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ABSTRACT. Suppose that (M, G) be a Riemannian manifold and f : M — R be a submersion. Then the vertical
lift of f, " : TM — R defined by f = f o m is also a submersion. This interesting case, differently from [10],
leads us to investigation of the level hypersurfaces of f” in tangent bundle 7M. In this paper we obtained some
differential geometric relations between level hypersurfaces of f and f*. In addition, we noticed that, unlike [13], a
level hypersurface of f” is always lightlike, i.e., it doesn’t depend on any additional condition.
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1. INTRODUCTION

We denote by 38 (M) the algebra of smooth functions on M. We consider f € 38 (M), the vertical lift of f to
tangent bundle 7'M is defined by f” = f o n. From definition of f” we say that f" is induced by f. In this case some
geometrical relations can be found between the level hypersurfaces of f and f*. A similar study was conducted by M.
Yildirim [13] in 2009 and some important relations are obtained.

We need some tools to do these investigations. These tools are vertical and complete lifts of differentiable elements
defined on M. The notion of vertical and complete lift was introduced by K. Yano and S. Kobayashi in [12]. By using
these lifts, in [10], M. Tani introduced the notion of prolongations of hypersurfaces to tangent bundle.

In [10], Tani showed that there exist some geometrical relations between the geometry of S in M and T'S in TM
for a given hypersurface S. We should emphasize here that in Tani’s study [10], complete lift metric on T M was taken
into consideration. In [11], it is stated that this metric is a semi-Riemannian metric with n — index. In this case, the
geometry of the level hypersurfaces of f¥ is examined within the (T M, G°) semi-Riemann structure. In this study, it
has been seen that all level surfaces of f¥ are lightlike hypersurfaces.

Lightlike hypersurfaces of semi-Riemannian manifolds have been studied by Many authors [2,6-8] and others.

In this paper, we discuss the relationships between the geometry of level surfaces of a real-valued function and its
vertical lift. The importance of this paper is that, differently from [10], we find a class of hypersurfaces in tangent
bundle T M such that these are derived from hypersurfaces in M. Because, in [10] obtained submanifold in TM such
that it is tangent to original submanifold in M, but it isn’t so in this work.

In last section, we establish lightlike structure on a level hypersurface of vertical lift of f and see that fundamen-
tal notions of degenerate submanifold geometry were obtained by a natural way. That is, we needn’t to any strong
condition. This case shows that the problem, studied here, is completely suitable and interesting.
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In section 2, we shall give an introductory information. In section 3, we shall show that the vertical lift of a
submersion is also a submersion and its any level set is a hypersurface (denoted by ) in tangent bundle. In section 4,
we obtain Gauss and Weingarten formulas for §. In addition, it is obtained that S is a semi-Riemannian hypersurface
with index n — 1 with respect to G° (G is a Riemannian metric on M). In section 5, we give a lightlike (null) structure
on S. In addition, considering the lightlike structure on S we obtain some geometrical relations between the level
hypersurfaces of f and § as well.

2. NOTATIONS AND PRELIMINARIES

Let M be an n- dimensional differentiable manifold. We denote by TM its tangent bundle with the projection
7y : TM — M and by T,(M) its tangent space at a point p of M. I’ (M) is the space of tensor fields of class C* and
of type (r, s). An element of J 8 (M) is a C* function defined on M. V be a coordinate neighborhood in M and (x') ,
1 <i < n, are certain local coordinates defined in V. We introduce a system of coordinates (x,y') in 71;,,1 (V) such that
()" are cartesian coordinates in each tangent space T,(M), p being an arbitrary point of V, with respect to the natural
frame (%) of local coordinates (x'). We call (x,y") the coordinates induced in 7;; (V) from (x'). We suppose that all
the used maps belong to the class C* and we shall adopt the Einstein summation convention through this paper.

