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Abstract

In this paper we present invariant submanifolds of an almost a-cosymplectic (k, u, v)-space. Then, we
gave some results for an invariant submanifold of an almost a-cosymplectic (k, p, v)-space to be totally
geodesic. As a result, we have discovered some interesting conclusions about invariant submanifolds of
an almost cosymplectic (k, u, v)-space.
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1. Introduction

T. Koufogiorgos and C. Tsichlias found a new class of 3-dimensional contact metric manifolds that k¥ and y are
non-constant smooth functions. They generalized (%, ;1) —contact metric manifolds on non-Sasakian manifolds for
n > 1, where the functions k, i are constants [1].

S. I. Goldberg and K. Yano obtained integrability conditions for almost cosymplectic structures on almost
contact manifolds. The simplest examples of almost cosymplectic manifolds are these structures of almost Kaehler
manifolds, the real R line and the circle S*. Besides, they studied an almost cosymplectic manifold is cosymplectic
only in the case it is locally flat [2].

I. Kiipeli Erken researched almost a—cosymplectic manifolds. They studied, respectively, projectively flat,
conformally flat and concircularly flat almost a—cosymplectic manifolds (with the n—parallel tensor field ¢h). They
devoted to properties of almost with the n—parallel tensor field ¢h [3].

For an almost contact metric structure to be almost cosymplectic, Z. Olszak provided a few necessary require-
ments. They established the absence of virtually cosymplectic manifolds in dimensions bigger than three with
non-zero constant sectional curvature. Fortunately, such locally flat manifolds with zero sectional curvature do exist
and were cosymplectic. Additionally, they looked at several constraints on virtually cosymplectic manifolds that
had conformally flat surfaces or constant ¢-sectional curvature [4].
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In 2022, M. Atgeken studied the invariant submanifolds of an almost a-cosymplectic (k, i1, v)-space that satisfy-
ing certain geometric requirements so that (o, R) = 0,
Q(S,0) =0, Q(S, %a) =0, Q(S,f% -0) =0,Q(9,C - R) = 0and Q(S,C - o) = 0. He showed that under certain
circumstances, these conditions are identical to totally geodesic [5]. Additionally, some geometers have worked on
the almost Kenmotsu (k, i1, v)-space [6-8].

Our article’s focus is on invariant submanifolds of an almost a-cosymplectic (%, 11, v)-space, which is inspired by
the works mentioned studies. In addition, we research several conditions for an a-cosymplectic (k, u, v)-space’s
invariant submanifold to be totally geodesic. Then, some classifications and characterizations have been developed.

2. Preliminaries

An almost contact manifold is of 1-form 7 satisfying on M?"*!, an odd-dimensional manifold, a field ¢ of
endomorphisms of the tangent spaces, a characteristic or Reeb vector field, and a vector field £

in which I : TM?"+1 — TM?" 1 denotes an identity mapping. Because of (2.1), it follows
noo =0, ¢ =0, rank(¢p)=2n. (2.2)

An almost contact manifold M?" (¢, ¢, n) is said to be normal if the tensor field N = [¢,¢] + 2dn @ € = 0,
where [¢, ¢] denote the Nijenhuis tensor field of ¢. Any almost contact manifold M2 (¢, ¢, n) is known to have a
Riemannian metric like that

g(dw1, gw2) = g(wi, wa) — n(wi)n(ws), (2.3)

for all vector fields wy,ws € T'(T'M) [9]. A metric of this type, g is known as an equipped metric, and the structure
(¢,n, &, g) and manifold M+ (¢, n, €, g), associated with it, are known as an almost contact metric manifolds
and denoted by as M*" (¢, n,&, g). It is defined for M?" (¢, n,&, g) to have a 2-form ®. It is known as the
fundamental form of M?2"*1(¢, 7, £, g) when ®(wy,ws) = g(¢wr,ws). An almost contact metric manifold is referred
to as a cosymplectic manifold if  and @ are closed, that is, dn = d® = 0 [10].

The definition of an almost a-cosymplectic manifold for every real number « is [11]

dn =0, d® =2an N ®. (2.4)

An a—cosymplectic refers to a normal almost a—cosymplectic manifold [12]. It is well known that the following
equality holds for the tensor h on the contact metric manifold M?" (¢, n, &, g), described by 2h = L¢,

%wlf = —¢wy — ¢hwy, h¢ + ¢h =0, trh =troh =0, h = 0, (2.5)
where,V is the Levi-Civita connection on M2"+1 [6].

The following presented the notation of the (%, 1, ) —contact metric manifold, which expands above generalized
(k, u)-spaces:
R(wr,w2)€ = n(we) [k + ph + voh]wi +nlwr) [KI + ph + voh] ws, (2.6)

where R is the Riemannian curvature tensor of M2"*! and certain smooth functions k, u and v on M2"*1, Wy, wo
are vector fields [13].

