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Ruled Surfaces with 77N,-Smarandache Base Curve
Obtained from the Successor Frame
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Abstract

In this study, ruled surfaces formed by the movement of the Frenet vectors of the successor curve along the
Smarandache curve obtained from the tangent and principal normal vectors of the successor curve of a curve
were defined. Then, the Gaussian and mean curvatures of each ruled surface were calculated. It has been shown
that the ruled surface formed by the tangent vector of the successor curve moving along the Smarandache curve
is a developable ruled surface. In addition, it was found that the surface formed by the principal normal vector of
the successor curve along the Smarandache curve is a minimal developable ruled surface if the principal curve
is planar. Conditions are given for other surfaces to be developable or minimal surfaces. Finally, the examples of
these surfaces were provided and their shapes were drawn.
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1. Introduction

The image of a function with two real variables in three-dimensional space is a surface. Surfaces are used in many fields, such
as architecture and engineering [1]. In 1795, Monge defined the ruled surface as the surface formed by the movement of the line
along a curve. Any ruled surface is formed as a result of the continuous movement of a line along any curve. These curves are
called the base curve and the director curve, respectively. The curvature of surfaces was defined by Gauss in the 19th century,
and therefore it was named Gaussian curvature [2]. Gaussian curvatures are related to the dimensions of the surface [3]. Since
the average curvature of the surface is a ratio, it is independent of the size of the surface. Thus far, many studies [4—14] on the
Gaussian curvatures of surfaces have been conducted.

There are many special curves in differential geometry. One of them is the successor curve. This curve is defined as a
new curve; such that the tangent of one curve is the principal normal of the other curve, by Menninger [15] in 2014. Later,
Masal [16] investigated the relationships between the position vectors of this curve and defined successor planes. Thus far, many
studies have been conducted on this concept [17, 18]. Another special curve is the Smarandache curve defined in Minkowski
space [19-22].

In recent years, many studies have been conducted on ruled surfaces whose base curve is the Smarandache curve. Some of
these studies can be accessed from [23-30].

In this paper, we present some special ruled surfaces with 77 NVj-Smarandache curves obtained from their successor frames.
We investigate the properties of these ruled surfaces by means of Gaussian and mean curvatures. We then obtain the conditions
that which of these surfaces are developable and which of these are minimal. We visualize the main idea by providing examples.
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2. Preliminaries

This section provides some basic notions needed for the following sections. Throughout this paper, let & = o/(s) and 8 = B (s)
be two differentiable unit speed curves in E* and their Frenet apparatus be {T,N, B, k,t} and {T1,Ny,By, k1, T }, respectively.
Then,

T=0o,N=-—=- B=TAN, x=|d"|, 7=(N',B), T'=kN, N'=—«T +1B, B'=—1N.

The surface formed by a line moving depending on the parameter of a curve is called a ruled surface, and its parametric
expression is X (s, V) = a(s) + vr(s). Here, v is a constant. Besides, ¢ and r are referred to as the base curve and the director
curve of X, respectively. The normal vector field Ny, the Gaussian curvature Ky, and the mean curvature Hy of X (s, V) are as
follows:

X, AN Xy
Ny = 7——, (1
XA )
eg— f? Eg—2fF +¢G
Ke=—""_ Hy=-2 "~ - 2
XTEG-F> T 2(EG-F?) @
Here,
E= <XS’XS>’ F= <X57XV>7 G= <XV7XV>a 3)
€= <XYS7NX>3 f: <XYV7NX>a 8= <XVVaNX> . (4)

Definition 1. (see [15, 16]) If the unit tangent vector of . is the principal normal vector of B, then B is called the successor
curve of Q..

Theorem 2. (see [16]) Let B be the successor curve of . The Frenet apparatus of B are as follows:
Ti = —cosON+sinBB, Ny =T, B =sinON +cosOB, k; =«kcosfO, 7T} =Ksin6.