Now, we must recall the definition of vertical and complete lifts of differentiable elements defined on M. Let f, X, w,
G, F and V be a function, a vector field, a 1-form, a tensor field of type (0,2), (1, 1)- tensor and a linear connection,
respectively. We denote by f*, X¥,w" , G” and F" the vertical lifts and by f¢, X¢,w®, G°, F¢ and V¢ the complete lifts,
respectively. For a function f on M, we have

"= form,
fc — yi%,
with respect to induced coordinates. Moreover, these lifts have those properties:
(fX)V — fVXV’ FCXC - (FX)L,
(fX)L - fVXC + fCXV’ FCXV - (FX)V’
X =0 F'X¢ = (FX),
XCfC e (Xf)C, FVXV o O, (2 1)
[X,Y]° = [X°Y], GX", Y = 0, '
X", Y] = 0, G‘(X5,Y) = (GX, YY),
wX) = X)), V5 Y = (VxyY,
wi(X") = 0, Ve Y = 0,
XVf(' - X(,'fV — (Xf)V,
wH(X) = wX' = (wX))",
(X, Y1 = [X", Y] = [X5 Y], (2.2)
G‘X".Y) = GX.Y) = (GX7Y)),
Ve, Ye = Vv = (VxYy

(cf. [11]). Hence, it is easily seen that if G is a Riemannian metric on M, then G° is a semi Riemannian metric
on TM and index of G is equal to dimension of M. Thus, if (M, G) is a Riemannian manifold then (T M, G) is a
semi Riemannian manifold with index n. Let V be a metrical connection on M with respect to G. In this case, by
considering equalities in (2.1) we can say that V¢ is a metrical connection on TM with respect to G¢. Through this
paper, as a semi-Riemannian structure on 7 M we shall consider (T M, G¢, @C).

Let f: M — R be a submersion. In this case for each ¢ € rangef , f~'(t) = S is a level hypersurfaces in M , i.e. S,
is (n— 1)— dimensional submanifold of M [4]. We know that a vector field on M is tangent to S if and only if X(f) = 0.
According to this

J5(S) = {X € Iy (M) : X(f) = 0}.

Let us consider a vector field on M, say X. If for each p € Dom(X) NS X, € T,S, then we say that X is a tangent
vector field to S. We denote by S(l)(S )T the module of vector fields on M being tangent to S.

If (M, G) is a Riemannian manifold, then we write Sé(S )= = S pan{gradf}, where gradf is gradient vector field of
f. We also state that X € 5(1)(5 )T if and only if G(X, gradf) = 0.
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Let us consider locally orthonormal basis of 3(1) M),

A={Xy, ... Xp-1, €} (2.3)
in a neighbourhood U of a point pin S , such that for each g € U andi = 1,2, ...,n — 1, X;(q) is an element of 7,,S and
&= éigﬁ is a unit normal field of the hypersurface S. We call the set A a local basis of M adapted to S. We get the
components of V with respect to this adapted basis in following equalities.

VX, = %X + G(HX, Y)E,
Vxé = -HXi=-hX; (2.4)
VgX,‘ = a),»ij + (T,‘.f,
V£ = —oX,
where, l"ffj, wij, 0 € 39 (M) and H = [h;;] is shape operator of S.
We denote by S(')(TS )T the vector fields on 7M being tangent to the 7'S, from [10] and [11],
IUTS)T = SpaniX§, ... XS, X}, X1, E), (2.5)
and
IUTM) lrs= FH(TS)T & JH(TS)*". (2.6)

From (2.1), (2.2), (2.5) and (2.6) as a local basis for 5(1) (TM) along TS, we get
Y={X],..X, . X],..X, |,E &Y

n

9

B }, then Y has also same orientation

Lemma 2.1. [f the basis A has same orientation with the natural basis {a%,
with the induced basis {2 o 9 0y

ﬁ, aeey 07, W, aeey W .

In semi- Riemannian geometry, this basis ¥ is known as a quasi orthonormal basis of J (1) M).

3. LeveL HYPERSURFACES OF f”

In this section, we will interest a special level hypersurface of f”. If f is an element of 38 (M) and Dom(f) = U is
an open subset of M, then the vertical lift of f is defined on TU.

If f : M — R is a submersion, then f" is also. Indeed, let f : M — R is a submersion, then f has rank one for each
pin U . This means that, for at least i, (1 < i < n), % |[,# 0, p € U. Furthermore, we can write the jacobien matrix of
fV as follows,

I =] Z1, o]
for apointv, € TU. It follows that f* has rank one.
From definition of f7, it is easily seen that

1x2n

S=0""w
=S xR",

Let (V, ) be a coordinate neighbourhood in M. Then, (V = n71(V), dy) is a coordinate neighbourhood in TM. Let
us construct the differentiable structure of S':

1%
:{(p,v)EV:pES,VPETpM}

Snv
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Thus, a local coordinate system on V is written as to be = (u%,y"), (1 < a < n— 1) and we take {V,, Bo}aer as a
differentiable structure on S. In addition we can also say that (S, 7, M,R") has a vector bundle structure with rank n
and by this structure it is a vector subbundle of 7'M, where 7 is restriction of ), to S.