Lemma 2.1. Given M*" (¢, n, £, g) is an almost a—cosymplectic (k, u, v)—space, so

h? = (k+ o?)¢?, (2.7)
E(k) =2(k + o) (v — 2a), (2.8)
R(§ wi)we = klg(wr,w2)§ — n(w2)wi] + plg(hw, ws)§ — n(ws)hw:]

+v[g(dhwr, wa)§ — n(w2)phwi], (2.9)
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(Ve d)wa = glagwr + hug, ws)é — n(ws) (adwy + hwy), (2.10)
Vi, € = —ag?wi — dphwy, (2.11)

for any vector fields wy,ws on M2+ [9].

Let M be an immersed submanifold of M2"+!, which is an almost a—cosymplectic (k, y1, v)-space. We denote

the tangent and normal subspaces of M in M by I'(T'M) and T'(T M), respectively, the Gauss and Weingarten
formulas are provided, respectively, by

6MIWQ = lewg + O'(o.)l, UJQ), (212)

and B
Vi ws = —Agwi + Vg, ws (2.13)

for all wy,ws € T(TM) and ws € T(T+M), 0 and A are referred to as the second fundamental form and shape
operators of M, respectively, V and V+ are the induced connections on M and I'(7T+M). I'(T M) stands for the set
of differentiable vector fields on M. They are associated by

g(Agwr,ws) = g(o(wy,wa),ws). (2.14)

The second fundamental form o is first covariant derivative is given by

(Vi 0)(w2,ws) = Vj]lU(wz,w:ﬁ) — 0(Vu,w2,w3) — o(wz, Vi, ws), (2.15)

for all wy,wy, w3 € T(TM). If Vo = 0, the second fundamental form is parallel.
By R, we denote the Riemannian curvature tensor of submanifold, then we have the Gauss formulae.

E(wlaWQ)WS = R(wi,w2)ws + A(w ws)W2 — Ag(wsws)W1 + (6(*:10')(0‘]27“3)

—(Vi,0) (w1, ws), (2.16)

for all wy, wa, w3 € T(TM).
R - o is given by

(R(WlaWZ) : 0)(W43W5) = Rl(w17w2)0—(w47w5) - O'(R(wl,WQ)LO4,W5)
—0(wyg, R(wy,ws)ws), (2.17)
where
R (wi,w2) = (Vi Vin] = Vie, )

denote the normal bundle’s Riemannian curvature tensor.
For the Riemannian manifold (M?"+1, g), the W} curvature tensor is determined by

1

Wi (w1, w2)ws = R(wi,wa)ws — %[S(W%W?))Wl — S(w1,w3)ws), (2.18)
for all wy,ws, w3 € T(TM) [14].
Similarly, the tensor W7 - o is defined by
(Wi (w1, w2) - 0)(wa,ws) = R-(wr,ws)o(ws,ws) — o(Wr (wr, wa)wa, ws)
—0 (wg, W7 (w1, w2)ws), (2.19)

for all Ww1,Wa,Wq,Ws € F(TM)
Furthermore, the Wr-curvature tensor for Riemannian manifold (M?"*!, g) is given by

1
W7 (wl, (.OQ)(Ug = R(wl, wg)W3 — % [S(wg, W3)wl — g((.AJQ, wg)le] (220)

for all wy,ws,ws € T(TM) [15].
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On a semi-Riemannian manifold (M, g), for a (0, k)—type tensor field (0, k)-type tensor field T and (0, 2)-type
tensor field A, (0, k 4 2)-type tensor field Tachibana Q(A, T') is defined as

QA T) (w11, w12, ooy Wik wi,wa) = —T((w1 Aawa)wit,wiz, ..., Wik)

— T(wit, (w1 Aa w2)wis, ..., Wik)

— T(wll, W12y eeey (w1 /\A OJQ)UJlk), (221)
for all W11, W12, +eey W1k, W1, W2 € X(M), where

(w1 A wo)ws = A(we, ws)wr — A(w, ws)wa. (2.22)

3. Invariant submanifolds of an almost a—cosymplectic (k, x1, v)-space

Now, let M be an immersed submanifold of M2"+! and M be an almost o — cosymplectic (k, p1, v)—space. If
#(Ty,, M) C T,,,, M, for each point at w1 € M, then M is said to be an invariant submanifold of M?"*1(¢,&,n, g)

with respect to ¢. Following, it will be clear that a submanifold that is invariant with respect to ¢ is also invariant
with respect to h.