Moreover,

0(s) = 6+ / T(s)ds.
Here, 0 is the angle between binormal vectors B and Bj.

Definition 3. (see [22]) A regular curve in Minkowski space, whose position vector is obtained by Frenet frame vectors on
another regular curve, is called a Smarandache Curve.

Let f be the Successor curve of o. It can be observed that the unit curve 7, inspired in [22], produces Smarandache curves,
for all s € I C R, such that

_ aT+bN+cB
Va+b2+c2’

Here, if a, b, and ¢ are nonzero, the Smarandache curves produced by ¥(s) are denoted by {7' N B}-Smarandache Curves. This
paper consider {7 N}-Smarandache curves.

¥(s)

a,b,c e R.

3. Ruled surfaces with 73 N;-Smarandache base curve obtained from the successor frame

Definition 4. Let the successor curve of the curve o be B . The ruled surface formed by tangent vector Ty along the
Smarandache curve TN\ obtained from the tangent vector Ty and principal vector Ny of the curve B as follows:

1 1
D(s,v) = E(Tl +N)+vh = E(T_COS ON +sinOB) + v(—cos ON +sin OB). )
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Theorem 5. Let the successor curve of the curve o, be 3. The Gaussian and mean curvatures of the ruled surface ®(s,v) are
as follows:

2(sin® + (1+vv2)2cos? 0) — kt(1+vv2)

Ko =0, Heo=
® ® cos2 @sin? O (1 +vv/2)2

Proof. Partial derivatives of equation (5) are

k((1+vV2)cos@T +N)
V2

(' ((1+vv2)cos @) — kT((1+vv2)sin@) — k)T + (k*(1 +vv2) cos 0 + k' )N — KTB
75 :

Thus, from equation (1) the normal Ng of the surface is given as

D =

, ®,=(—cosON+sinbB), D, =«kcosbT, ®,, =0,

(I)ss: -

" sinOT — ((14vv/2)sin@cos O)N — ((1+vv/2)cos? 0)B
o = .
\/sin29 +cos2(1+vv/2)20(1 +sin?0)

Moreover, in equations (3) and (4) the coefficients of fundamental forms are

2 2 a2
K“((I+vv2)“cos” 0 +1 0
Eg = (( 2) ), F@Z—KCOS , Go=1,
2 V2
Kk2(sin 0 + (14+vv/2)?cos? 0) — k(1 +vv/2)
ep = ; Jo=8s=0
\ﬁ\/sin2 60 +cos2 (1 +vv/2)2(1 +sin’ 6)
respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found. |

Corollary 6. The ruled surface ®(s,v) is a developable surface.
Definition 7. Let the successor curve of the curve o be 3. The ruled surface formed by principal normal vector Ny along the

Smarandache curve T\ N\ obtained from the tangent vector Ty and principal vector Ny of the curve B as follows:

1 1
:ﬁ(Tl—l—Nl)—i—le:E(T—coseNﬁ-sinGB)—va. 6)

Theorem 8. Let the successor curve of the curve o be . The Gaussian and mean curvatures of the ruled surface Q(s,v) are
as follows:

0O(s,v)

KT
Ko=0, Ho= 1.

Proof. Partial derivatives of equation (6) are

k(—cosOT + (1+vv2)N)

Qs: \/z 5 Qv:T7 st:KNa vi:07
(k' +kTsin® — k*(1+vv2))T + (k*cos 6 — k'(1+vv/2))N — k(1 +vv2)B
Qs = — .
V2
Thus, from equation (1) the normal Ny of the surface is given as Ny = —B. Moreover, in equations (3) and (4) the coefficients

of fundamental forms are

2 2 2
k%(cos? 8+ (1+vv2 K cos 0
Ep= ( ( )), Fo=—+, Go=1, eQ:KT(l—i-Vﬁ), fo=80=0
2 NG
respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found. |
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Corollary 9. Let the successor curve of the 3 curve be a. If the curve a. is planar, the ruled surface Q(s,v) is the minimal
developable surface.

