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Abstract 

Quantum Carnot engine whose working medium is a two-dimensional spin 1/2 system, with a time-dependent 
magnetic field in the symmetric z direction is described. The dynamic of this engine is obtained by using four steps, 
where in two steps the system is coupled alternatively to hot and cold heat baths, and in the other two steps the time 
development is adiabatic and isentropic (with constant entropy).  The conditions for getting a reversible Carnot cycle 
and the role of time duration for its irreversibility are discussed. Since the calculations are made for the expectation 
values of the Hamiltonian, only dynamical phases are obtained which cannot be used for interference effects. An 
alternative method is developed for getting geometric phases, which can be used in interferometry. Parallel transport 
equations for pure states are generalized to mixed states by which dynamical phases are eliminated. The geometric 
phases are derived by unitary SU(2) transformations, including time-dependent parameters which are a function of 
the magnetic fields interactions. A special form of the unitary transformation for the mixed thermal states is developed, 
by which geometric phases are obtained, which are different from those obtained in NMR and neutron interferometry. 

Keywords: Quantum thermodynamics; quantum heat engine; carnot cycle; geometric phases. 

1. Introduction
Quantum thermal engines connected to hot and cold heat

baths have been studied extensively in various forms. The 
studies of such engines are based on Otto [1-4], Carnot, and 
other engines [5-8] cycles. While quantum properties of time 
dependent cycles were studied extensively, those studies 
emphasized the efficiency of such engines. In the present 
work, we raise the question of whether and how geometric 
and dynamical phases are involved in such cycles. This 
question is of much importance as the use of quantum phases 
in interference experiments may lead to important 
conclusions about the quantum or classical nature of such 
systems. The differences between dynamical and 
geometrical phases are described by following conventional 
theories [9-11]. 
     A quantum Carnot engine is described, whose working 
medium is a two-dimensional spin 1/2 system with time 
dependent magnetic field in the symmetric z direction [6,7]. 
The dynamic of this engine is obtained by using four steps, 
where in two steps the system is coupled alternatively to hot 
and cold heat baths, and in the other two steps the time 
development is adiabatic and isentropic (with constant 
entropy). The conditions for getting a reversible Carnot 
cycle, and the role of time duration for its irreversibility are 
discussed. Since the calculations are made for the 
expectation of the Hamiltonian, only dynamical phases are 
obtained which cannot be used for interference effects. We 
use an alternative method for getting geometric phases which 
can be used in interferometry [12-15]. Parallel transport 
equations for pure states are generalized to mixed states by 

which the dynamical phases are eliminated. The geometric 
phase is derived by unitary SU(2) transformations, including 
time-dependent parameters which are a function of the 
magnetic field interactions. We get a special form of the 
unitary transformation of the mixed thermal states by which 
geometric phases are obtained, which are different from 
those obtained in NMR and neutron interferometry. 

The magnetic field B


is along the positive z axis and the
Hamiltonian is given by: 

ˆ ˆ ˆ( ) 2 ( ) ( ) ;
( ) 2 ( ).
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The units are such that 1= , Bµ is the Bohr magneton, 
( )tω is proportional to ( )zB t and ˆzs is the spin operator in the 

z direction. We refer to ( )tω rather than ( )zB t as “the field”. 
The mixed density matrix 0ρ of this system is given by: 

0 1 21/ 2 1/ 2 1/ 2 1/ 2 ,P Pρ = − − + + +   (2) 

where { }1/ 2, 1/ 2− +  are the eigenvalues of the spin and the 
classical probabilities 1P  and 2P  are given, respectively, by 
statistical mechanics as: 
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where Bk  is the Boltzmann constant, T  the absolute 
temperature, Bµ  is the Bohr magneton and ω  was defined 
in Eq. (1). Based on statistical mechanics, the expectation 
value of ˆzs  is given by: 

( )1 1tanh / 2 ; ,
2z

B
s

k T
ωβ β= − =  (4) 

and the expectation value of the Hamiltonian is given by: 

