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1. Introduction

The study of numerical sequences has been the subject of a lot of research in recent years. Much emphasis has been placed on the Fibonacci,
balancing, Lucas-balancing, cobalancing and Lucas-cobalancing sequences, among others. In [1], some identities were deduced for the Pell,
Pell-Lucas and balancing numbers and some relationships between them. Some formulas for sums, divisibility properties, perfect squares
and Pythagorean triples involving these numbers were also studied. In [2], some combinatorial expressions of balancing and Lucas-balancing
numbers were established and some of their properties were investigated. Finally, in [3], a brief study was made of the limits for reciprocal
sums involving terms from balancing and Lucas-balancing sequences. Many properties and identities of sequences are established using
the so-called Binet formula for these sequences. This formula is known to be an explicit formula used to determine any term of a specific
numerical sequence without having to resort to its previous terms. In 1985, the mathematician Levesque, in [4], deduced this formula
for a linear recurrence of m-th order (m € N). Binet’s formula for the sequence of balancing numbers B,, Lucas-balancing numbers Cj,,
Lucas-cobalancing numbers ¢, and cobalancing numbers b,,, is given, respectively, by:
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with 7 = o =3+2v2and r, = & =3 —2v/2, where a; = v/3+2v2 and ap = /3 —2V/2.

In this article, our objective is to study the bidimensional versions of these four number sequences, presenting some identities and generating
functions.

There are already many works on the bidimensional, tridimensional and n-dimensional versions of some number sequences. For example,
in [5], we can find a brief approach to the Leonardo sequence, as well as a discussion related to the bidimensional recurrence relations of this
type of number from its unidimensional model. In [6], we have a study of bidimensional and tridimensional recursive relations defined from
the unidimensional recursive model of the Narayana sequence. In [7], we can find a study of bidimensional and tridimensional identities for
the Fibonacci numbers in complex form. In [8], the authors introduced the gaussian Fibonacci numbers and the bidimensional recurrence
relations of this sequence. In [9], we have a brief study on the bidimensional extensions of the balancing and Lucas-balancing numerical
sequences and, in particular, in this study, the authors define, respectively, the bidimensional recurrence relations of these two numerical
sequences, as follows:

e The bidimensional numerical sequence balancing B, ) satisfies the following recurrence conditions, where n and m are non-negative
integers:

{ B(nJrl,m) = 6B(n,m) 7B(n71,m)7

(1.1)
B(n,erl) = 6B(n,m) 7B(n,m71)7

with the initial conditions By o) =0, B(1, o) = 1. B(o, 1y =16, B, 1) =141, where i2 = —1.
e The bidimensional numerical sequence Lucas-balancing Cy,, ,,,) satisfies the following recurrence conditions, where n and m are non-negative
integers:

{ Cint1.m) = 0C(nm) = Cln—1.m)>
C(n,m-H) = 6C(n,m) - C(n,m—l)7

with the initial conditions C(g, gy = 1, C(1, gy =3, C(g, 1) = 1 +i, C(1,1) = 3+, where 2 =-1.

Finally, in [10], we have the introduction of a new bidimensional version of the cobalancing and Lucas-cobalancing numbers, where we can
find the study of some properties and identities satisfied by these new bidimensional sequences. In this study, the authors define, respectively,
the bidimensional recurrence relations of these sequences, as follows:

e The bidimensional numerical sequence Lucas-cobalancing ¢, ,) satisfies the following recurrence conditions, where n and m are
non-negative integers:

{ Clnt1m) = OC(nm) = Cln—1,m)> 12)
C(nm+1) = 6C(n,m) ~Clnm—1)»
with the initial conditions C(0,0) = 1, c(1,0) = 7, c0,1) = 1+, c1) = 741, where 2 = —1.

e The bidimensional sequence of the cobalancing numbers by, ), satisfies the recurrence relation

1 3 1
b(mm) = gc(nJrl,m) - gc(n,m) Ty Vn,m € Ny, (1.3)

with the initial conditions by gy = 0, b(1 9y =2, b(,1) = l b= =241 1h where 2 = —1.