Definition 10. Let the successor curve of the curve & be B. The ruled surface formed by binormal vector By along the
Smarandache curve T\ N\ obtained from the tangent vector Ty and principal vector Ny of the curve B as follows:

1 1
M(s,v) = \ﬁ(T] +Ny)+vB = %(T —cos ON +sinOB) 4 v(sin ON + cos OB). @)

Theorem 11. Let the successor curve of the curve & be . The Gaussian and mean curvatures of the ruled surface M(s,v) are
as follows:

3
2

2sin? 6 cos? ~ T(sin26 — vV/2) — kcos 0 ((cos O —vv/2sin0)? — cos? @ +sin” )

KM:_ ) HM_ N
(cos?@ + (cos 0 —v 2sin9)2)2 V2K (cos? 6 + (cos 6 —vv/2sin 0)?)

Proof. Partial derivatives of equation (7) are

K((cos@ —vv/2sin0)T + N
M, = (( V2 ) ), M, =sinON +cosOB, M, =—xksin0T, M,, =0,

V2

(K + K/ (cos 6 —v/2sin 0) + k7(sin @ — vv/2¢c0s 0)) T + (k' + k*(cos & —v/2sin 0))N + kB
NG :

Thus, from equation (1) the normal Ny, of the surface is given as

Mg, = —

cosOT —cos 0 (cos O —vv/2sinO)N +sin O (cos 6 —vv/2sin6)B
\/cos2 6 + (cos @ —v/2sin 9)?2

M=

Moreover, equations (3) and (4) the coefficients of fundamental forms are

Kk ((cos 6 —vy/2sin6)*+1) . Ksind

Ey = ) ) M=77 Gu=1, gu=0,
e — KT(sin20 —vv/2) — (k? cos B(cos O — vv/2sin )% — 1)7 fi = —Kksin6cos O ,
V/24/c0s2 0 +cos B (cos & —v1/25in 0)2 \@\/cosze—i—cose(cose—v 2sin0)?
respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found. |

Corollary 12. Ifthe 8 =n+kn (k€ N)oror 6 = % +km (k € N), the ruled surface M(s,v) is a developable surface.

Definition 13. Let the successor curve of the curve o be . The ruled surface formed by the vector T\Ny along the Smarandache
curve T\ N obtained from the tangent vector Ty and principal vector Ny of the curve as [ follows:

1 v 1+v
,u(s,v):\ﬁ(T]Jer)Jrﬁ 2

Theorem 14. Let the successor curve of the curve o be 3. The Gaussian and mean curvatures of the ruled surface L(s,v) are
as follows:

(i +N) = (T —cosON +sin6B). (8)

V2sin6( —27sin 0 — k(1 +cos?))
2k (1 +vv/2)(1 4 cos?)

Ky =0, Hy=

Proof. Partial derivatives of equation (8) are

_ (I4+v)Kk(cosOT +-N) T —cosON +sin6B _ k(cosOT +N) _0
.LLS \/i ) ,uv \/i ) ”SV \/i ) Iva 9
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(14v)(k'cos® — ktsin® — k*(14v))T + (K’ + k*cos (v —sin 6) + KTB
Mgs = — \/5 .

Thus, from equation(1) the normal Ny, of the surface is given as

Ny = sin@T — cos 8 sin ON — sin §*B.