0 0 zE H sω= =  .   (5) 

H0 is the zero order Hamiltonian and E0 is its expectation 
value. 
     Such a quantum machine works by different steps in 
which the energy of the spin1/2 (considered as the working 
medium) is given by the expectation value of Eq. (5). In each 
step the temperature or the “frequency” ˆ = 2ω µB Bz  (or both 
parameters) are changing. In an alternative approach, we 
incorporate the geometric phase for mixed states 
interferometry [12] into the present thermal mixed systems 
using a general propagator. This two-dimensional spin 
system is different from the common examples of three-
dimensional spin systems described in the Bloch sphere [13]. 
     In the present article, I develop a method by which 
geometric phases can be obtained in quantum thermal engine 
systems, leading to interference effects in such systems. This 
method is applied in my work to a quantum Carnot engine 
whose working medium is a two-dimensional spin 1/2 
system, with a time-dependent magnetic field in the 
symmetric z axis. Since the general calculations for 
quantum heat engines, and especially those made in my work 
for the present quantum system, are made with dynamical 
phases they do not lead to interference effects. I show by 
using special unitary transformations of mixed states, which 
are developed for the present Carnot cycle, the way by which 
geometric phases are produced. The possibility to obtain 
geometric phases has not been realized, so far, in the 
published literature on quantum heat engines. Realization of 
interference effects by geometric phases for quantum 
engines can give a new insight into quantum 
thermodynamics. 
     The present paper is arranged as follows: In section 2 we 
obtain the dynamical phases in the present spin 1/2 Carnot 
quantum engine. The efficiency of such engines under 
reversible and irreversible conditions is described. In section 
3, we apply the geometric phases approach to mixed states 
as propagators of the quantum engines' thermal states. 
Results are summarized in Section 4.  

2. Methods for reversible and irreversible Carnot cycle 
with spin 1/2 system

 The Carnot engine including its efficiency can be 
analyzed under different limiting cases. In case A we assume 
that the parameters of the Carnot cycle are changed infinitely 
slowly along some path from a certain initial point to a final 
point. In this case, the Carnot quantum engine is reversible 
with maximal efficiency, but power is tending to zero. In 
case B we treat the irreversible Carnot cycle, which gives 
maximal power but with energy losses. We show in the 
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following analysis that there is a trade between maximum 
power, and maximum efficiency at which power is zero. 

Case A: Reversible Carnot cycle 
 Carnot quantum engine operates by 4 steps described 
schematically in Figure 1. 

Figure 1. Carnot cycle is described, where the 4 points 1, 2, 
3, and 4 denote 4 different states of the system. The 
transitions between states 1 and 2, and that between states 3 
and 4 are described, for the hot isotherm at the temperature 

highT , and for the cold isotherm at the temperature lowT , 
respectively. The transitions between states 2 and 3, and that 
between states 4 and 1 are adiabatic with constant entropy 

hS and lS , respectively. 

     In each of the points 1, 2, 3, and 4 the expectation value 
of the Hamiltonian of Eq. (5) is given as zsω where 

( ) 2 ( )B zt B tω µ= , and ( )(1/ 2) tanh / 2zs ωβ= −   is the
expectation value of the spin 1/2 ˆzs  operator. In the 
transitions between consecutive points, the parameter ω  
(proportional to the magnetic field) or 1/ Bk Tβ =  (or both) 
are changing. The transition between points 1 and 2 describes 
the hot isotherm (see Fig. 1 as isothermalI ), where the system 
is coupled to a hot reservoir at temperature .highT In this step, 
heat inq  is entering into the system. The transition between 
points 3 and 4 describes the cold isotherm (see Fig. 1 as 

isothermalIII ), where the system is coupled with the cold 
reservoir with temperature lowT . At this step, heat outq is 
going out of the system. The transitions between points 2 and 
3 are adiabatic and isentropic (described in Fig. 1 as 

adiabaticII with constant entropy hS ). The transitions between 
4 and 1 are adiabatic and isentropic (described in Fig. 1 as 

adiabaticIV with constant entropy lS ). In these steps (denoted 
as adiabaticII and adiabaticIV ), heat is not transferred as the 
system is isolated from the reservoirs, but work is done by 
decreasing or increasing the temperature by the difference 
( )H CT T± − , respectively. For an ideal Carnot cycle 

