (M1,¢,£,m,91) = (M2, g2) be a screen pseudo-slant lightlike submersion. Then, the distribution
A on f~!(z) defines a totally geodesic foliation if and only if Vi,V € T(A), for U,V € T'(A). Since V is a metric
connection, using (2.12) for U,V € T'(A) and W € I'(S(Kerf.)), we obtain g, (VyV, W) = —g1(V, VuW). Then
from (2.2) and (2.4), we get g1 (VuV, W) = —g1(Vu oW, ¢V). Now using (3.2), (2.12) and (2.14), the last equation
gives g1 (VyV, W) = —g1 (D' (U, 6P, W) + D' (U, wPsW) + TETPsW, V) which completes the proof. O

Theorem 4.2. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M, ¢,&, 1, g1)
onto a lightlike manifold (Ma, g2). Then D, defines a totally geodesic foliation on f~*(z) if and only if

(@) g1 (TFTW,9V) = =1 (ViwW, ¢V),
(ii) D*(U, ¢N) has no component in ¢(D-),
where U,V € T'(Dy), W € I'(D3) and N € T'(ltr(Ker f,)).

Proof. Let f: (Mi,¢,&,1m,91) — (Ma,g2) be a screen pseudo-slant lightlike submersion. Then D; defines a
totally geodesic foliation if and only if VoV e (D), for U,V € T'(Dy). Since V is a metric connection,
using (2.12) for U,V € T(D;) and W € I'(Dy), we get g1 (VyV, W) = —g1(V, Vi W). Now using (2.2), (2.4) and
(3.2), we obtain gl(@UV, W) =—-g(VutW + wW, ¢V). Further using (2.12) and (2.14), we get gl(?UV, W) =
— g1 (TETW + V§,wW, ¢V). Similarly, for U,V € T(D;) and N e ['(itr(Kerf,)), we can prove g;(VyV,N) =
—g1(D*(U, ¢N), ¢V'). Thus, the proof follows from last two equations and Lemma 3.2(i). O

Theorem 4.3. Let f be a screen pseudo-slant lightlike submersion from an indefinite Sasakian manifold (M1, ¢,&, 1, g1)
onto a lightlike manifold (Ma, go). Then Dy L (£) defines a totally geodesic foliation on f~(x) if and only if

@) g1 (7V, TugW) = —g1(wV, Vi, 0W),
(ii) g1(7V, Tu¢pN) = —g1(wV, D*(U, ¢N)),
where U,V € I'(Dy L (£)), W € I'(D1) and N € T'(Itr(Kerf.)).

Proof. Let f: (M1, ¢,€,m,91) = (Ma, g2) be a screen pseudo-slant lightlike submersion. Then, the distribution
Dy L (€) defines a totally geodesic foliation if and only if Vi,V € T(Dy L (€)), for U,V € T(Dy L (€)). Since V is
a metric connection, using (2.12), (2.2) and (2.4), for U,V € T'(Dy) and W € I'(D;), we obtain g, (Vi V, W) =
-1 (VuoW,¢V). Now using (2.14) and (3.2), the last equation gives G (VoV, W) = —g1 (TuodW,7V) —
91(VEoW,wV). Similarly, we have g,(VyV, N) = —g1(TuoN,7V) — g1(D*(U, ¢N),wV), for any U,V € T'(Ds)
and N € I'(itr(Ker f.)). Thus, we conclude the proof. O
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