Let7:S — TM be natural injection in terms of local coordinates (x', y"), 7 has following local expressions

A=A,y =y

Definition 3.1 ([1]). Let (M,G = (g;;)) be a semi- Riemannian manifold and f : M — R be a differentiable function.
The following vector field is called gradient of f,

af 9
(D) e

where p € dom(f), {x!,x%,..,x"}isa localy coordinate system on M around p and the matrix [gif] is invers of [g;;],

gradf |,= g" (P35

Lemma 3.2. The gradient vector field of f* with respect to semi Riemannian metric G is the vertical lift of gradf,i.e
gradf’ = (gradf)’.
Proof. If G has matrix expression [gi j] then the matrix expression of G is as follows:

[ (&))" (gij) }

&))" 0
[11]. We can find inverse of this matrix as in following form,
0 (&
(gl‘])v (gl])L
From definition of gradient vector field, we get the following equality,
af’ af” of’ of’
df' =0. i 1] v lj v z] c
gradf aw1()ww())wy()w®
=~ @iyl
Ox/ Gy
= (gradf)".
The proof is complete. O

(gradf)’ _ ( (gradf) )" — g

Since the vector field (gradf)” is orthogonal to the submanifold S and thus the vector field o] — \[(eradn)]

is a unit normal vector field of S .
Theorem 3.3. If X € 3! o(M) is a tangent vector field to S, then the complete and vertical lifts of X are tangent to S.
Proof. Since X is tangent to S, for each p € Dom(X) NS, X, € T,,S. On the other hand,
dfu(X,) = X, (f")
= (X(f)"(w)
= X(MNP)
= X,(f)
=0,
where u = u, € S. In addition, we know from formulas of lifts in ( 2.1) that
(dfv)u(X:) = Xl‘:(fv)
= X"(f" )W)
=0,

see (2.1). Thus, X¢ and X" are tangent vector fields to §. |
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4. LiGHTLIKE GEOMETRY OF S

In this section, we investigate the lightlike submanifold structure of S in semi-Riemannian manifold (T M, G¢). For
this purpose we need to some informations about the lightlike submanifold geometry.

Firstly, we note that the notation and fundamental formulas used in this study are the same as [5], following Chap.
4. Let M be a (m + 2)-dimensional semi-Riemannian manifold with index ¢ € {1, ...,m + 1}. Let M be a hypersurface
of M. Denote by g the induced tensor field by g on M. M is called a lightlike hypersurface if g is of constant rank .
Consider the vector bundles T M~ and Rad(T M) whose fibres are defined by

TxMJ_ ={Y, € TxM| gx(Yx»Xx) =0,YX, € T M}
and
Rad(T.M) =T MnNT .M,
for any x € M, respectively. Thus, a hypersurface M of M is lightlike if and only if Rad(T M) # {0} for all x € M.
If M is a lightlike hypersurface, then we consider the complementary distribution S (T'M) of TM*in T M which is
called a screen distribution. From [2], we know that it is nondegenerate. Thus, we have direct orthogonal sum
TM =S(TM) L TM*. “.n
Since S (T M) is non-degenerate with respect to g, we have
TM=S(TM) L S(TM)*,

where S (T M)* is the orthogonal complementary vector bundle to S (T M) in T M|y
Now, we will give an important theorem about lightlike hypersurfaces which enables us to set fundamental equations
of M.

Remark 4.1. From now on we denote by I'(E) the module of cross sections of a vector bundle E.

Theorem 4.2 ( [5]). Let (M, g,S(TM)) be a lightlike hypersurface of M. Then, there exists a unique vector bundle
tr(TM) of rank 1 over M such that for any non-zero section & of TM™* on a coordinate neighborhood U C M, there
exist a unique section N of tr(T M) on U satisfying

&N, &) =1

and
g(N,N) = g(N,W) =0,YW e I'(S(TM)|p).