It was, therefore, these and other works that served as motivation for our study, which consists of continuing to approach the bidimensional
version of balancing and cobalancing numbers, investigating topics related to these sequences.

The following results are included in [9] and they are one of the main tools of this work, being used in the various proofs of this paper. To
clarify this article, we have decided to include these results in what follows. Thus:

Lemma 1.1 (Lemma 3.2 in [9]). The following properties are true for every non-negative integers n and m:

1. B (n 0) = By;

2. B(O,m) Bml

3. B(nl) l’l+( n_anl)i;
4. B (1,m) = (Bm 7Bm71) + B

Lemma 1.2 (Theorem 3.3 in [9]). For non-negative integers n, m, the bidimensional balancing numbers are described as follows:
B(ym) = Bn (B —By—1)+ (B —By—1) Bui. (1.4)
Lemma 1.3 (Theorem 5.3 in [9]). For non-negative integers n, m, the bidimensional Lucas-balancing numbers are described as follows:
Clnmy = Cn (B — Bm—1) + (Bn = By—1) Bpi. (1.5)

This article is structured as follows: in the next section, the Catalan and Cassini identities of the bidimensional versions of the balancing,
Lucas-balancing, Lucas-cobalancing and cobalancing numerical sequences will be presented. Section 3 is dedicated to the study of the
generating functions of these four sequences. Finally, Section 4 presents a brief conclusion on this subject.

2. Some Identities

In this section we study some identities involving the bidimensional sequences already mentioned in the previous section. These identities are
the Catalan identity (sometimes called the Simson identity) and the Cassini identity. It should be noted that Cassini’s identity is a particular
case of Catalan’s identity. Each subsection is dedicated to one of the bidimensional versions of the sequences mentioned above.
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2.1. For the sequence {B(, ) }n.m>0

In this subsection we present the results for the bidimensional balancing sequence relating to Catalan’s identity and Cassini’s identity.

Proposition 2.1 (Catalan’s identity). For any nonzero positive integer r and for all positive integers n,m, the following identity concerning
the numerical sequence balancing in the bidimensional version is valid:

2
B(nfr,m)B(n+n,m) - (B(n,m)> = —B%X,%l - drszn +erXmBmi, 2.1)
where dy = Xy 1 Xy r — X2 € €r = Xuy By + Xn_rBuir — 2Bu Xy,

Proof. Applying Lemma 1.2 (Theorem 3.3 in [9]) to the expressions By, .,y and B(,; ), calling X; = B; — B;_y, i > 0, multiplying both
terms and using expression (2.1) from Proposition 2.1 in [?], we get

Bin—rmB(ntrm) = (B;% - B%) an1 —Xn+an,rB,2n + (Xo++Bn—r + Xn—rButr) XinBmi. (2.2)

Once again, taking into account Lemma 1.2 (Theorem 3.3 in [9] and using the perfect square trinomial, we obtain

2y y2p ,
(B(n,m)> =B, X, — X, B, + 2By Xy X;nBinl. (2.3)
Subtracting the identities (2.2) and (2.3), the result follows. O
As we have already mentioned, Cassini’s identity is a particular case of Catalan’s identity, making r = 1. So we get:

Corollary 2.2 (Cassini’s identity). When r = 1, for the bidimensional balancing sequence, we have Cassini’s identity which consists of the
Sfollowing identity:

2
2 2 .
B(nfl,m)B(nH,m) - (B(n,m)> = —X;, —d1 B}, +e1XuBni, 24)
where dy = X, 11X, | — X2 and ey = X, 1 1B, 1 +Xu_1Bpi1 — 2BuXy.

2.2. For the sequence {C, ;) }n.m>0

In this subsection, we present results similar to those in the previous subsection for the bidimensional Lucas-balancing sequence related to
the Catalan’s identity and Cassini’s identity.

