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1. Introduction and preliminaries

The definition of metric spaces in 1905 and fixed point theory studies paved the way for important developments in both
mathematics and the other sciences. Recently, some generalized metric spaces were introduced and fixed point theorems
were proved. F-metric spaces were introduced as a generalization of metric spaces and Banach contraction principle were
introduced in F-metric spaces in 2018 by Jleli et al. [1]. In F-metric spaces Hussain and Kanwal [2] proved coupled fixed
point theorems, Mitrovic et al.[3], Laatefa and Ahmad [4] and Jahangir et al. [5] proved some generalized fixed point results.
Altun and Erduran [6] proved fixed point results for single and multivalued mappings, Ozturk [7] defined Ciric-Presic type
contraction. Lateefa [8] and Zhou et al. [9] gave best proximity results in F'—metric spaces. Alansari et al. [10] proved fuzzy
fixed point theorems. Al-Mezel et al. [11] and Faraji et al.[12] defined o« — B— admissible type contraction in F —metric
spaces. Kanwal et al. [13] defined orthogonal F —metric spaces.

In recent years, several fundamental fixed point results have been extended and generalized by many authors in different
directions. Samet et al. [14] introduced the concept of o¢—admissible mappings on metric spaces. Many authors obtained
some fixed point results using new concept and gave some applications [15, 16, 17, 18, 19, 20, 21, 22].

In this work, we define the concept of almost @ — y—contraction in F'—metric spaces for ¢ —admissible mappings and we
prove two main fixed point results.

Denoted by Q the family of all functions F : (0,0) — R satisfying following properties;

F\) F isincreasing,

F») For each sequence {uy} im0 sty = 0 < limy_y00 F ( 1tg) = —oo.

seN »

Definition 1.1. [/] Let L # @ be a set and (F,t) € Q x [0,+). Assume that ¢ : L> — [0,%0) a function satisfying the
following:

(di) o(ui,u2) =0 uy =uy,
(d2) o (u1,u2) =0 (uz,u1),
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(d3) forall s>2(s€N)andforall {us} CL such thatif & (uy,us) >0, F (0 (u1,u5)) < F (5,0 (uj,uit1)) +1

forall uy,u; € L.
Then (L,0) is named an F—metric space (shorty F —ms).

Definition 1.2. [/] Let (L,0) be an F —ms and {us} be a sequence in L.
i. {us} is named F—convergent if there is a L € L such that ¢ (ug, 1) — 0 as s — oo.
ii. {us} is named an F—Cauchy sequence if & (us,u,) — 0 as s,v — oo.

iii. (L,0) is named F—complete if each F—Cauchy sequence is F —convergent.
Denoted by & the family of all functions y : [0,00) — [0, o) satisfying following properties
(y1) v is nondecreasing,

(vV2) L y'() <ee.
S=
If (y1) and (y2) are satisfied, then
(v3) y(u)<uforu>0
holds.

Example 1.3. [6] Let L=Nand ¢ : L x L — [0,00) be defined by

(”_“)27 lfu,ﬂ€{172,3}
o(u,p) =
2|u—ul, other

Then (L,0) is an F—complete F — ms with F (u) = _71 andt =1n3. But (L,G) is not a metric space.

Example 1.4. [23] Let T' = [0,00) and ¢ : T x I — [0, 0) be defined by
(I,t—,LL)Z, if (”»N) € [Oa 1] x [071]

|u_nu|7 lf(”?“)%[()?l]x[()?l]

G(Lt,,u) =

Then (T, 0) is an F —complete F —ms with F (u) = Inu and t = . But (T, 6) is not a metric space.

2. Almost -y — contractions

Definition 2.1. Let (L,0) be an F —ms. Let T : L — L be a self-mapping on L and & : L x L — [0,0) be a function. T is

named an o-—admissible mapping if
o(ur,up) > 1= a(Tu;,Tup) >1
forall uy,uy € L.
Definition 2.2. Let (L,0) be an F —ms and T : L — L be an a—admissible mapping satisfying
o(ur,uz) > 1= o(Tuy,Tuz) < W(K(u1,u2)) +amin{c(u1,Tuz),o(uz,Tuy)}
forall uy,uy € L, where y € ®, a > 0 and
K(uy,uy) = max{o(uj,uz),0(uy,Tuy),o(uz,Tuz)} .