From Theorem 4.2 , we have
TM|y=S(TM) L(TM*®tr(TM)) =TM & tr(TM). 4.2)
tr(T M) is called the null transversal vector bundle of M with respect to S(TM). Let V be Levi-Civita connection on
M. We have .
VY =VxY + h(X,Y), X, Y eT(TM) 4.3)
and
VxV = —AyX + V4 V,X e (TM),V € T(tr(T M)), 4.4)

where VxY, AyX € S(')(TM) and i(X,Y), Vi,V € T(tr(T M)). V is a symmetric linear connection on M which is called
an induced linear connection, V' is a linear connection on the vector bundle t7(T M), h is a I'(¢r(T M))-valued symmetric
bilinear form and Ay is the shape operator of M concerning V .

Locally, suppose {¢, N} is a pair of sections on U € M in Theorem 4.2. Then, define a symmetric 38 (U) —bilinear
form B and a 1-form 7 on U by

BX,Y)=5h(X,Y),&,¥X,Y € (TM|y)
and
7(X) = Z(VyN. &).

Thus, (4.3) and (4.4) locally become

VxY = VxY + B(X,Y)N 4.5)
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and
VxN = —AyX + t(X)N, (4.6)
respectively.
Let denote P as the projection of TM on S (T M). We consider decomposition

VxPY = VxPY + C(X, PY)¢

and

Vxé = —AX — 1(X)E,
where Vyx PY and A;X belong to S(TM) and C is a 1-form on U. Note that V is not metric connection [3]. We have
the following equations,

g(ANX, PY) = C(X,PY), 3Z(ANX,N)=0,
g(A}X, PY) = B(X, PY), §(A:X,N) =0,
for any X, Y € I(TM).
Now, we will apply the above theory to the hypersurface §.

Theorem 4.3. § is a lightlike hypersurface of T M.
Proof. We know that a vector field X € 3}(S) if and only if

df'(X) = X(f*) = 0.
From (2.1) for all X € 3}(5)

df'(X) =0,
df'(X") =0,
df*(&") = 0.

In addition, G°(X¢, &%) = G(X", &) = G°(£",£") = 0. This means that the restriction of G to S(l)(S) is 1- degenerate
and
Rad(T,S) = Spi&},VueS.

]
To describe a screen subspace of 7'S, we must write following decomposition from (4.1),
1,5 =S(T,S) L Rad(T,S), ues.
Since {X1, ..., X;—1, &} is a frame of M adapted to S, from [11], [10] and Theorem 4.3, the following set
X1, X, X, X, E) 4.7

is also basis for § adapted to T'S.
In this case we get
35(S) = SpaniXs, ... X5\, X}, ... X0} L S pan{é’).

On the other hand, from (4.2), we have the following decomposition for Sé(TM ),
S(I)(TM)|5 = ([(S(TS)) L T(Rad(TS))) ® tr(TS))
= (Span(X{,... X, |, X],.. X _} L Span{'}) @ tr(TS).

By using (2.1) and (2.2), we have those equalities,

G°(£,¢9=0, G(¢".¢) =1
and
G, X)=0 VXeI(STS) Iy
on a coordinate neighbourhood U C §. Thus, from Theorem 4.2, the lightlike transversal bundle of § is as follows,

(TS 1) = |_JS pante 1)

uel
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with respect to S (T'S). By means of (4.1) and (4.2) for Xe Sé(TM) we can write the following decomposition,
Xlg=X+28 +p&
where X € 3((S) tangent to 7S and A, € I)(8) on a neighbourhood U.

5. THE INpDUCED GEOMETRICAL OBJECTS

In this section, we investigate the lightlike submanifold geometry of S. Because of we shall investigate the level
sets of f and f", first of all we write fundamental equalities of S.
Let (M, G) be Riemannian manifold, S be a hypersurface in M and g be induced metric on S from G, then by
definition we have
gX,Y)=G(X,Y) forX,YeJ\S).
We know that with this induced metric g, S is a Riemannian submanifold of M. The Gauss and Weingarten formulae
of S as in following, respectively,

VxY = VyY + g(HX, Y)&, (5.1
Vyé = —HX,

where V and V are Riemannian covariant differentiations determined by G and g, respectively. In addition H and
g(HX,Y) are shape operator and second fundamental form of S, respectively.