Proposition 2.3 (Catalan’s identity). For any nonzero positive integer r and for all positive integers n,m, the following identity related to
the bidimensional Lucas-balancing number is true:

2
2 2 2 ~ .
C(nfn,m)c(nJrr,m) - (C(n,m)> = (Cr - 1) Xy — drByy + & XinBi,
where d, has already been previously defined and &, = Cy— Xn+r + Cpt-rXn—r — 2C X

Proof. Using Lemma 1.2 (Theorem 3.3 in [9]) in the expressions B(, ) and B, .,,), considering X; = B; — B;_1, i 2 0, multiplying both
terms and taking into account expression (2.2) of Proposition 2.1 in [?], we obtain

Cnrm)Closrm) = (CZ +C2 - 1) X2 — X X r B2 + X B 2.5)
Considering Lemma 1.3 (Theorem 5.3 in [9]) and using the perfect square trinomial, we get
2
(q,,_m)) = C2X2 — X2B% +2C, X, XuB i 2.6)
The result follows, subtracting identities (2.5) and (2.6). O

The Cassini’s identity for this sequence of numbers is defined by:

Corollary 2.4 (Cassini’s identity). When r = 1 we have the Cassini’s identity for the bidimensional Lucas-balancing sequence:

2
C(nfl,m)c(nJrl,m) - (C(n,m)> = SX;% - dlBrzn + &1 XmBmi,

where dy has already been defined and é) = C,—1X,+1 + Cpy1Xn—1 — 2Cn X



Universal Journal of Mathematics and Applications 71

2.3. For the sequence {c(, ) }nm>0

In this subsection we present results similar to those in the previous subsections on the bidimensional Lucas-cobalancing sequence involving
Catalan’s and Cassini’s identities. We will omit the respective proofs, since they are similar to the previous ones.

Proposition 2.5 (Catalan’s identity). For any nonzero positive integer r and for all positive integers n,m, the following identity related to
bidimensional Lucas-cobalancing numbers is valid:

2
2 2 .
C(n—r,m)C(n+rm) — (C(n,m)) = frX;n — drByy, + 8r-XmBml,
where fr = cp—rir1Cntr1 — Cir]’ dy already known and gr = cp—r+1Xntr + Cntr1Xn—r — 2¢511 X0
Cassini’s identity for this numerical sequence is given by:
Corollary 2.6 (Cassini’s identity). When r = 1 we have the identity for the bidimensional Lucas-cobalancing sequence:
2 2 2 ,
Cn—1,m)C(n+1,m) — \C(nm) | = fiXy, — d1 By, + 81 Xm B,
where f| = cpCpy2 — C%+17 dy already presented and g1 = cyXp+1 —2¢p+1Xn + cn2Xn—1.
2.4. For the sequence {b(, ) }nm>0

In this subsection we present the results for the bidimensional cobalancing numerical sequence involving Catalan’s and Cassini’s identities.

Proposition 2.7 (Catalan’s identity). For any nonzero positive integer r and for all positive integers n,m, the following identity for
bidimensional cobalancing numbers is true:

2 1 , 1 1 2 1 1 .

b(nfr,m)b(rhtr,m) — (b(n,m)> = aSer — gter — auer + inXmBml — ngBml,
where

sr=(cn—r+2 =3¢n—ri1) (Cnrri2 = 3Cniri1) = Cnp2 +3cnits

Cpn—r42C —3(cp—r+1+c
1, = n—r+2Cn+r42 2( n—r+1 n+r+l) — i+ 3Cn+l .
ur = (Xn7r+2 - 3Xn7r) + (Xn+r+2 - 3Xn+r) - (Xn+2 - 3Xn)2 >
—r2—3cy— X —3X, -3 Xyn—r+2 —3X,—

vy = (Cn r+2 Cn r+l)( n+r+2 n+r) ;‘ (cn+r+2 Cn+r+l) ( n—r+2 n r) _ (Cn+2 o 3Cn+l) (Xn+2 . 3Xn)

and
X X —3(Xn—r+X

2 — An=ri2 + n+r+22 (Xn—r + Xn+r) X0+ 3Xn.