(assuming no losses) the work done by such a thermal 
machine is given by in outq q+  where outq is negative, and its 
efficiency is given by the limit 

( ) ( ) .in out in high low highq q q T T Tη = + = −  
     The schematic Fig. 1 describes only the physical nature 
of the present Carnot cycle, but it does not describe 
quantitatively the experimental values in these steps. Explicit 
evaluations of the experimental values of the present 
quantum Carnot engine can be given as follows.  
       The heat inq by the present spin system is positive and 
given by:  
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 The heat outq of the present spin system is negative and 
given by:  
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 We find by the above equations that while inq is positive 
outq is negative. Since in the adiabatic transitions between 

states 2 and 3, and that between states 4 and 1, the entropy is 
not changed (isentropic transitions), the probabilities 1P  and 

2P  are also not changed (as 1 2 1P P+ =  in our system). It 
follows from Eq. (4) that the expectation value 

( ) ( )1/ 2 tanh / 2zs ωβ= −  is also constant in these 
transitions. Using these relations, we get: 
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Substituting Eqs. (8) into those of (6) and (7) we get the 
efficiency of the Carnot reversible cycle as: 

0 1in ut low
rev

in high

q q T
q T

η
+

= = − .   (9) 

Case B: Irreversible Carnot cycle 
There are various works treating the irreversibility of the 

Carnot cycle. We refer here to [5] where a simple model 
(without entering into the detailed interactions) was 
developed which gives fair comparisons with experimental 
results under different conditions. We use here the idea that 
the irreversible heat from the cold (hot) reservoir will decay 
with time ( )C Hτ τ as: 

1
,

2
,

;

.

ir C low
C

ir H high
H

CQ T S

CQ T S

τ

τ

 
= −∆ − 

 
 

= ∆ − 
 

 (10) 

     Here S∆  represents the entropy difference h lS S− , the 
subscripts H and C refer to the hot and cold reservoir, 
respectively,  1C  and 2C  are certain constants Cτ  and Hτ  
are decay times and the subscript ir  represents 
irreversibility (the reversible regime is approached in times 

Cτ → ∞ , Hτ → ∞ ). We consider the power generated 
during the Carnot cycle and by using Eq. (10) we get: 

( ) ( ) ( )1 2/ /
,

out

H C

high low low C high H

H C

W
P

T T S T C T C

τ τ

τ τ

τ τ

−
= =

+

− ∆ − −

+
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where for outW− described in Fig. 1, we inserted the decay 
times as given by Eq. (11). 
     The maximum power is found by setting the derivatives 
of P  with respect to Hτ  and Cτ  equal to zeros. Such a 
procedure was developed in [5], obtaining different results 
including the case 1 2C C= for which Curzon-Ahlborn 
efficiency [8] was obtained. 
     There are many other works treating the effects of energy 
losses on quantum engines' efficiency, but our interest in the 
present paper is about the possibility to use geometric phases 
in quantum engines. Since the dynamical phases obtained 
above for Carnot engine (and similar dynamical phases 
which can be obtained for other engines) are based on 
expectation values of the Hamiltonian, they cannot be used 
for interference experiments. We show in the next section an 
alternative approach by which geometric phases can be 
obtained for thermal states which can be applied in 
interferometers, e.g., in Mach-Zehnder interferometer [12]. 
The geometric phases obtained for thermal states are 
different from those obtained in NMR and Neutron 
interferometry [16-19]. 