By using (4.3) and (4.4) we get,

VeY = ViV + h(X.7) (5.2)

and

VeV = —AyX + ViV (5.3)
for any X, ¥ € 3}(8) and V € T(¢rTS). Here, V and V' are induced connections on S and rr(TS) respectively. h and
Ay are second fundamental form and shape operator of §, respectively. The equalities (5.2) and (5.3) are the Gauss

and Weingarten formulae, respectively [5].
Define a symetric bilinear form B and a I-formron U C S by

BX,Y) G (h(X,Y), &, VX, Y € 3(S),
7(X) GE(V2e, €9, VX e 34(S).

It follows that

and

) V;-(cfc = 7(X)&.
Hence, on U, (4.5) and (4.6) become

VoY = ViV + B(X, 1)&
and
V& = —AeX + 1(X)E°,
respectively.
On the other hand, if P denotes the projection of J (l)(S_) toJ (l)(TS) with respect to the decomposition
T.5 =ST,8) L Rad(T,S)
we obtain the local Gauss and Weingarten formulas on S (7'S)
Vi PY = V4PY + C(X, PY)¢", (5.4)
Vié' = -ApX - #(X)E", (5.5)
where X € 31(§), ¥ € 3}(S), C, Ax and V are the local second fundamental form, the local shape operator and the
linear connection on S (T'S). In [10], we see that the vertical and complete lifts of differentiable elements defined on M
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can be described the other differentiable elements defined on 7M. For example, let us consider X, 7ey (l)(TM ), then
X = Y if and only

X(f) = Y(f9
forall f € Sg(M). In addition, take two 1- forms &,p € S?(TM), then @ = p if and only if

DX = pIX°),

forall X e J (')(TM ). Because of this, instead of taking any vector field, we take the complete and vertical lifts of vector
fields tangent and orthogonal to .

Using theorem 4.3 and the information above, it is sufficient for us to use the vertical and complete lift of the vector
fields tangent and normal to S.

Now, we shall write the Gauss and Weingarten formulae of S and screen distribution. Let X and Y be vector fields
in 3(')(M) tangent to S. By taking into account (2.1), (2.2), (5.1) and (2.4), we have the following aqualities,

Ve ¥ = (Vx¥)
= V&Y + G (HXE, YO) &
+G< (H'XC, Y°) &,

V" = (Vyy)

= VLYY + G (H'X, YO) &

= V¢, ¥e (5.6)
vere = (Ver)

= (wiN)X;+aX)é)",
= (a),'(Y)V)VXlV + oV(Y9)¢,
e = (e i
V%r Yv = Vé:\ YV = ng.fv = VX"é‘:V = 0’

where o is a 1- form and w; ’ s are SS(M)— valued functions such that , fori, j =1,2,..,n -1
o(Xi) = oy
wi(X)) = wij = ~wjj,

with respect to adapted basis (4.7). On the other hand, from (5.6) Weingarten formulas of S are as in follows,

Veerr = (Vxé) = HX
Ve = (Vxé) = HX,
veg = (Veg) = —oixy

where X; ’s are elements of adapted basis given (2.3).
From (5.2), (5.6) and [10] the second fundamental form of S is as in following,

B(X¢,Y¢) = G¢(H'X Y,

B(x<.y") = B(X.&) =0,
B(X",Y") = BX"Y") =0,
By = BE.Y" =0,
B¢.&) = BX.£) 0

By virtue of (4.7), we have following Theorem.

Theorem 5.1. S is a totally geodesic hypersurface in M if and only if § is a totally geodesic lightlike hypersurface in
M.

From (5.3), (5.6) and [10], the shape operator of S is as in following,
AeX¢ = —-HXC,
Ap XY -H‘X",
Apl” = —oX].
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The marix representation of the shape operator Az of S with respect to adapted basis can be represented in matrix form
as in follows;

hi 0 0
Aé:(: = ]’l:} ]’l,‘j —O';) s
0 O 0

where h;; ’s are the components of the shape operator H of S according to basis {Xi, X5, ..., X,,_1} . By considering [9],
Def. 3.2, we give following Theorem.

Theorem 5.2. If S is a minimal hypersurface in M if and only if § is also minimal in TM.

