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Abstract

Let R be aring, I be an ideal of R and /I be a prime radical of I. This study generalizes the prime radical
of +/I which denotes by "*3/I, for n € Z*. This generalization is called the n-prime radical of ideal I.
Moreover, this paper demonstrates that R is isomorphic to a subdirect sum of ring H; where H; are n-prime
rings. Furthermore, two open problems are presented.

Keywords: Prime ring, Prime ideal, Semiprime ideal, Prime radical.

1. INTRODUCTION

Let R be a ring and I be an ideal of R. The prime radical of the ideal I is
VI = {r € R : for every m — system M containing r,M N I # @}
and the radical of ring R is also defined as B(R) = V0 [11].

The reason for studying radicals is that a ring R is isomorphic to a subdirect sum of prime rings if and
only if f(R) = (0) [11]. Due to this feature, problems in rings can be transferred to prime rings by using
the prime radical of a ring.

In generalizing the classical notion of the radical in a ring, different kinds of radicals have been
defined by many authors, including Kothe [8], Baer [5], Levitzki [9], Jacobson [7], Brown-McCoy [6],
Azumaya [4] and McCoy [10]. Moreover, different generalizations of the prime radical have also been tried
to be accomplished [13], [12].
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This study constructs a different generalization of the prime radical which is represented by "*3/I and
analyzes the properties of "*V/1I. It also attempts to characterize the n-radical of a ring and denoted it by

B"(R).
2. BASIC CONCEPTS AND NOTIONS

The current section provides the following basic definitions in [1, 11].
Definition 2.1. Let R be a ring and I be a semigroup ideal of R. If aRb c [ impliesa € [ or b € I, then I is
called a semigroup prime ideal.
Definition 2.2. Let [ be an ideal of ring R. If aRb < I impliesa € [ or b € I, then I is called a prime ideal.
Definition 2.3. Let I be a semigroup ideal of ring R. I is called a semigroup semiprime ideal, if aRa c I
implies a € [.
Definition 2.4. Let [ be an ideal of ring R. I is a called semiprime ideal, if aRa c I implies a € I.
Definition 2.5. [3] Let R be aring and @ # [ be an ideal of R. In [1], the set Ly (I) is defined as follows:
Lr(l) ={a€R:aRacl}
Motivated by this set,
LR() ={a€R:aRac L3 !(I), n e N}
Definition 2.6. [3] Let I be an ideal of ring R. I is called an n-prime ideal if LR(I) is a semigroup prime
ideal.
Definition 2.7. [3] Let [ be an ideal of ring R. I is called an n-semiprime ideal if LR(I) is a semigroup
semiprime ideal.
Definition 2.8. [3] R is called an n-prime ring if L} (0) is a semigroup prime ideal.
Definition 2.9. [3] R is called an n-semiprime ring if LR(0) is a semigroup semiprime ideal.

3. A GENERALIZATION OF THE PRIME RADICAL

Key definitions and notations essential for the generalization of radicals are presented below.
Notation 1. Let [ be a semigroup semiprime ideal. Then, from [3], Lg(I) = I. Accordingly,
A"(I) ={] c R: ] semigroup ideal and L§(]) = I} €))
is not an empty set because of I € A" ().
Lemma 3.1. Let ] and ] be two ideals of ring R. Then, LE(J N ]) = LE(J) n LE()).

Proof. Since £3(J) = ] and L3(]) =], for n = 0, the proof is obtained evidently. Letn = 1. Ifx € Lg(J) N
L), then xrx € £3(J) = ] and xrx € L3(]) =], for all r € R. Hence, xrx € ] n] = L3(J N]). Therefore,
x € Lr(J N]). Accordingly, Lg(J) N Lg(J) € Lg(J N]). Conversely, if x € Lg(JN]J), then xrx €] N] =
L3 N]). From here, xrx € L3(J) = ] and xrx € L3(J) =], for all r € R. This means x € Lg(J) N Lg(]).
Consequently, Lg(J N ]) € Lg(J) N Lg(]). Assume that

LR N]) = LR(D) N LR()
for an arbitrary n € N.
Let x € LB*1(]) N L&*2(]). Then, xrx € LE(]) and xrx € LE(]), for all r € R. Therefore, xrx € LE(]) N
LB(]) for all r € R. From here, xrx € LE(J N]). As a result, x € L1 (J n]). Thus, LA™ () n LEY(]) €
LB (] N7T). The converse is similar. Hence, L3Y*(J N ]) = LAT1()) n LEH()).

Corollary 3.2. {J;}ica is a set of ideals of ring R. Then, L™ (Nica Ji) = Niea £L2" J5)-

Proof. The proof is evident from induction.
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Theorem 3.3. Let I be a semigroup semiprime ideal. ] N ] € A™(I), for every J,] € A™(I).