Proof. Using the identity (1.3) for the expressions b(,_,.,,y and b, ,.,,), making X; = B; — B;_1, i > 0 and multiplying both terms, we get
1 1 . 1 ) 1 o1 1

b(nfr,m)b(rprr,m) = ahrxm - E]er - aerm + aermBml - T6‘]erl + e 2.7
where

hy = (cn—ry2 = 3cn—rs1) (Cnprs2 —3Cniri1)s

Jr=cn—r+2Cniri2 = 3(Cnmri1 + Cnprt1)

= (Xn7r+2 - 3anr) + (X11+r+2 - 3Xn+r) 5

Pr=(cn—r2 = 3cn—rt1) Knsrr+2 = 3Xntr) + (Cnrri2 — 3cnpre1) Knori2 — 3Xu—r)
and

@ =Xn—r12+Xn1r42 =3 (Xn—r +Xn+r) .
Once again, taking into account expression (1.3) and applying the perfect square trinomial, we obtain

2 1. 1. 1- 1. A U |
<b(n7m)) = ahrxy%, - g]rxm - aergn + ﬁermBml - §Qerl+ g (2.8)

where ilr = (Cn+2 — 36n+1)27 il’ =Cp42 — 3cn+1, [r = (Xn+2 — 3Xn)2 N ﬁr = (Cn+2 — 3Cn+1) (Xn+2 — 3Xn) and q~r = Xn+2 — 3Xn
Subtracting (2.7) from (2.8), the result follows. O

The Cassini’s identity for this number sequence is given by:
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Corollary 2.8 (Cassini’s identity). When r = 1 we have the identity for the bidimensional cobalancing sequence:

2 1 1 1 > 1 1 .
b(nfl,m)b(nJrl,m) - (b(nm)> = aslxm - gtlxm - aule + ﬁVIXmBml - ngBmla
where
51 = (cnt1—3cn) cng3 — (Cny1 —3cn+ 1) cuga +3cpyts
_ cny2t+(ep3 +6)cnrr —3cn
= 5 ;
up = Xpy3 —2Xp 01 — 3% — (Xn+2 - 3Xn)2 N
_ (ent1=3¢n) Xny3 = 2(n2 = 3¢nr1) Knto —3Xn) = (cns3 =3 (Cnt2 — Cns1 —3)) Xyt
2
and

_ Xpi3—2 (Xn+2 +Xn+1) +3 (2Xn _anl)

2

3. Generating Functions

In this section we study the generating functions of the four sequences mentioned above, in their bidimensional versions. We use the
definition of the ordinary generating function of any sequence {a, }, which is given by G(a,x) = Ly—oanX", Where x is any positive integer
and 7 is any natural number, except for the case of bidimensional cobalancing numbers. So let’s start with the case of balancing numbers in
their bidimensional version.

Proposition 3.1. For any positive integer x and for all natural numbers m,n, the following generating functions for the balancing numbers
in the bidimensional version are valid:

— Bmi+((3m_Bm—l)_SBmi)x 7 .
1. G(B(,,A,,,);x) = 16rra , where m is fixed,;
_ B,—(5B,—(By—By_1)i)x .
2 G(B(n,m) ) = T Tere  Wheren is fixed.

Proof. 1 The proof is done by fixing m. By the definition of the ordinary generating function, we obtain

o

_ n__ 0 2 o
G@mwr*;fmmx*Bmmx+3@m*H%mw-+;fmmf-

Thus, by Lemma 1.1, items 2 and 4 (Lemma 3.2, items 2 and 4 in [9]) and by (1.1), we get
G(B(n_m);x) =Bpi+ ((Bm - Bmfl) + Bmi)x + (6B(lﬁm) - B(O,m)) x2 +x3 Z B(11,m)xn73‘
n=3
Once again, by Lemma 1.1, items 4 and 2 (Lemma 3.2, items 4 and 2 in [9] and the fact that ZE:S Xi = ):iif pXi—p> We obtain

G(Bymyix) = Bi + By = Buu1) X+ Byix + 6 (By — Bpn1) + Bui) x> = Bpix® +° Y By X"
n=2