Moreover, in equations (3) and (4) the coefficients of fundamental forms are

(14v)?k%(cos’ 6 +1) (14v)?ksin 8 (27sin 6 + k(1 +cos?0)
E, = , Fu=0, Gy=1, ¢, = ( ), fu=28u=0
2 V2
respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found. |

Corollary 15. If 6 = kr (k € N), the ruled surface |1(s,v) is a developable surface.
Definition 16. Let the successor curve of the curve & be B. The ruled surface formed by the vector Ty By along the Smarandache

curve T\ N obtained from the tangent vector Ty and principal vector Ny of the curve B as follows:

y(s,v) = %(Tl +N)+ \% \%(T —cosON +sin6B) + \%((sin@ —cos0)N + (sin@ +cos0)B).  (9)

Theorem 17. Let the successor curve of the curve o be . The Gaussian and mean curvatures of the ruled surface y(s,v) are
as follows:

(Ti +B1) =

(sin® @ — cos? )2
((14sin26) +2(cos 8 — v(sin 6 — cos 6))?).((cos @ — v(sin 6 — cos 0))? +sin26)

KW:_

7(142v) + K(sin 6 4 cos 0) ((cos 6 — v(sin @ — cos 0))* +sin26 —2)

Hy = — .
Y kv24/(145in26) +2(cos 6 — v(sin @ — cos ) )2.((cos 8 — v(sin 6 — cos 0))* + sin26)

Proof. Partial derivatives of equation (9) are

K ((cos 8 —v(sin® —cos6))T +N) (5in — cos O)N + (sin 6 +cos 6)B k(cos @ —sin )T
Y = y W= y Yop=——"F7%=, II[VV:07
V2 V2 V2
Yoo = (k(cos® —v(sin® — cos 0)) — kT(sin @ + v(sin 6 +cos 0)) + k)T + (k' + k> (cos @ — v(sin6 — cos 0)) )N + KB
ss — T .
V2

Thus, from equation (1) the normal Ny, of the surface is given as

N (sin@ +cos )T — (cosO(sin O +cos @) — v(sin? @ — cos? 0) )N + (cos O (sin & — cos 8) —v(1 +5sin26)) B
v= '

\/(1 +5in26) +2(cos 6 — v(sin 6 — cos 6))2
Moreover, in equations (3) and (4) the coefficients of fundamental forms are

k2 ((cos 6 —v(sin® —cos 0))* +1) - k(cos @ —sin )

El[I: 2 ) W:f7 Gl[/:17 gl[I:Oa
KT(1+2v) — k*(sin 6 +cos B) ((cos @ — v(sin 6 — cos 6))* — 1) F i(sin® @ — cos” 0)
ew = y v =
\/2(1 +2sin6) +4(cos 6 — v(sin 6 — cos 0))2 \/2(1 +25in @) +4(cos 6 — v(sin 6 — cos 6))2
respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found. |

Definition 18. Let the successor curve of the curve o be B. The ruled surface formed by the vector Ny along the Smarandache
curve Ty Ny obtained from the tangent vector Ty and principal vector Ny of the curve B as follows:

v

n(s,v) = \%(T] +N1)+ \ﬁ(Nl +B)) = %(T—COSGN-&-SinGB) +

1%

ﬂ(T—i—sinON—i—cosGB). (10)
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Theorem 19. Let the successor curve of the curve o be 3. The Gaussian and mean curvatures of the ruled surface 1(s,v) are
as follows:

X cos? 0(1+sin28)
n=- ’
(((1 +v)2+ (vsin@ —cos 0)%) cos? O + ((1 +v) + (vsin® 0 —sin90059)>.((1 +v)? — (vsin@ +cos )2 — (1 +5in20))
" Kxcos 0 ((1+v)? — (vsin® —cos0)? — (1 +5in20)) +t(1+v)((1 +v)v(sin®> 6 — cos® 6) —sin26)
n=—

V2K((—vsin® +cos0) + (1 +v)? — (1 +sin26)2).\/((1 +v)2+ (vsin@ — cos 0)2) cos? 0 + (sin 6 + (vsin@ —cos 0) + (1 +v)?) .