Proof. If ],] € A"(I), then L&(J) = L3(J) = I. From Lemma 3.1,

I=LD) nLR(Q) = LEAN])
Then, ] n] € A(I).

Lemma 3.4. Let [ be a semigroup semiprime ideal of ring R. Then, A" (I) ¢ A"*1(1), for alln € N.

Proof. Let | € A%(I). Thus, L3™1()) = Lr(LR())) = Lg(I) =1 . Therefore, ] € A®1(I) and A(]) C
An+1(I).

Notation 2. Let I, be a semigroup semiprime ideal, for all « € A. Consider the set

{] _ ﬂ Ju:Jo € AN(I), 0 € A}
aEA

From Notation 1, since [, € A"(I,), for all « € A, then Nyep [, 1S an element of this set. Let’s symbolize

this set with Ngep A"(Ig).-

Theorem 3.5. Let [, be a semigroup semiprime ideal, for all a € A. Then,

(#0010

aEA aEA

Proof. Let ] € Ngep A"(Iy). Then, ] = Ngep Jo Where ], € A"(1,), for all « € A. Hence, from Corollary

3.2,
£30) = £3 (ﬂ Ja> = () zr00 =)

a€EA a€EA aEA
Accordingly, ] € A™(Ngea Lo)-

Example 1. Let (F,+,.) be a fieldand R = {(

a
0
0
0
):a,b,c,e € F}, I, = {(O
0

b ¢
d e|:ab,cde€F;bearing.
0 0

a b c b ¢
L, =40 0 e d e]:bcdec€F
0 0O 0 0
a b c 0 b c
;=410 0 O0]:abc€eF,l,=4{0 0 d]:bcdEeEFy
0 0 O 0 00
0 b c 0 0 c
I[s;=3(0 0 O]:bceF,lg=310 0 d]:c,d€F;and
0 0 O 0 0 O
0 0 c
I, =410 0 0 ]:cé€ F;are semigroup semiprime ideals of R. From here,
0 0 O

Lr(1y) =11, Lr(1y) = Ly, Lr(I3) = 1, Lr(ly) = 1y, Lr(Is) = L4, Lr(I) = Iy, Lr(I7) =14 and
Lz (0) =I5 U I;. Besides that, I; and I, are prime ideals. Moreover, I; N [, = I, is a semiprime ideal. Thus,
A(ly) = {I;}andA(1y) = {I,,15}.
Consider with A = {1,2}, Ngea A() = {14, 15}
Because of Ngep [ =11 N1, =14,
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A(ﬂ Ia> = {l4, 15, 16,17}

aEA
is provided.
Therefore,

ﬁA(Ia) c A(ﬂ 1a>.

aEA aEA

Notation 3. Let [ be a semigroup semiprime ideal. Then,

INOERAN!
JeAR ()

Theorem 3.6. If | is a semigroup semiprime ideal, then Lg" (1) € A"(I).

Proof. Let [ be a semigroup semiprime ideal.

ey =4 []71]= )] ao=1
JeAr (D JeAn (D)
Hence, LR"(I) € A"(I). Since I is a semigroup semiprime ideal, Lg"(I) € A"(I). Therefore, Lg"(I) C ]
forall ] € A"(I).

Definition 3.7. If [ is a semigroup semiprime ideal of R, then Lg"(I) is called an n-minimal semigroup
semiprime ideal of A" (I).

Lemma 3.8. [3] Let R and S be two rings and ¢: R — S be an endomorphism and P be an ideal with Ker¢ =
K c P. If P is a n-semiprime ideal of ring R, then @ (P) is a n-semiprime ideal of ring R.

Lemma 3.9. [3] Let R and S be two rings and ¢: R — S be an endomorphism and P be an ideal with Ker¢ =
K c P. If P is a n-prime ideal of ring R, then ¢ (P) is a n-prime ideal of ring R.

Theorem 3.10. Let [, be a semigroup semiprime ideal, for all « € A. Then,

()1 =[] L2

aEA aEA

ww= (] 1= (] 7

aEA JEA" (Ngen la) JENqea AR (Ig)

N 1=[) 0o

JENqea A™(1o) aEA

Proof. From Theorem 3.5,

Therefore,

Example 2. Adopting the Example 1,
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-1 — —
=] =1
JeA(11)

Lﬁl(lz) = ﬂ J=1Is,
JEA(I,)

() 420 = £2' @) n £ A =1

aEA
and
()10 = L' n) =1,
aEA
Therefore,
)=t et =[] L',
aEA aEA

This means that equality may not be achieved.