Then, T is named to be an almost &¢ — Yy —contractive mapping.

2.1)

Theorem 2.3. Let (L,0) be an F—complete F —ms and T : L — L be an almost o, — y—contractive mapping. Assume that

i. T is continuous or
ii. fora sequence {us} in L if us — u and ot(us,usy1) > 1 for all s, then a(u,Tu) > 1

holds and there exists uy € L such that o/(uy,Tug) > 1. Then T has a fixed point (shortly FP).
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Proof. Let up € L such that a(ug, Tug) > 1. Define a sequence {u;} C L by uy = Tu,_; for all s € N. If uy = u; for any
s € N, then ug is an FP of T. We suppose that T'(u) # T(u+ 1) for all u € L. Since T is an az—admissible mapping and
a(ug, Tug) > 1, we deduce that o(uy,us) = a(Tug, T?ug). Continuing this process, we get o(ug, s, 1) > 1 for all s > 0. Now
by (2.1) we get

O(ust1,us+2) = O(Tus, Tug1) < W(K (us,usi1) +amin{o (usi1, Tus), 0 (us, Tugi1)}
= Y(K(us,us1)) +amin {0 (us11,us41), 0 (s, Usy2) }

= Y(K(us, us11)) (2.2)
where
K(”saqu) = max{c(us;MS+1)»O-(us7TMs)7G(us+17Tus+1)}

max {G(MS, Ust1 )7 G(”sa Us+1 )a G(“s+1 , us+2)}
= maX{G(umMs+1)>0(us+1,us+2)}~ (2.3)

If 6(usy1,us+2) > O (ug, st 1), then from (2.2) and (2.3), we have
O (us+1,us2) < Y(O (Ust1,Us12)) < O (Ust1,Usr2)
which is a contradiction. Thus, o (ust1,us+2) < O (us,ugt1) for all s and so from (2.2) and (2.3), we have

G(us+] s MS+2) < W(G(uerl 7us+2))~

By induction, we have
0 (tss1,ug42) < W (0 (ug,ur))
forall s > 0. Let k > 0 be fixed and (F,t) € Q X [0,4c0) be such that
0< j<Ilimplies F(j) < F (k) —t. 2.4)

For0 < F (ZsZs(k) v*(0(up,uy))) < I and for each s,v € N,s > v, using (2.4) and (F1) we have

s—1 s—1

F Y v'(o(uo,m)) | <F( Y, w(o(u,um))| <Fk)—
i=v v>v(k)

From (d), we have

s—1
F(o(us,uy) < F( O' (i, iy >—H
s—1
< F ZW’ o(uo,ur)) | +t
< F(k).

Therefore, {u;} C L is an F—Cauchy sequence. Since L is F'—complete, there exists u € L such that u; — u. If T is continuous,
then we have

lim 000 (Tug, Tu) = lim 000 (ug41,u) = 0.

Hence, u is an FP of T.
Now, suppose (ii) is satisfied. Since ot(us,us11) > 1 for all s and ug — u as s — oo, we have a(u, Tu) > 1.

From (2.1), we get

6 (usr1,Tu) = 0(Tug,Tu)
V(K (ug,u) +amin{o(u, Tuy), o (us, Tu)})

IN

where a > 0 and

K(ug,u) = max{o(us,u),o(us,Tus),o(u,Tu)}

= max {0 (us,u),o(us,usr1),0(u, Tu)}.
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If K (ug,u) = o (us,u), then
F(o(usy1,Tu)) < F(y(o(us,u))+amin{o(u,us),0(us,Tu)})+1
< F(o(us,u)+amin{o(u,us1),0(us,Tu)})+1.
Taking limit as s — oo, we have limy_ye. F (0 (ts,u) +amin{ o (u,us+1), 0 (us,Tu)}) +t = —eo . Hence, we get o (u, Tu) = 0.
If K(us,u) = 0 (us,ug+1), we have
F(o(ugr1,Tu)) F(y(o(us,us+1)) +amin{o(u,usr1),0(us, Tu)}) +1

F(G(MX,M.H] ) +amin{6(“a ”5+1)a G(usv Tu)}) +1.