Proof. Partial derivatives of equation (10) are

k((—vsin® +cos )T + (1+v)N) T +sin ON + cos OB k(—sinOT +N)
Ns = , = y My = ———F7=, nvv:O;
V2 V2 V2
~ (—xt(veos O +sinB) — ' (vsin O +cos 0) + k>(1+v))T + (k*(—vsin 6 +cos 0) + k'(1+v) )N+ kt(1 +v)B
TISS - \/j .
Thus, from equation (1) the normal N, of the surface is given as
N (14v)cosOT + (vsin® —cos B) cos ON + (sinO(vsin® —cos0) + (1+v))B
n _— .
\/((1 +v)2+ (vsin6 — cos 0)?) cos? 6 + (sin O (vsin 6 — cos 6) + (1 +v))2
Moreover, in equations (3) and (4) the coefficients of fundamental forms are
k2 ((—vsin@ +cos 0) + (1+v)?) Kk(cos B +sin )
Ey= L =2 Gy =1, gy =0,
2 2
k2cos 0 ((1+v)? — (vsin® —cos 0)%) + k(1 +v) ((1+v)v(sin® @ — cos® @) —sin20)
e‘rl == 5
\/2c052 6 ((14v)2+ (vsinf —cos6)?) +2(sinO(vsin6 —cos ) + (1 + v))2
o= Kcos O (sin 6 + cos 6)
=
\/20052 0((1+v)>+ (vsinB —cos 0)?) +2(sinO(vsin@ — cosH) + (1 —I—v))2
respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found. |

Corollary 20. If 0 = % +km (k € N), the ruled surface 1 (s,v) is a developable surface.

Definition 21. Ler the successor curve of the curve o be . The ruled surface formed by the vector T\N\B; along he
Smarandache curve TN\ obtained from the tangent vector Ty and principal vector Ny of the curve B as follows:

F(Sa"):%(TlJer)Jr%(THrNHrBQ:% %

Theorem 22. Let the successor curve of the curve o be . The Gaussian and mean curvatures of the ruled surface T'(s,v) are
as follows:

(T —cos ON +sinOB) + —= (T + (sin @ —cos O)N + (sin @ +cos 6)B). (11)

2((v/3+vv/2)(sin 0 +cos @) — v/3cos B(sin @ + cos O) + vv/2(sin® @ — cos? 9))2

Kr=— )
} ((\Bcose—vﬁ(sinG—cosG))2+(\/§+V\/§)2—sin26)
((\/§+ vv/2)2(sin 8 +cos 0)2 + (v/3(cos B sin  — cos? @ — 1) +vv/25in28)? + (v/3(cos Osin O + cos? §) — vv/2(sin® @ — cos? 9))2)
k(v/3+vv/2)?(sin@ 4 cos 8) +v/3cos B sin O (v/3cos @ — vv/2sin 0) + k (/3 +vv/2) cos? 9((\/§+ vV/2)cos? 6 —V\/E)
u +T(V3+vv2)(2v3+vv2) +25in 8 ((v/3 +vv/2)(cos 8 +sin §) — v/3(cos B sin 6 +cos? O) +v/2(sin® B — cos? 6))
r=—

=

\/E((\/§+ vv/2)2(5in 6 + cos )2 + (v/3(cos O sin 6 — cos? 6 — 1) +vv/25in20)? + (v/3(cos Osin O + cos? 6) — vv/2(sin® @ — cos? 9))2)
4<(\/§c039 —1/2(sin @ — cos 0))2 + (V3 +vV2)? —sin? 9)
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Proof. Partial derivatives of equation (11) are

K((\@cose —(V3+vV2)sin8))T + (\/§+V\@)N> Kk((cos® —sinB)T +N)
I's= y Iy, = ’
V6 V3

T+ (sin® —cosO)N + (sin 0 +cos 0)B B
I, = \E , T'w=0,
k(' (v/3cos® —vv/2(sin — cos 0)) — k7(v/3cos O — vv/2(sin 6 +cos 0)) — k*(vV3+vV2))T
+x (k' (V3+vv2) 4+ k*(v/3cos 0 — vv/2(sin 6 — cos 0)) )N + k*7(v/3+vv/2)B
V6