Proposition 3.1. & is tangent to M, let M be an invariant submanifold of an almost a—cosymplectic (k, p, v)-space
M*FY(¢, €, m, g). Hence, the following equalities hold on M ;

R(wi,w2)§ = k[n(wz)wr — n(wi)wz] + pn(wz)hwr — n(wr)hws]
+vn(we)phw — n(w)phws] (3.1)
(Vi ®)wa = g(agwr + hwi, w2)§ — n(w2) (agwr + hwi) (3.2)
Vi, € = —ad’wi — ¢phw; (3.3)
oo (wi,ws) = o(pw,ws) = o(wy, dws), o(wy,&) =0, (3.4)

where V,o and R stand for M’s Levi-Civita connection, shape operator and the Riemannian curvature tensor on M,
respectively.

Proof. As the proof is a consequence of straightforward, we omit it. O

We shall assume for the remainder of this work that M is an invariant submanifold of an a—cosymplectic
(k, u, v)-space M>"*1(¢, &, n, g). From (2.5), we have in this instance

phwy = —howr, (3.5)
forall w; € I'(T'M), in other words M is also invariant with respect to the tensor field h.

Theorem 3.1. Let M be an invariant submanifold of an almost a—cosymplectic (k, p, v)-space M2+ (. €., g). Then
Q(g, Wy - o) = 0if and only if M is either totally geodesic or y* + v = 0.

Proof. We suppose that Q(g, W - o) = 0. This means that
(Wi (w1, w2) - 0) (w3 Ag we)wa,ws) + (W] (w1, w2) - 0)(wa, (W Ag we)ws) =0,
for all wy,ws, w4, ws,ws,ws € I'(T'M), which implies that

(W (w1, w2) - 0) + (g(wa, we)wz — g(ws, wa)we,ws) + (W] (wi,ws) - )
+(wa, g(ws, we)ws — g(ws, ws)we) = 0. (3.6)
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In (3.6), putting wy = w4 = w3 = w5 = £ and using (2.18), (2.19),(3.1), we observe

(Wi (w1,€) - o) (n(we)§ — we, §) = (W7 (w1, §) - 0)(n(ws)§, §)
=(Wi (w1, €) - o) (ws, €)
= R (w1,8)a(n(we)é, €) — o (n(ws) Wy (wi,€)§,€)
—a(n(we)&, Wi (w1, £)§) — R (w1, §)o(ws, )
+o (Wi (w1, &)ws, &) + o(wes, Wi (w1,£)€) = 0. (3.7)

In view of (2.6) and (2.16), non-zero components of (3.7) vectors give us
o (W (w1, €)€, ws) = 0w, phuw + vdhuw,) = 0. (38)
Also taking ¢w; instead of w; in (3.8) and by virtue of lemma 2.1 and proposition 1, we have
— po(hwy,we) + vo(hw,ws) = 0. (3.9)

Equations (3.8) and (3.9) implies that
W2+ =0o0rc=0.

This proves our assertion. O

Theorem 3.2. Let M be an invariant submanifold of an almost a—cosymplectic (k, p, v)-space M2+ (. €., g). Then
Q(S, Wy - o) = 0if and only if M is either totally geodesic or 2nk(u? + v?) = 0.

Proof. We believe that Q(S, W; - o) = 0, which follows that
Q(S, Wi (w1, w2) - 0) (w4, ws; w3, we) = 0,
for all wy, ws, wa, ws, ws,we € I'(T'M), by virtue of (2.19) and (2.21), we obtain

S(ws, wa) (W (w1, w2) - 0)(we, ws) — S(we, wa) (Wi (w1, w2) - 0)(ws, ws)
+S(w37 LLJ5) (Wl* (wh CUQ) -0
=5 (we, ws) (W7 (w1, w2) - 0)(wa, w3) = 0. (3.10)
Expanding (3.10) and putting wy = w4 = w3 = ws = £, non-zero components is
2nko(we, Wi (w1, £)€) = 0. (3.11)
As a result, by combining the previous equation and applying (2.20), we reach
2nkpo(ws, phwt) + 2nkvo (we, phwy) = 0. (3.12)
On the other hand, substituting ¢w; for wy in (3.12) and taking into account (2.7) and (3.4), we conclude that

2nk [(1? + v?)] o(hwi,w) = 0,which follows that, 2nk(p* + v*) = 0 or o = 0.
Thus proof is completed. O

Theorem 3.3. Let M be an invariant submanifold of an almost a—cosymplectic (k, u, v)-space M2+ (. €., g). Then
Q(g, Wr - o) = 0if and only if M is either totally geodesic or [k* + (k + o?)(u* + v?)] = 0.

