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Abstract — Nuray and Savas proposed statistical convergence of fuzzy number sequences. Afterward, Tripathy and Baruah
presented Riesz and Norlund convergence for sequences of fuzzy numbers. This paper defines statistical Riesz and Norlund
convergence of fuzzy number sequences. It then shows that if a sequence of fuzzy numbers is convergent, then it is statistical
Riesz/No6rlund convergent, but the converse is not always true. Finally, this paper discusses the need for further research.
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1. Introduction

Thus far, many studies, such as de la Vallée-Poussin, Cesaro, Riesz, and Norlund convergence [1-3], have
been conducted on sequences of fuzzy numbers [4,5]. New convergence types for nonconvergent sequences
of fuzzy numbers via Cesaro, Riesz, and Norlund means have been proposed in these studies. Another useful
type of convergence introduced for fuzzy number sequences is statistical convergence [6]. Afterward,
statistical convergence and statistical Cesaro and p-Cesaro convergence [7-9] have been investigated. This
study defines statistical Riesz and Nérlund convergence for fuzzy number sequences.

Section 2 of the present study provides some basic definitions to be required in the next section. Section 3
defines statistical Riesz and Norlund convergence of fuzzy number sequences. Moreover, it shows that
convergent sequences are statistical Riesz/Norlund convergent, but the converse is not always correct. Finally,
we discuss the need for further research.

2. Preliminaries

This section presents some basic notions to be needed for the following section.
Definition 2.1. A fuzzy set u over R is called a fuzzy number if

i. there exists an x € R such that u(x) =1

ii. u(Ax + (1 = )y) = min{u(x), u(y)}, forall x,y € Rand forall 2 € [0,1]

iii. forall € > 0, there existsa §(¢) > O such that [x —a| <6 = u(x) —u(a) <e¢

iv. the closure of {x € R: u(x) > 0}, denoted by supp(u), in the usual topology of R is compact
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Throughout this paper, the set of all the fuzzy numbers over R is denoted by FN(R).
Definition 2.2. The a-level set [u], of u € FN(R) is defined by
fxeRux)=za}, 0<ac<l
. {W a=0

Proposition 2.3. Let u € FN(R). Then, the set [u],, denoted by [u~(a), u* («)], is a closed, bounded, and
non-empty interval for all « € [0,1].

Proposition 2.4. The function D defined by, for all u,v € FN(R),

D(u,v) = Sup, max{|u”(a) — v ()], [p* (@) —v* ()|}
is a metric on FN(R), and (FN(R), D) is a complete metric space.

Proposition 2.5. Let 4, v,n,w € FN(R) and A € R. Then,

i. D(Au, Av) = |A|D(u,Vv)

ii. Dw+v,n+v)=D(n)

iii. D(u+v,n+w) <D(Wn)+D(v,w)

Definition 2.6. A sequence (uy) of fuzzy numbers is a function u from N to FN(R). The fuzzy number u,,
denotes the value of the function at k € N and is called the k" term of the sequence.

Across this study, the set of all the sequences of fuzzy numbers is denoted by w(F).

Definition 2.7. A sequence (uy) € w(F) is called convergent to u € FN(R) if, for all € > 0, there exists an
ny = no(e) € N such that D(uy, u) < ¢, forall k = n,.

Hereinafter, the set of all the convergent sequences of fuzzy numbers is denoted by c(F).

Definition 2.8. [3] Let (u) € w(F), (qx) be a sequence of non-negative real numbers, not all zero and q; >
0,and Q, =q; + q; + -+ qy, for all n € N. If limR,(q,u) = uy € FN(R), then (uy) is called Riesz-
n

R
convergent to fuzzy number u, and denoted by R'“,En Uy = Ug Or Uy, = uy Where

n
1
R,(qu) = Q_Z qkUx, MEN
M=1

Definition 2.9. [3] Let (uy) € w(F), (qx) be a sequence of non-negative real numbers, not all zero and q; >
0,and @, ==q, + g2 + -+ gy, forall n € N. If lim N,,(q, u) = uy, € FN(R), then (u;) is called Norlund-
n

N
convergent to fuzzy number u, and denoted by N -li’£n U = Ug Or u, = uy where

n
1
Nn(Q; u) = Q—Z Qn-k+1Ug, M EN
k=1

From now on, the set of all the Riesz and Norlund convergent sequences of fuzzy numbers are denoted by
Rc(F) and Nc(F), respectively.