3. Results for geometric phases applied to thermal spin
1/2 states

 The density matrix 0ρ  for mixed states includes 
averaging of thermal fluctuations described by the 
probabilities kP .  Therefore, unitary transformations cannot 
operate directly on this density matrix, but they can operate 
separately on the components of such density matrix 
composed of pure quantum states.  The idea presented in [12] 
is that the initial density matrix 0ρ  can be developed in time 
t  to a density matrix tρ  by the unitary transformation 
operating on the initial vectors 0k  as: 

{ }†
0 0

1 1
( ) ( )

N N

t k k t t
k k

P U t k k U t P k kρ
= =

= =∑ ∑     (12) 

where ( )U t  is a unitary matrix of N N×  dimension, 
0( )tk U t k=   are the orthonormal vectors at time t  and 

0k are the initial vectors. The mixed state is described as a 
mixture of several pure states incoherently weighed by their 
respective probabilities kP . For thermal states the 
eigenvectors in the computational basis are given by: 

0

1
1

0
 

=  
 

 ;
0

0
2

1
 

=  
 

 .  (13) 

corresponding to eigenvalues -1/2 and +1/2 of ˆzs . The 
density matrix of Eq. (2) is transformed to short notation as: 

0 1 2

1 2

1/ 2 1/ 2 1/ 2 1/ 2

1 1 2 2 .

P P

P P

ρ = − − + + + ≡

+   
(14)
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The parallel transport of a particular vector tk implies 
no change in phase when tk  evolves into t dtk + , for some 
infinitesimal change of the parameter t . Although locally 
there is no phase change, the system can acquire a geometric 
phase after completing a closed loop parametrized by t  or 
by the Pancharatnam phase for open cycle.  This phase is 
related to curvature of the parameter space depending only 
on the geometry of the path. Parallel transport can be 
satisfied by choosing a suitable ( )U t  matrix which satisfies 
the parallel transport conditions, where for the present 1/2 
spin system we have such two equations.  
     The geometric phase geomγ  is acquired by a mixed state 
evolving along a curve Γ  under a unitary transformation 
which satisfies the parallel transport equations and is given 
by: 

[ ]
[ ]†

0 0

( ) arg ( )

arg ( ) ( ) ( ) arg ( ) .

geom tTr U t

Tr U t U t U t Tr U t

γ ρ

ρ ρ

Γ = =

 = = 
 (15) 

     ( )U t  for thermal states is given by SU(2), a two-
dimensional unitary matrix. We choose ( )U t  to be given by 
the product of 3 unitary matrices: 

1 1 2 3 2( ) ( ) ( ) ( )U t U U Uω ξ ω=   ,      (16) 

[ ]
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and 

2
cos sin

( ) .
sin cos

U
ξ ξ

ξ
ξ ξ

− 
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 

  (18) 

     We assume here that 1 1( )U ω  and 3 2( )U ω operate during 
time t  with Hamiltonians fixed by Eq. (1) as

1 1 / 2z zH ωσ=   and 2 2 / 2z zH ω σ=   respectively, where 
1 12 B zBω µ= and 2 22 zBω µ= ,  1zB  and 2zB  are constant 

magnetic fields in the z direction  and where φ  is a certain 
phase shift between 1 1( )U ω  and 3 2( )U ω . 2 ( )U ξ  is a simple 
beam-splitter transformation which does not include any 
time dependence and for simplicity is defined by Eq. (18). 

 By substituting Eqs.  (17-18) into that of (16) we get: 

cos sin
( )

sin cos

i t i t
i

i t i t

e e
U t e

e e

δ ς
φ

ς δ

ξ ξ

ξ ξ

−

−

 −
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 
 (19) 

1 2 2 1; .
2 2

ω ω ω ω
δ ς

+ −
= =
              (20) 

     Equation (19) is similar to the SU(2) transformation used 
in neutron interferometry [19]. But here the parameters δ 
and ς are multiplied by the time t which leads to a certain 
dependence of U on time, which is critical for the use of the 
following analysis. 
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     Realization of the above unitary transformation depends 
on scales of time. The initial mixed state of Eqs. (2-3) can be 
produced after a relatively long time in which the system 
arrives at thermal equilibrium. The operation of the unitary 
transformation on the initial state is made during time t  
which is short relative to relaxation times.  
     We use the above ( )U t  unitary matrix for obtaining 
parallel transport equations. Due to the linear relations 
between tk  and 0k  the two parallel transport equations 