Definition 3.11. Let [ be an ideal of ring R and v/I be the prime radical of I. Then, the n-prime radical of I
is characterized as

M = Ll;(n_l) (1), fornezt
where 1-prime radical of I is equivalent to vI = L3(+/1). Moreover, the n-prime radical of ring R can be
defined as n-radical of the ring
B(R) = "3/ (0)

where n > 1, n € N, and 1-radical of ring R is equivalent to B(R).

Theorem 3.12. Let [ be an ideal of ring R. Then,
"Vic
forn € {2,3,...}.

Proof. Let I be an ideal of R. Then, from Lemma 3.2, A"~*(+/I) € A" (+/I). Accordingly,
"=tV = [ Je [ r=a"ch=¥

JeAr (VD) J'eAr (VD)

Corollary 3.13. Let [ be an ideal of ring R. Then,
Lc™cVlc.c¥icicicl

Proof. The proof is obvious from induction.

Corollary 3.14. Let [ be an ideal of ring R. Then,
n+1 [ = ﬂ L;(n—l) (P)

IcP,Pprime

Proof. \/T = nICP,Pprime P. Then,



n+w — L;(n—l)(\ﬁ) — L;(n—l)( ﬂ P)

IcP,Pprime
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ﬂ £V p).

IcP,Pprime

Example 3. For the Z;, ring, let’s examine n-prime radicals " (Z3g).

[;ideal

Ly, (1;)

lp =(0),1g = (6),11, = (12),;5 = (18)

LZ% (Ip) = LZ% (Ie) = LZ% (I12) = ['de (I1g) = (6)

I, = (1) =7z

['de (1) = Zse

L=02)L=®)

LZ% (I) = ['de (1) = (2)

I3=0)l=(9)

LZ% (I3) = ['de (Is) = (3)

Ig = (8)

LZ% (Ig) = (4)

li6 = (16)

LZ% (I16) = (8)

Sll’lce 112 N 118 = (O),

Ly, iz N1g) =

Lde (O) = I6'

In this case, B(Z3zg) = /(0) = I, N I3 = I4. Furthermore,

LZ_316 (\/@) =l Nlg Nl N1ig = (0)

and

B2(Z3e) = Y/ (0) = "Y/(0) = Lz}, (J(0)) = £Lz;,((6)) = (0)

and Zzg / B?(Z3¢) = Zs¢. Therefore,

62(236 / 62(236)) = (0).

a
Example 4. Let (F,+,.) be a field and R = {(O
0

BR) =/(0) = {(
LM (0) = {

and

B(R) = Y0 = ) = L (/) =

Quotient ring as

:a,b,cEF},

o

a b c a b 0
ﬁzi(o d e>+BZ(R):a,b,c,d,eEF}z{(O d e):a,b,d,eeF}
0 0 O 0 0 O
where
a b 0 x y 0 a+x b+y 0
(O C d>+<0 vA t>=(0 c+z d+t>
0 0 O 0 0 O 0 0 0
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a b 0\/x y O ax ay+bz bt
0 c dJ|l0 z t|=|0 cz ct |
0 0 0/\0 O O 0 o0 0

a b 0 0 b 0
Thus, I; =40 0 e):a,b,eEF},Iz={<O d e):b,d,eEF},

0 0 O 0 0 O
a b 0 0 b 0

I;=3(0 0 O):a,bEF},I4={(O 0 e):b,eEF},
0 0 O 0 0 O
0 b O 0 0 O .

I; =410 0 O) b e F}, lg = {(O 0 e) re € F} are semiprime ideals of R. Then, Lz(I,) =
0 0 O 0 0 O

I, Lg(1p) =14, Lg(I3) = 1y, Lg(y) = 14, Lg(Is) = 14, Lg(Ig) = 14, and L(0) = I,. Herefrom,
0 b O a b 0
I, ={(O d e):b,d,eEF}andIl ={(O 0 e):a,b,eeF}
0O 0 O 0 0 O
are prime ideal. Moreover, I; N1, =1, is a semiprime ideal. A(I;) = {I,} and A(I;) = {I;, 15} are

obtained. It is observed that
BR) =/(0) =1,
Since £L=*(1/(0)) = (0), B2(R) = (0). Thus,
B2(R/ B*(R)) = B*(R) = (0).

Theorem 3.15. If I is an ideal of R, then Lz () c V1.

Proof. For all a € Li(I), aRa c I c /1. Since /1 is a semiprime ideal, a € 1. Hence, Lg(I) c V1.
Theorem 3.16. If I is an ideal of R, then LE(I) c /1, for alln € N.