INIA

Taking limit as s — oo we have

Sli_)m F(o(ug,ust1) +amin{o(u,usr1),0(us,Tu)}) +1 = —oo.

So, we get o(u, Tu) = 0.

If K(us,u) = 6(u,Tu), then by (d3),
F(o(ug+1,Tu)) F(y(o(u,Tu)) +amin{o (u,ust1),0(us,Tu)})+t

F(o(u,Tu)+amin{o(u,usy1),0(us,Tu)})+1

F(o(u,us)+ o (us, Tu)+amin{o (u,usr1),0 (us, Tu)}) + 2t.

IN A CIA

Taking limit as s — oo, we have

lim F(o(u,Tu) + amin{c (u,usy1), 0 (us, Tu)}) +2t = —oo.

§—o0

Thus, we have F (o (u,Tu)) = 0. Therefore, (1, Tu) = 0 and so T has an FP. O
Example 2.4. Let L=Nand ¢ : L X L — [0,00) be defined by

(I,t—,LL)Z, Ucu7“€{l7273}
o(u,p) =
2|lu—pyl, other

Let T : L — L be defined by
u/2, ifuiseven
T(u) =
(u+1)/2, ifuisodd
and o : L x L — [0,0) be defined by o (u, 1) = 1. Then, T is o.—admissible and continuous. Assume y : [0,00) — [0,00) be
defined by y (u) = 5 and a > 0.
Ifu=1and u =2, or uand U are consecutive natural numbers with L < u, then o(Tu,T) = 0. So, the proof is clear.

If u is even and W is odd and u, L > 4, then

u u+1
Tu, T = - — | =2
o(Tu,Tu) 0<2, 5 )

2|u—pl
2
V(K(u,p)) +amin{o(u,Tu),o (1, Tu)}.

u p+1
— . = lu—u-—1
) u—p—1]

IN

+amin{oc(u,Tu),o(u,Tu)}

IA

If u and | are even, then
u u u U
o(Tu,Tp) = G(gaE)ZZ §—§‘=|M—u|
2|u—p|
2

IN

+amin {o(u, T), o (1, Tu)}

IN

V(K(u,p)) +amin{o(u,Ti),o(Tu, 1)}
If u and U are odd, then

ut+l p+1N\ _ Jju gy

2
2|u—pl
2

IA

+amin{o(u,Tu),o(u,Tu)}

< y(K(u,u)) +amin{o(u,Tu),o(u,Tu)}.
Hence, all the conditions of Theorem 2.3 are satisfied. 1 is a unique FP of T.



Fundamental Journal of Mathematics and Applications 207

In this example, if u =1 and 4 = 3, then T is not an & — Y contractive mapping. Therefore, 7 is an almost o — ¥ weak
contractive mapping for a = 2.

If we take y(u) = u in Theorem 2.3, we have the following corollary.
Corollary 2.5. Let (L,0) be an F—complete F —ms and T : L — L be an ot—admissible mapping satisfying
a(uy,up) > 1= o(Tuy,Tuz) < K(uy,uz) +amin{o(uy,Tuz),o(uz, Tuy)}
forall uy,uy € L, where a > 0 and
K(uy,uy) = max{o(uy,Tuy),o(uz, Tup), o (uy,uz)}.
Assume that

i. T is continuous or
ii. fora sequence {us} C Lifus — uand ot(us,us11) > 1 forall s €N, then a(u,Tu) > 1

holds and there exists uy € L such that o(ug,Tug) > 1. Then T has an FP.
Definition 2.6. Let (L,0) bean F —ms and T : L — L be an a.—admissible mapping satisfying

o(uy,up) > 1= o(Tuy,Tuz) < W(K(uy,u2)) +amin{o(u,,Tu,),oc(uz,Tu)} (2.5)
forall uy,uy € L, where y € ®, a > 0 and

o (uy,Tuy)o(uz,Tuy)
G(Ml,uz) +1

K(u1,u2) —max{ ,G(ul,uz)}.