†( ) ( ) 0 ( 1,2)t tk U t U t k k= =    implies also: 

†
0 0

( ) ( ) 0 ; 1,2k U t U t k k= =  .   (21) 

     We use the eigenvectors of 0k  in the computational 
basis given by Eqs. (13). Then we get by using the first Eq. 
of (21) and that of (19) for 

( )
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.   (22) 

 Straightforward calculations lead to the result: 
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     For the second equation of (21) we use calculations from 
equation (22) in which we exchange ( )1 0  to ( )0 1  and 

1
0
 
 
 

 to 
0
1
 
 
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Then we get: 
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     The equivalent equations (23) and (24) lead to a sufficient 
condition for parallel transport: 

( )2

2 2
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 Using Eq. (13), and that of (16) for ( )U t  we get: 

( )

( )
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1 ( ) 1 cos ;
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The geometric phase geomγ is obtained by the incoherent 
superposition of two fields produced separately from the two 
components of the thermal field so that it is given by: 

( ) ( )
1 2arg cos cosi t i t

geom P e P eδ φ δ φγ ξ ξ+ − + = + 
            (27) 

From Eq. (27) we get the result: 

( )1 2

1 2
arctan tangeom

P P t
P P

γ δ φ
  −

= +  +   
,    (28) 

where for the present system 1 2 1P P+ = . Radiation 
intensity is reduced by the factor: 

( ) ( )
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2 2
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cos 2 cos 2 2 .
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P P P P t
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
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     The unitary development of the spin 1/2 system was 
produced by the consecutive interactions of this system with 
magnetic fields in times which are short relative to relaxation 
times in this system. Parallel transport equations, which 
eliminate the dynamical phase, were obtained by assuming 
the relations of Eq. (25) between the parameters included in 
the analysis.  For the present mixed spin 1/2 system  tδ φ+  
represents the Pancharatnam’s phase for open cycle and 

1 2 1 2( ) ( )P P P P− +  represents the thermal noise parameter. 
     By using equation (3) the thermal noise term can be 
transformed to: 

1 2

1 2
tanh

2
P P
P P

ωβ −  =   +   

 .  (30) 

     For very low temperatures this term tends to the value 1. 
For very high temperatures we can use the approximations: 

1 2

1 2

sinh ; cosh 1;
2 2 2

2 B

P P
P P k T

ωβ ωβ ωβ

ω

   = =      
 −

= + 

    


 (31) 

so that this term is given by the ratio between the quantum 
vacuum energy 2ω  and the thermal energy Bk T . It is 
interesting to note that the Pancharatnam phase for open 
cycle in neutrons experiments [19] was obtained for open 
cycles.  

4. Conclusions
The efficiency of thermal engines and the role of time

durations for getting maximum efficiency was analyzed. 
Two-dimensional Carnot thermal spin 1/2 system with time-
dependent magnetic fields in the symmetric z  was analyzed. 
The density matrix 0ρ  obtained for mixed states includes 
averaging of thermal fluctuations with the probability 

( )1,2kP k =  and therefore it cannot be used in
interferometry. The use of unitary transformation of mixed 
states, including the parallel transport equations to these 
states, were found to be of special interest, as by their use 

dynamical phases are eliminated and we remain with 
geometric phases. We find that the geometric phases 
obtained by the unitary transformation are Pancharatnam’s 
phases which are gauge invariant and are valid also for open 
circles.  It is interesting to find that geometric phases can be 
obtained in quantum engine systems, which lead to 
interference effects, and which are different from the 
common ones in NMR and neutron interferometry. In 
conclusion, geometric phases which can be obtained in 
quantum engines (and which were not observed so far) will 
lead to new insights in quantum thermodynamics. 
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