Proof. From Theorem 6, Lg(I) € /1, forn = 1. Let

Lrx(D) c Vi
for all n € N. Therefore,

Lr(LR(D) = LEH(D) < Lg(VD) =1

Theorem 3.17: Let R be a ring and let {H;};c5 be a n-prime ring family. If R is isomorphic to a subdirect
sum of ring Hj, then B(R) = LR(0).

Proof. Since R is isomorphic to a subdirect sum of ring H;, there is an ideal K; of R such that R / K; = H;
and Niep K; = (0).

On the other hand, from [[3], Theorem 4], w1 (L{}Ii(O)) = LR(K;) is a prime ideal. Therefore,

R =[|ne) caxo = La(ﬂ Ki> = LR(O).

jeA ieA ieA
Hence we get B(R) = LR(0).
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Theorem 3.18. Let R be a commutative ring with identity. Suppose that (L§(0))? = (0) and each ideal of
ring R has pairwise comaximal ideals in R. If B(R) = LR(0), then R is isomorphic to a subdirect sum of
ring H; where H; are n-prime rings.

Proof. Suppose that L§(0) = B(R). Hence,
="
ieA
where P, is a prime ideal, for all i € A. Since P, is a pairwise comaximal ideals in R,

(}¥=<fp02=@mmﬁ=m)

ieA ieA
Thus, N; K; = 0 where P? = K, for all i € A. On the other hand, since L](K;) = LR(P?) = P, LR(K;) is
a prime ideal and the set R / K; = H; is a n-prime ring. Let r;: R = R / K be a natural epimorphism with
m;(r) = 0, for alli € A and 0 # r. As a consequence, r € N;ea K; = (0). This is a contradiction.

Remark 1. If B(R) = £&(0), then "(R/B"(R)) = (0).

Proof. If L&(0) = Lg(£E71(0)) = B(R), then (0) € A"~1(B(R)). Therefore,
B (R) = ") = Lz"7V(0) = Njear-1pryy ] = (0)

and

B"(R/B"(R)) = (0).
4. CONCLUSION

This article attempts to generalize the prime radical in a promising way. It also investigates the
properties of the basic notions essential for this generalization specifically A™(I) and Lz "(I). The paper
introduces the definitions of n-minimal semigroup semiprime ideal, n-prime radical of ideal I , and n-prime
radical of ring R. Future research could extend these results to different rings, utilizing the generalization
of prime radicals, thereby contributing significantly to ring theory. Additionally, the paper highlights open
problems that may guide future studies.

5. OPEN PROBLEMS
1. Minimal (n — 1) — prime radical is a subideal of intersection of (n — 1) — prime ideals.
2. Let R be aring. Then, ﬁ”(R/ﬁ”(R)) = (0).

REFERENCES

1. Karalarhoglu Camci, D. (2017). Source of Communications of the Korean Mathematical

semiprimeness and multiplicative (generalized)  Society, 33(4), 1083-1096.
derivations in rings, Doctoral Thesis, Canakkale

Onsekiz Mart University, Canakkale, Turkey. 3. Karalarlioglu Camci, D., Yesil, D., Mekera, R,
Camci, C. A Generalization of Source of

2. Aydm, N., Demir, C., Karalarlioglu Camc1, D. ~ Semiprimeness, Submitted.
(2018). The source of semiprimeness of rings,



4. Azumaya, G. (1948). On generalized semi-
primary rings and  Krull-Remak-Schmidt’s
theorem, Japanese Journal of Mathematics, 19, 525-
547.

5. Baer, R. (1943). Radical ideals, American
Journal of Mathematics, 65, 537-568.

6. Brown B., McCoy, N. H. (1947). Radicals and
subdirect sums, American Journal of Mathematics,
67, 46-58.

7. Jacobson, N. (1945). The radical and semi-
simplicity for arbitrary rings, American Journal of
Mathematics, 76, 300-320.

8. Kothe, G. (1930). Die Strukture der Ringe deren
Restklassenring nach den Radikal

vollstandigreduzibel ist, Mathematische Zeitschrift,
32, 161-186.

9. Levitzki, J. (1943). On the radical of a ring,
Bulletin of the American Mathematical Society, 49,
462-466.

10. McCoy, N. H. (1949). Prime ideals in general
rings, American Journal of Mathematics, 71, 833-
833.

11. McCoy, N. H. (1964). The Theory of Rings. The
Macmillan Co.

12. Harehdashti, J. B., Moghimi, H. F. (2017). A
Generalization of the prime radical of ideals in
commutative rings, Communication of the Korean
Mathematical Society, 32 (3), 543-552.

13. Clark, W. E. (1968). Generalized Radical Rings,
Canadian Journal of Mathematics , 20, 88 - 94.

Natural & Applied Sciences Journal Vol. 6 (2) 2023 69