From equalities (5.6) we have,

Yk = Vil = Vot =0

Hence, it is clear that 7 = 0.
From (5.6), the induced connection on § is as in follows,

VxeY¢ = V.Y + G (HX,Y)E,
VeV’ = VxYC,
= V.Y + G (H'X,Y)¢,
VoY = (V)X + " (Y)E, (5.7)
Vy& = —-HXC,
VeY” = Vypé =0,
Ve = VaY'=0.

From Theorem 3.3, the vertical and complete lifts of vector fields tangent to S are also tangent to S . In addition,
G'(X,¢&") = G(X". &) = 0.
It means that X", X" € I'(S(T'S)) and as a cosequence of this we have
PX° =X and PX" =X".
From these equalities in (5.7) we obtain

ApX® = -H"XC,
AvaV = Afva = O

Hence, by considering (5.5), the shape operator Afv of screen bundle can be represented in matrix form, with respect to
adapted basis (4.7), as in the follows.

hj 0 0
Ae=| 0 0 0
0 00

By (5.4) and (5.7), we have the second fundamental form of S (T'S) is as in follows,
C(Xe,Y¢) = G°(HXS, Y,

Cxe, vy = C&X,Y9,
= G°(H"X:,Y°),
C:‘(XV’ YV) — 0’ (58)
c¢.r9) = o'(xo,
C&,yy)y = 0.

Thus, by considering (5.8) we have,

Theorem 5.3. The screen distribution S(TS) is totally geodesic if and only if the followings are satisfied
i) S is totally geodesic
ii) o is identically zeroon S, i.e. forallp € S, T,S = kero,.
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Corollary 5.4. The induced linear connection on S(TS),

VeeYe = V4. YC,

VeV = Vi Y€ = VLY,
Vet = V&

) = Ved = VaX"=0,
VoX¢ = (X)X

Now, we will demonstrate the structure described above with an example.

Example 5.5. Let us consider 3— dimensional Euclidean space E* with standard inner product G as a Riemannian
metric and a function f : E> — R. Let f be defined as in following,

f : E*-5R
f(x,y’Z) = x2+y2+12.
Suppose that £y be a positive real number. We can easily see that #, a regular value of f. Then, f~'(t) =S = S tzo isa
hypersurface in R?, i.e 2- Sphere with #y radius.. We get the gradient vector field of f as follows

gradf = x0, + yo, + 20,

where 9, = 0%, 0y = % and 0, = %.
The normal vector field of S can be obtained as
& = x0x + y0, + 20..
Now, take two vector fields in J{(E?) are tangent to S.

o
X = —(@xd+ 2y - o +yH),

1
Y = —(—yd, + x8y),
07

1
where 0 = ——— and a = /x% +)2.
VX2 Y+ 22

Thus, we obtained a basis for J é(E3 ) adapted to S. Indeed,
X(f) = g(2zx2 +229% — (2 +yH)2) = 0.

Similarly,
Y(f)=0.
These mean that for every p € S, X, and Y, are tangent to S. Moreover, the set {X,Y,&} is locally basis of S(l)(E3)
adapted to S.
Now, we obtain local epression of V according to basis {X, ¥, &} :

@XX = —O'é:, ﬁYX = Z% s
VY = 0, VyY = —z2X-o¢,
Vx¢ = ok, Vyé = of, (5.9
VeX = 0, Ve = 0,
fo = 0
From (5.9), we have Gauss and Weingarten formulaes of S as in following,
@XX = —0'5, @YX = Z%Y»
VxY = 0, VyY = —z2X-0¢, (>-10)
Vé = oX, Vyé = oY (5.11)

From (5.11), it is easily seen that matrix representation ofthe shape operator is as in follows,

vl 2]
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For example, if we take tp = r > 0, S will be S f and thus we obtain,

Let us find level hypersurface of the vertical lift of f, f”

() (o) = {(p,u) € TR? | f(p) = ty, u € R}
=3.

S—O

If a locally coordinate system on S is {u, v}, then the natural inclusion of S is given locally in the form

x=xom=x(u,v),
y=yom=yu,v),
z=zom=2zu,v),

X=X,
y=1j,
z2=1

where {x,y,z, X,¥,Z} the locally coordinate functions induced by {x,y, z} on TE? xon, yomand zomon TE? are
identified with x, y and z, respectively.