Definition 2.10. The natural density of a set K < N is defined by § (K) = lirrln% [{k < n:k €K} where|.]|
denotes the cardinality of a set.

Definition 2.11. [6] A sequence (u;) € w(F) is called statistical convergent (or briefly st-convergent) tou, €

t
FN(R) and denoted by st-li}gn U = Ug OF Uy 5 ug if
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for all € > 0 and for all k except for a set of natural density zero, D (uy, uy) < €
or
foralle > 0,5({k <n:D(uguy) =¢€}) =0

or

there exists a subsequence (uy, ) such that lilgnnL =Tland uy,, - ug
k

Proposition 2.12. Let (u) € c(F). Then, (uy) € sc(F), (ui) € Rc(F), and (uy) € Nc(F).

3. Statistical Riesz and Norlund Convergence for Fuzzy Number Sequences

This section proposes statistical Riesz and Norlund convergence of sequences of fuzzy numbers and
investigates their properties.

Definition 3.1. Let (u;) € w(F) and (unk) be a Riesz convergent subsequence of (u;) to u, € FN(R) such

that li,£n71i = 1. Then, (uy,) is called statistical Riesz convergent (or briefly stR-convergent) to u, and denoted
k

StR
by stR—li}En U = Ug Or U — Ug. In other words,

. _ . _ .k
StR—h’En U, =Uy & H(unk) E] R—l%lrl? Up, = Uy A lllgnn—k =1

Throughout this study, the set of all the stR-convergent sequences of fuzzy numbers is denoted by stRc(F).
Definition 3.2. Let (u) € w(F) and (unk) be a Norlund convergent subsequence of (u;) to uy € FN(R)

such that liI£n11L = 1. Then, (uy) is called statistical Norlund convergent (or briefly stN-convergent) to u, and
k

StN
denoted by stN—lilgn Uy = Uy Or u, — ug. In other words,

k4

StN-limw, = up © 3(uy,) 3 N-l;lrl? Up, = Uy A lilgnn—k
Across this study, the set of all the stN-convergent sequences of fuzzy numbers is denoted by stNc(F).
Theorem 3.3. Let (uy) € stc(F). Then, (uy) € stRc(F).

Proof.
st R
Let uy — u,. Then, there exists a (uy, ) such that lilgnnL = 1 and u,, — uo. From Proposition 2.12, u,,, — u,.
k

O
The converse of Theorem 3.3 is not always correct.

Example 3.4. Let (wy) € w(R) defined by

e :{vk’ EInENBk:r;Z
u,, VneNk#+n
such that
2 oy e2-k,2]
w(x) = X xe(22+k]
0, otherwise

and
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x—k, x € [k, k+1]
ve(x)=3k+2—-x, x€(k+1,k+2]
0, otherwise

Then, the a-level sets of u;, and v, for all k € N and for all « € [0,1], are as follows:
[ugleg = [ka — (k — 2), (k + 2) — ka]
and
Wileg =la+k,k+2—a]
Therefore, (wy) is not convergent and also not statistical convergent because

lilgn[uk]a = lilgn[Z —k(1-—a),24+k(1—a)] =

Consider a sequence of real numbers (g,) = (Zk—k) Thus,

StR—h’En Wy =R—111£n U, = h{n R, (q,u)

where
(2(2k—1)(x+1)—k(k+x+2) k(k+1) )
6(2k —1) —k(k +4) ’ 2k+1 — (k +2) ’
Ri(quw) =\ k(—k +x—6) —2(2* = 1)(x — 5) k(k +1) :
62k —1) —k(k +4) ’ "(k +2) — 2k+1
0 otherwise
and its a-level sets, for all « € [0,1],
B (a—Dk(k+1) (a—Dk(k+1)
[Re(q,w)]q =|3a—1— 25— (k£ 2) ,5—3a+ 25— (k1 2)
because
[uilg = la+1,3 —a]
[uslg = [2a,4 — 2]
[usl, = [3a — 1,5 — 3a]
[ugly, = [4a — 2,6 — 4a]
[usl, = [5a — 3,7 — 5a]
[ugle = [6a — 4,8 — 6a]
[uglg = [ka — (k — 2), (k + 2) — ka]
and
[Ri(qw)]y = qj;‘l —u =[a+13—a
1
qiuq + qau, [6a +2 14 - 6a]
R ) = = )
[ 2(q u)]a 4+ 0 4 4
qiuq + qauy + qzus 2la+1 43 - 21«
[Ra(q,w)]q = - , |
g1+ qz + g3 11 11
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qiUq + qauy + q3uz + qauy 58a—6 110 — 58«
[Ry(q )], = = [ , ]
q1+q2+q3+q, 26 26

CI1u1 + CIzuz + q3u3 + q4,u4, + qsus 14‘10{ - 27 255 - 14—10!