Again, by (1.1) and using one of the properties of summation, we get

G (Blymyx) = Bmi + (B — Byu—1) X+ Byix +6 By — Byy—1) X + 5Bpix” +x° A <GB(n,m) - B(nfl.m)) 7
s
= Byi+ (Bn— By—1) X+ Bpix+6 (B — By_1)x* + 5Byix” + 6> Y B )" 2 =2 Y B(yoq ¥ ?
n=2 n=2
= Byi+ (Bn — By—1) X+ Bpix+6 (B — By_1)x* + 5Bpix” + 6:°x > Y By ¥ —x'x " Y By !
n=2 n=2

oo

= Bpi+ (By — Bpu—1) X+ Bix+6 (B — Byy_1 ) x> + 5Bpix”> + 6x (
n=0

B X" = B(o,n) —B<17m)X) = Y Bt
n=1
And once again, by items 2 and 4 of Lemma 1.1 (items 2 and 4 of Lemma 3.2 in [9]), we obtain

G (B myx) = Bimi+ (Bi = Bin—1) X+ Bix + 6 By — By 1) % + 5Byix” +6xGp,, . vy — 6xByni = 6 (B — Byu—1) + Bpi) &

- (Z B(n.m)xn B(O,m))

n=0
= Bui+ By — By 1) X+ Bpix +6 By — By 1) x>+ 5Buix” +6xG (g, ) — 6xBui — 6 (Byy — By 1) x* — 6B i’
+ Bpix?.

2
—XG(B, )
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Then come:
(1-6v+5%) Ggy ) = B + (B — By1)x— 5B

Therefore,

G _ Bmi+ ((Bm 7Bm—l) 7SBmi)x
(Bum)>x) — 1 — 6x+x2 :

2 The proof is done by fixing n. Using the definition of the generating function, we obtain

=

G (B ) Z (X" = B o) + B 1) ¥ + B2 + Y Bl

m=0 m=3

Thus, using items 1 and 3 of Lemma 1.1 (items 1 and 3 of Lemma 3.2 in [9]) and by (1.1), we get
GBy0) = Bu+ (Bu+ (By—By1)i)x + (6B<n11) - B<,,10)> Pt Y By
m=3

Once again, by items 3 and 1 of Lemma 1 (items 3 and 1 of Lemma 3.2 in [9]), by one of the properties of summations and also by (1.1), we
get

G By x) = B+ Bux+ (By =By 1) ix+ (6 (Bu+ (By— By 1)i) = Bu) >+ Y Blym¥" >

m=3

=By +Bpx+ (By— By_1) ix+6B,x* + 6 (By —By_1)ix® = Byx> +x° Y By 1) X"

— By+Bux+ (By— By 1) ix+ 5By +6(By— B, 1) i’ +2° Y (63(,17,") - B(,,ﬁ,,,,w) 2,

m=2
Hence,
G(By ) = Bn+ Bux+ By — By 1) ix+5B,x” 46 (B, — B, 1) ix® +x° ( Z Bl - ZzB("’ml)wz)
m—
= B+ Bpx+ (By—By_1 ) ix+5Bux* +6 (B, — B,_1 ) ix* + 6x°x 2 Z By myx" —x Z B(nﬁm,l)xmfz
m=2 m=2

=By +Bpx-+ (By — By_1) ix+5Byx* + 6 (By — By_1)ix® +6x Y By X" —°x 1Y By

m=2 m=2

=By, +Bux+ (By—By_1) ix+5Bux> +6 (B, — B,_1) ix* +6x<ZBnmx" —B(n,0) = B(n,1)X )x ZBnm lxm_
m=0 m=2

Once again, using items 1 and 3 of Lemma 1.1 (items 1 and 3 of Lemma 3.2 in [9]) and by one of the properties of summations, we get

G(By) = B+ Bux+ (By—By1) ix+5B,x% +6(By — By1) ix” + 6x ( Y Bl X" =By — (By+ (By—By1)i) x)
m=0
—x2 Z B(n,m)xm‘
m=1
So,
G (B y) = But Bux+ (By—By1)ix+5B,x% +6(By— By 1) i +6xG g, o) —6xBy — 6 (Bu+ (By — By1) i)