Being a local basis of 55(TR3) adapted to §, we can choose the ordered set @ = {X¢, Y¢, X", Y, &, £°). By consid-
ering (5.9), (5.10) and the basis ® we have following equalities,

VeXS = -0 —ov¢, VeXe = o'¢,
Ve X" = -0'¢, Vi X = (@2)'YY,
V& = o'X", Ve Ye = VLX"=0,
Ve.XC = @IFY+ @)Y, V.Y = Vey =0,
?;L.xv = (97, ?X‘.gv = ?;,.Xv =0, (5.12)
Vo' = (=2I)PX -, Ung = Vere=0, ‘
Y;’,L.f" = oY, YEX‘ = Y,erV =0,
VeYe = —@Z2)XC-(@Z)X" VLY = VLY<=0,
= e - VeY' = Veg' =0,
@;v Ye = (=z2)'X"-o'¢,
V£ = "X+ 0o,
Vy.& = oY+ oY,
V& = o'X, (5.13)
V(),‘/Vé‘C = O-VYV,
Ve = 0.
Here, (5.12) and (5.13) are Gauss and Weingarten formulaes of S, respectively.
By using (5.12) we have the followings,
ﬁxékxc — _O_cé;-v7 vg(vxc - _O.V‘fv’
VX" = —0"¢, VYo = VXV =0,
Vx& = o'X", Vy&" = VX' =0,
Vi XS = @2)Y+ @)Y, Vpé = VoY =0,
Vil _ _S%)V’X @)X Vi ; (_ ;CE:)X (5.14)
ViX' = (9)'Y, ViXC = @)Y,
Y;’,L. YW= (=z2)'X" - o', YEX‘ = Y,vaV =0,
V£ = oY, Veye = V.Y =0,
VY = VLY =0, Va¥? = Vaé =0.
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These equalities in (5.14) describe the induced connection V on §. By using (5.12) we have second fundamental form
of S,

hXE,X) = 0, hYSYS) = —oE
X, YY) = hX,X")=0, WYX = nY,Y)=0,
AX,E) = REX)=0, hE.Y) = hE&,Y)=0,
h&",¢) = XY =0, h&X") = WY& =0,
Y, x')y = 0.
From (5.13) shape operator of § can be written as follows,
Ap(X) = o'X +0°X", Ax(X) = o'X",
Ae(Y) = Y +0°Y, Ae(Y) = oY, (5.15)
Ax(&) = 0.
According to (5.15) the shape operator of § in TR>can be represented as in follows,
o 0 0 0 O
0 v 0 0 O
Ap=| 0o 0 o 0 0
0 o 0 o O
0 0 0 0 0l
In addition, according to (5.14)
Ve X¢ = 0, Ve xe = 0,
VYo = 0, V¥ = 0,
VX" = 0, Ve X' = 0,
Ve Yy = 0, Ve Yy = 0,
B = GOYEHY. BX = @
Vore = —@Z)X - L)X, Vo.re = (=z2)'X",
VX = @DV VX = 0,
ey = (29X, VY = 0,
vexe = 0, VaYe = 0,
ﬁva" = O, ﬁfv Yv = O,
and
?;‘((é:v =o'X,
¥oo =0,
Vg =o'y,
V& = 0.
The shape operator of screen bundle A}« is given in following,
Ap(XO) = o' X",
Ap(Y€) = 0Y°,
Ap(X") =0,
Ap(Y") = 0.
Hence, the matrix representation of A is as in follows,
0 0 0O
- 0 ov 0 0
A=l 0 0 0] -
0 0 0 01,

with respect to ordered basis {X¢, Y, X", Y”, £'}. Thus, the second fundamental form of screen bundle is in the follow-
ing,



On Level Hypersurfaces of the Vertical Lift of a Submersion 284

C(X¢, X = -0, Ce,x) = 0,
Cxe, Yy = 0, e,y = —o,
CXe,x") = -0, CeE,x) = 0,
Cxe,yy = 0, ceE, Yy = 0,
e, x = 0, ceE,x) = 0,
Cre, Yy = -o°, ce,yy)y = o.

6. CoNCLUSION

In this paper, we saw that some differential geometrical properties of level hypersurfaces of the function f are
preserved in this discussion. In addition to Tani’s work [10], within the framework of this complete lift of Rimannian
metrical structure, the other way of prolongation of hypersurfaces is described. Again, in this article, we noticed that,
unlike [13], a level hypersurface of f" is always lightlike, i.e it doesn’t depend on any additional condition.
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