[Rs(q. W)l = - [ , ]
91 t+q2+q3+qs+qs 57 57
_ quup + QoUp + q3uz + Qally + qsUs + el [3180( — 78 558 — 318a]
q1t+q2+q3+q4+qs+qe 120 120

[R6 (q' u)]a

R (@], = |G 2 K k== @k -2k —2) 5.2 k- 6k =10 - (3241 — k2~ 4k~ ©)a
@ Wla = 2K+ — (k 4 2) ’ 2kt — (k + 2)
_[3pq @ DkG+D o (a-Dkl+1)
2K —(k+2)’ 2k+1 — (k +2)
Thus,
_ . (@ — Dk(k +1) (@ —Dk(k+1)
lllgn[Rk(q,u)]a = 11’?‘1 [30{ -1- 21— (k + 2) ;5 —3a+ 2k+1 — (k + 2)
Hence,
x+1
( 7 X€[-12]
) 5—x
lim Ry (q,u) = 7 X €(25]
0, otherwise
Therefore,
=2, xe[-12]
5_
Rst-lim wy, = = X €(25]
0, otherwise

Consequently, although (wy) is not convergent and not statistical convergent, (wy) is statistical Riesz
convergent.

Corollary 3.5. Let (uy) € c(F). Then, (uy) € stRc(F).

Theorem 3.6. Let (uy) € sc(F). Then, (uy) € stNc(F).

The proof is similar to the proof of Theorem 3.3. The converse of Theorem 3.6 is not always correct.
Example 3.7. Consider (wy,) provided in Example 3.4 and (g;) = (2¥). Thus,

StN-hI{n Wy =N-111£nuk = III£n Ni(q,u)

where
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(2F—1)x—k
2k+1 — (k+2)’
Ny (q,uw) = -2 -1)x+k k
i T2 xe(2’4_2k—1]
0 otherwise

x € [2k—1’2]

and its a-level sets, for all « € [0,1],

k(1-a) k(a—1)
[Nk(q,u)] 2a+ﬁ,4 2a+ﬁ

because

[uglye = [ka — (k — 2), (k + 2) — ka]
and

qiuq

q1

[N:(q, W] = =u = [a+13—a]

_ 42t + Qauz _ 4a+2 10— 40(]

N, (q, )
[N2(q u)] 0+ 9 3 3

u, +gou, + g,u 11la+ 3 25— 11«
[N3(q, )], Q3 1 T q2Uy; T qU3 [ ]

1+ 4z +qs 7 "7
_ Q4 + q3uy + quuz + quuy  [26a+ 4 56 — 26a
Qg1+ q2+q3+qs [ 15 ° 15 ]
_ st + qquy + q3us + quuy + quus  [S7a+5 119 — 57«
41t q2+tq3+q4t3s [ 31 31 ]
_ Qs + qsu, + quusz + qzuy + qaus + g ug 120a + 6 246 — 120«
q1+q2+q3tqs+qs +qe [ 63 63 ]

[Na(q, W]

[Ns(q, w)]q

[Ne(q, W]

2k+1—2—k)a+k 22 — 4 — - (2" -2 —k)a
k—1 ’ 2k —1

[Nk (q' 'LL) [(

k(1—a) 4—2a+k(a_1)

=20+ ——~ -
[(H 2k —1 2k —1

Thus,
lim[N, (g, W)]e = [2¢, 4 — 2a]

105
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Hence,
X
=, € [0,2
5 x € [0,2]
4 —x
lim N (q,u) = , X €(2,4]
0, otherwise
Therefore,
(7 x€lo2]
4—x
stN-limw,, = {5 X € (24]
k .
0, otherwise

Consequently, although (wj) is not convergent and not statistical convergent, (wy) is statistical Norlund
convergent.

Corollary 3.8. Let (uy) € c(F). Then, (uy) € stNc(F).
4. Conclusion

This paper proposed statistical Riesz and Norlund convergence of sequences of fuzzy numbers. It then showed
that if a sequence of fuzzy numbers is convergent, then it is statistical Riesz/Norlund convergent, and the
converse is not always correct by two examples. In the future, the Tauberian conditions for a statistical
Riesz/Norlund convergent sequence to be convergent/statistical convergent and Korovkin-type theorems can
be studied.
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