Then T is said to be an almost o0 — Y—rational type contractive mapping.

Theorem 2.7. Let (L,0) be an F—complete F —ms and T : L — L be an almost o — w—rational type contractive mapping.
Assume that

i. T is continuous or
ii. fora sequence {us} C Lifus — u and ot(us,us+1) > 1 forall s €N, then ot(u, Tu) > 1

holds and there exists uy € L such that &(ug, Tug) > 1. Then T has an FP.

Proof. Let ug € L such that ot(ug, Tup) > 1. Define a sequence {u;} C L by us = Tu,_; for all s € N. If uy = u,; for some
s >0, then u; is an FP of T. We suppose that u; # w1 for all s € N. Since T is an oc—admissible mapping and o(ug, Tug) > 1,
we deduce that a(uy,us) = ot(Tug, T?up). Continuing this process, we get a(ug, us 1) > 1 for all s € N. Now, by (2.5) we get

G(MS+17MS+2) = G(TMS7TMS+1) < W(K(Msaus+l) +amin{6(us+1aTus)aG(”s>Tus+1)}
= Y(K(us,usq1) +amin {0 (us1,U541), 0 (s, ts12) }
= W(K(uuuerl))
where

O-(Msa T”S)G(uerl ) TMH»I)
K(u..u. = D(u,. u,
(u.\auwrl) max{ D(MS,MS+1) + 1 ) (M.\auwrl)

O (s, U5 41)0 (11, Us12)
= max (e}
{ o(us,usp1)+1 7 (s e11)

- max{c(us+laus+2)a6(usvus+l)}-

If 6(usy1,us+2) > O (ug,Ust1), then we have
O (g1, us+2) < W(O (Ust1,us42)) < O (thgr1, Us12)
which is a contradiction. Thus o (ug1,us12) < O (us,us11) for all s. So, we have
O (st 1,us12) < W(0 (us, s 11))-
By induction, we get

G(”Hl ) us+2) < ‘I’S-H (O-(MO; ”1))
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Let k > 0 be fixed and (F,t) € Q x [0, 4c0) be such that
0 < j<limplies F (j) < F (k) —1.
ForO0 < F (Zszs(k) V(0 (uo,u1))) < and for each s,v € N,s > v, using (2.5) and (F1) we have

s—1
F (Z V’i(G(uo,ul))> SF<

sS—

lI/S(G(Mo,ul))> <F(k)—1.

1
v>v(k)

From (d3) of F—metric,

s—1
F(o(ug,u,) < F (Z G(ui,uj+1)> +1
s—1
< F (Z ‘/fi((ff(uo7ul))> +1
< F(k).

Therefore, {u,} is an F—Cauchy sequence in L. Since L is F —complete, there exists u € L such that u; — u. If T is continuous,
we have

im0 (Tus, Tu) = im0 (t541,u) = 0.
So, uis an FP of T.
Now, suppose (ii) is satisfied. Since ot (us,usy1) > 1 for all s > 0 and u; — u as u — oo, we have o(u, Tu) > 1.
From (2.5) we have

0 (usr1,Tu) = 0 (Tuy,Tu)
W (K (us,u)) +amin{o(u, Tuy), o (us, Tu)}

IN

where a > 0 and

K (s, e { o (ug, Tug) o (u, Tu) 76(%”)}

o (ug,u) + 1

-~ { "(“62‘;1 3)"+(”1 1) o, u)} .

If K (ug,u) = o (ug,u), then
F(o(usy1,Tu)) F(y(o(us,u)) +amin{o(u,us1),0(us, Tu)}) +1¢

F(o(us,u)+amin{o(u,usy1),0(us, Tu)}) +1.