Thus, from equation (1) the normal Nr of the surface is given as

Fss:_

HSIG

Journal of Geometry

(V3-+vV2)(sin@ +cos 8)T — (v/3(cos O sin 6 + cos? 0) — vv/2(sin? @ — cos? 0))N + (v/3(cos0sin® —cos? 0 — 1) +v/25in26) B

Nr=—

Moreover, in equations (3) and (4) the coefficients of fundamental forms are

Kz((ﬁcosefvx/i(siHG70059))2+(ﬁ+vx/§)2) Ksin 6
Er = 6  fr=—— Gr=1,

(V3+vv2)?(sin @ +cos 0)? + (v/3(cos Osin 6 +cos? 6 — 1) +vﬁsin29)2 + (v/3(cos 85in @ + cos® @) — v/2(sin* 8 — cos? 9))2

3((f+vxf) (sin® +cos 0) + /3 cos BsinB(v/3cos O —vy/2sin ) — kT(v/3 +vv/2)(2v3 +vV2)

—(V3+vv2)cos? 0((v3+vv2)cos> 6 —vy/2sin6))

er =
NG \f—l—vf (1sin26)+ (v/3(cos B sin 6 — cos? 6 — )—i—vﬁsinZG)z
V/3(cos Osin 0 4 cos? 8) — v/2(sin @ — cos> 6))

k((v/3+vv2)(sin0 +cos ) — /3 (cos O sin O + cos? 0) + vv/2(sin® 6 — cos> 0) )

NG f+vf (1sin26) + (ﬂ(cos@sin@—coszﬂ—1)+V\@sin20)2
v/3(cos 8 sin 6 4 cos® ) — vv/2(sin?  — cos> 9))

, er=0

respectively. Thus, by using equation (2) the Gaussian and mean curvatures are found.

Corollary 23. If 0 = % +km (k € N), the ruled surface I'(s,v) is a developable surface.

Example 24. Let Salkowski curve B [31] be the Successor curve of o. The equation of this curve for m = % is as follows:

3 —4%118 (sin( \(%ng)s) - 4\\%)07—18 (sin( ‘[\}02) ) — 3 sins,
Bls) = —=

V10 10-1 10+2 101 10-2 1 3 2s
_4G0+8<COS(\(EJ(; )s)+4G0—8(COS(\(ﬁ0 )s)+fcoss’ 4008(\/0)

The Successor frames {Ti,Ny,B\ } of curve 3 are as follows:

_ _ e s 1 : s 3 o s
Ti(s) = ( COS 5 COS —— fo fo sinssin —= fo’ sin s cos \ﬁ0+\ﬁocosssm To0 oSNy ),
— __L
Ni(s) = ( fosms \[OCOSS 7% )7
_ _ s 3
Bi(s) = ( cosssin fo fo sinscos \[0, —sinscos fo focosscos \ﬁo 10 08 \[0 )

The graphs of the ruled surfaces obtained from these frames for s € [—n, ] and v € [—1, 1] are shown figures 1- 7;
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II.III

=
? Ln
1 11| 1111

|

4

h
I

Fig. 1. The ruled surface ®(s,v) = %(Tl +Np)+vT

E

1.5 5

Fig. 2. The ruled surface Q(s,v) = %(Tl +Np)+vN
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Fig. 3. The ruled surface M(s,v) = %(Tl +Np)+vB;
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0.5 | 03
1.5

Fig. 5. The ruled surface y(s,v) = - (T} + N;) + \%(Tl +B))

0.5

—os—1 71

Fig. 6. The ruled surface n(s,v)%(Tl +Np)+

N +B1)
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=
Lh
'L||-||.l|||||

?lll..l.I

;‘
h
IIIII'LII!