Proof. We suppose that Q(g, W7 - ¢) = 0. This means that
(Wr(w1,w2) - 0)((ws Ag we)wa, ws) + (Wr(wi,ws) - 0)(wa, (w3 Ag we)ws) = 0,
for all wy, wa, wy, ws,ws,we € I'(T'M), which implies that

(Wr(wi,we) - 0) + (9(ws, we)ws — g(ws, wa)ws, ws) + (Wr(wi,ws) - o)
+(wa, g(ws, we)ws — g(ws, ws )ws) = 0. (3.13)
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In (3.13), putting wy = w4 = w3 = w5 = £ and by using (2.6), (2.20), we observe

(Wr(w1,§) - o) (n(we)§ — we, &) = (Wr(w1,€) - o) (n(we)§, §)
—(Wr(w1,€) - 0)(ws, §)
= R (w1,§)o(n(ws)g; €) — o (n(we)Wr (w1, €, €)
—a(n(we)&, Wr(wr,€)€) — R (w1, €)a(we, €)
+o(Wr (w1, &)ws, &) + o(ws, Wr(wi, £)E) = 0. (3.14)

In view of (2.17) and (2.20), non-zero components of (3.14) give us
o(Wr(w1,§)§, we) = o(ws, kwi + phwi + vohw) = 0. (3.15)
Substituting ¢w; for w; in (3.15) and considering the equations (2.1) and (2.7), then we get
ko (¢ws,w1) — po(ws, phwy) + vo(ws, hwy) = 0. (3.16)
From (3.15) and (3.16), we conclude that
(k% + (k + o®)(1® + )] o(we, hw;) = 0
So, the proof is finished. O

Theorem 3.4. Let M be an invariant submanifold of an almost a—cosymplectic (k, u, v)-space M2+ (. €., g). Then
Q(S,Wr - o) = 0if and only if M is either totally geodesic or 2nk [k* + (k + o?)(u? + v?)] = 0.

Proof. Let us assume that Q(S, W7 - o) = 0. It follows that
Q(S, Wr (w1, ws) - 0) (w4, ws; w3, we) = 0,
for all wy, wg, wa, ws,ws,we € T'(T'M), by virtue of (2.17) and (2.20), we deduce that

S(ws,wq) (Wr(wr,ws) - 0)(ws, ws) — S(we, wa) (Wr(wr,ws) - 0)(ws, ws)
+S(W3,W5)(W7(W1,LU2) . a)(w4,w6) — S(OJG,CU5)(W7(W1,LU2) . 0)(W4,W3) =0. (317)

By setting wy = wy = w3 = ws = £ in the last equation and it non-zero components is
2nko (wg, Wr(w1,£)€) = 0. (3.18)
On the other hand (3.18) can be written as follows:
2nk [ko(we,w1) + po(ws, hwy) + vo(ws, phwr)] = 0. (3.19)

In the same way, by using (3.15) and (3.16), we get

2nk [k* + (k + o?)(p? + v?)] o(hwi,ws) = 0, this means that,

2nk [k* + (k + o?)(p? +v?)] =0oro =0.

This proves our assertion. O

Example 3.1. Let M = {(w1,ws,ws,ws,ws) € R, w5 # £1,0} and we take

0 1 0 1 5 0
e = (W5+1)8Tu17 62_(.05—187&12’ 63—5(&)54’1) Doy’
5 0 0
— i — B A
€4 ws —16&]4’ €s (w5 )8&}5

are linearly independent vector fields on M. We also definite (1,1)—type tensor field ¢ by ¢e; = e, pes = —ey,
des = ey, peqg = —ez and ¢ges = 0.
Furthermore, the Riemannian metric tensor g is given by



Invariant submanifolds of an almost a-cosymplectic (k, i, v)-space 99

By direct computations, we can easily to see that

P*wy = —wi + n(w1)€, n(wr) = g(ws, €)
and
g(pwi, pwz) = g(wi,w2) — N(wi)n(ws).

Thus M5(¢,&,m, g) is a 5-dimensional almost contact metric manifold. From the Lie-operatory, we have the non-zero
components

[61,65] = —((U5 — 1)61, [62,65] = (o.)g, + 1)62, [63,65] = —(OJ5 — 1)63,
leg,e5] = (ws + 1)ey.

Furthermore, by V, we denote the Levi-Civita connection on M, by using Koszul’s formula, we can reach at the
non-zero components

Vees = —(ws—1)er, Ve,es = (ws+ 1)eo, Veses = —(ws — 1)es,
Ve465 = (CU5 -+ 1)64.

Comparing the above relations with
V€5 = w1 —n(wi)es — dphwr,

we can observe
hel = —WsE€2, h€2 = —Wws€q, heg = —WsxEy, h€4 = —WsE€3 and h65 =0.
By direct calculations, we get

R(e1,es5)es =  key + phey + voher = 2(ws — 1)eyq,
kes + phes + vohes = —2ws(ws + 1)ea,
kes + phes + vohes = 2(ws + 1)es,

R(eg, 65)65

R(€3, 65)65
and
R(eq, e5)es = keyq + phey + vohey = —2ws(ws + 1)ey,

which imply that k = —(ws + 1), p =0and v =2 — w% + ws.
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