<ZBnm nO))
m=0

And once again, by items Lemma 1.1, item 1 (Lemma 3.2, item 1 in [9]), we get
G(B(n.m);x) =B,—5Bx+ (Bn — anl) iX+San2+6 (Bn _anl)iX2+6XG(B(M,);x) —6an2 —6 (Bn _anl) ix? _XZG(B(n,m)ix) +an2.
Thus,

B, — (5B, — (By—By—1)i)x
1 —6x+x2

G(B(n.m) ;)C) =
O

The following results concern the generating functions for the cases of the bidimensional versions of the Lucas-balancing and Lucas-
cobalancing numbers.
Since the demonstrations are similar to those in the previous case, we omit their proofs here.
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Proposition 3.2. For any positive integer x and for all natural numbers m,n, the following generating functions related to bidimensional
Lucas-balancing numbers are true:
12 Gy = (PPt B ZE R =P S where s fied;

_ Gt ((Ba=Bu—1)—5C,)x
2 G(C(m;X) - l—6x+1r2

, where n is fixed.

Proposition 3.3. For any positive integer x and for all natural numbers m,n, the following generating functions for bidimensional
Lucas-cobalancing numbers are valid:

— Bl = (5B(m ~6(Bu—B1))x

1. G(c(n_m);x) i , where m is fixed;
_ Gt ((Ba=Bu-1)=5Cu)x
2 G(C(,.,m) ) = " , Where n is fixed.

The next result we present concerns the generating functions of cobalancing numbers in the bidimensional version. In this case, let’s consider
that x is a positive integer greater than 1.

Proposition 3.4. For any positive integer x and for all natural numbers m,n, the following generating functions related to cobalancing
numbers in their bidimensional version are valid:

1. G(b(n_m);x) = gflx ((1 — 3x) G(c(,”,,);x) _B(l,m)) — 72(11_)6) , where m is fixed;
_ 1 1 .
2. G(b("‘m);x) =3 (G( Clnst ) T 3G(c(,, ) +cn+2) PIIESE where n is fixed.

Proof. 1 The proof is done by fixing m. By (1.2),

© /1 3 |
Clbum) = n;) <§C(n+1,m) — gCtnm) ~ 5) X"

So,
3 e,
Gt = § Lt~ 3 . o 3 T
n=0 n=0
By one of the properties of summations and the fact that }3° , ar’

> 3G 1 1

§

So come: 1 (Lemma 3.2, item 1 in [9]), we get
1
8

k:ﬁfor\r\ <1, we get

b(n m)>X

>, 3 1
=
G(b(n.m) x) Z Clnm)* — o <C(/1.m);x) ) (1—x)

3 1
(chm 0m>> 7§G(C(n,m);x>72(l_x).
By Lemma 2.2, item (b) in [10], we get

1, 1, 3
Clbpum ) = g% Clewum) ~ g% Bltm) = g Glewm ~ 3713y

Therefore,

1
G by my0) = Sx <(1 =30 ety my0) *B<11m)) T 2(1—x)

2 The proof is done by fixing n. By (1.2),

o /1 3 N
Glbgum) = Z (§C<n+1,m>*§6(n.mr§>x .

m=0
Hence,
1 = - _{Vl 3 - )dﬂ
Glbm) =3 2 Cortm¥" =5 X C(n Z
m=0 m=0 m 0

Applying one of the properties of summations and the fact that ;7 ark = 1% for |r| < 1, we obtain

1 3 1 1
1 .
b(nm Z ¢ (n+1, m+1 " +§c(n+110>7§G(c(nm);x>7§ (1—X> )
By item (a) of Lemma 2.2 in [10], we get

1 3 1
G(b(n,m) x) = gG(C(n+l.mvl);X) - gG(C(n,m);x) ) (1—x) + gcn+1'

Thus,

1 1
G(b(n,m) x T g (G(C(n+1,m);x) - 3G(C(n,m);X) + C‘HZ) ) (1—x)
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4. Conclusion

This article continues work related to the bidimensional version of some numerical sequences. The results presented in this paper are
considered a contribution to the field of mathematics and offer an opportunity for researchers interested in this topic of number sequences to
spend some time studying them. As future work, we plan to study the respective Binet’s formulas.
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