IAIA

Taking limit as s — oo, we have

1iﬁm F(o(ug,u)+amin{o(u,usy1),0(us, Tu)}) +1 = —co.
§—>00

Thus, we get F(o(u,Tu)) = 0. If K(us,u) = 6(us,ug+1), we have

F(0uset,Tw) < FW(0{us,tse1)) +amin {o(ususs1), 0y, T)}) + 1
< F(o(usyusr1)+amin{o(u,usr1),0(us, Tu)}) +1.

Taking limit as s — oo, we have

lim F (o (us,us1) +amin{o (u,us11),0 (us, Tu)}) +1 = —oo.

§—ro0

Thus, using (F2) we get F (o (u,Tu)) If K(us,u) = 6(u,Tu), then by (d3),

F(o(usy1,Tu)) F(y(o(u,Tu))+amin{o(u,usy1),0(us,Tu)})+1
F(o(u,Tu)+amin{o(u,usy1),0(us, Tu)})+1

=0.
<
<
< F(o(u,us)+ o (us,Tu)+amin{o(u,usr1),0 (us, Tu)}) + 2.

Taking limit as s — oo, we have

lim F (o (u, Tu) + amin{o (u,us+1), 0 (us, Tu)}) + 2t = —oo.

s—oo

Hence, we get F(o(u,Tu)) = 0. Therefore, o(u, Tu) = 0 and so T has an FP. O
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Example 2.8. Let I'=[0,0) and 0 : T x I" — [0, ) be defined by

(ufnu)zv lf (Maﬂ) € [Oa 1] X [071]

o(u,p) =
|u_:u|7 lf(u»“) ¢ [071] X [07 l]
Let T :T" — T be defined by
2u, ifuel0,1]
T (u) =
2 ifue(l,2)
and
o :I'xT — [0,00) be defined by
1, if (u,u) €10,1] x[0,1]
a(”v“):

0, if (u,pt) €[0,1]x[0,1]
Then, T is a—admissible for (u, ) € [0,1] x [0, 1] and continuous. Assume y : [0,00) — [0,0) be defined by y (u) = 2u.

Ifu,u < % and a = 100, we have

o(Tu,T) = o (2u,2u)=[2u—2pu
2fu—pf? +amin{|u—2p?, |u—2ul*}

o(u,Tu), o (1, Th)
e e

IN

IN

Ileu,/J,>%anda:100, we have

o(Tu,Tp) = o (2u,2u)=[2u—2p|
< 2fu—pf?+amin{lu—2u)?, [ —2u*}
< o(u,Tu),c(u,TH)

{max { 1+o(u,u)

Hence, Ois an FP of T.

Corollary 2.9. Let (L,0) be an F—complete F —ms and T : L — L be an ot—admissible mapping satisfying

o(u,up) > 1= o(Tu;,Tup) < y(o(uy,uz)) +amin{o(uy,Tuy),c(uz,Tu;)}

forall uy,uy € L, where y € ®, a > 0. Assume that

i. T is continuous or

ii. forasequence {us} C Lifus — uand ot(us,ugi1) > 1 forall s €N, then o(u,Tu) > 1.

If there exists ug € L such that o(ug, Tug) > 1, then T has an FP.

If we take y(u) = u in Theorem 2.7, we get the following corollary.

Corollary 2.10. Let (L,0) be an F —complete F —ms and T : L — L be an o-admissible mapping satisfying

o(ur,up) > 1= o(Tu;,Tup) < K(uj,up) +amin{o(u,Tuy),o(uz,Tu)}

forall uy,u, € Land a > 0 and

G(ul,Tul)G(ug,Tug)
G(ul,uz) +1

K(uj,up) = max{

Assume that

i. T is continuous or

ii. for a sequence {u;} C Lif ug — u and ot(uz,us1) > 1 forall s €N, then a(u,Tu) > 1

holds and there exists uy € L such that o(ug,Tug) > 1. Then T has an FP.

,G(u,,u)}) +amin{o(u,Tu),o(u,Tu)}.

,6(u7u)}) +amin{o(u,Tu),o(u,Tu)}.

,G(ul,ug)} .
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