I3 -1-05 0 g

Fig. 7. The ruled surface I'(s,v) = = (T} + Ny ) + (T] +N;+By)

S

Example 25. Let the Salkowski curve in Example 24 be the main curve. Theorem 2 the successor frames are as follows:

—cos ([ tan fods) (fo sins) + sin (ftanﬁds)( cosssin o — ﬁ sinscos \fo)

Ti(s) = cos([tanjods)(focoss) sin(ftanﬁafs)(—sinssinﬁ+ﬁcosscosﬁ)7 ,

cos (ftanﬁds) ﬁ +sin (fmnﬁds) (ﬁ cos ﬁ)

_ _ s L g in S
Ni(s) = ( COSSCOS 710~ 710 sinssin 1o’ —sinscos \[0 \[0 sinssin \ﬁo’ \fo \fo >,

sin(ftan\ﬁo )(ﬁ sins) —cos(ftanﬁds)(cosssm Tt \fo sinscos fo)

Bi(s) = —sin ( [tan— )(\[0 coss) —cos ( [tan—ds) (sinssin 2 — fo c0s5C0s ),

7sin(ftanﬁds)ﬁ +cos (ftan\/iods) (\fo cos fo)

The graphs of the ruled surfaces obtained from these frames for s € [—n, ) and v € [—1,1] are shown figures 8-14;
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Fig. 8. The ruled surface ®(s,v) = % (T +Np) +vT

Fig. 9. The ruled surface Q(s,v) = %(Tl +Np)+vN
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Fig. 10. The ruled surface M(s,v) = %(Tl +N1)+vB;

Fig. 11. The ruled surface fi(s,v) = =5 (Ti +N1) + 25 (Ti + M)
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Lh
=
Lh

Fig. 13. The ruled surface 1)(s,v) = % (Ty +Ny) +
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Example 26. Let anti Salkowski curve B* [31] be the Successor curve of a. The equation of this curve for m = % is as follows

Fig. 14. The ruled surface I'(s,v) = - (T} + N;) + %(Tl +N;+Byp)

'llllllrl

1.5 l

—z\sﬁo(focos( "‘COS([O) ))—!-gsmssmf

|'|1l!llll||l|:|l||l1'|llll L

05 0 —05 -1 -5

2

\Sf (\[0 sm( +cos(ﬁ)s))+gcosssinis

V10™?

The Successor frames {T}*,N},B} } of curve B* are as follows:

Ty (s)
Ni(s)

Bi(s)

The graphs of the ruled surfaces obtained from these frames for s € [—n, ] and v € [—1, 1] are shown figure 15-21;
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Fig. 15. The ruled surface (s,v) = J5(Ty +Ni) +v7T

Fig. 16. The ruled surface Q(s,v) = %(Tl +N1)+VvN

Vol. 6, No. 1, 45-68, 2024

IsN€

Hagia Sophia Journal of Geometry



IsN€

Hagia Sophia Journal of Geometry

Fig. 17. The ruled surface M(s,v) = %(Tl +Np)+vB;

|""|““|””|I“I

p —05—1—1L3

1515 1 03

Fig. 18. The ruled surface i (s,v) = %(Tl +N1) + 5 (T +M)
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Fig. 21. The ruled surface I'(s,v) = %(Tl +N1) + 5 (71 + Ny +B1)

Example 27. Let the Salkowski curve in Example 26 be the main curve. Theorem 2 the Successor frames are as follows:

_cos(s+c)(%sins)+sin(s+c)(—cosscosﬁ—ﬁsinssinﬁ),
Tyi(s) =
1
3 i S s 4L in—=_) — Lo 3 gin—
cos(s—i—c)(ﬁcoss)+s1n(s+c)( sinscos ﬁo—f—ﬁocosssmﬁo), cos(s—l—c)ﬁo+sm(s+c)(ﬁosmﬁo)
Ni(s) = —cosssin—- 4 —Lsinscos ——, —sinssin —- — —— cosscos -, ——-cos -
1 Vio ' V1o V1o’ Vio V10 Vo' V10T Vio )
sin(s—l—c)(ﬁsins)—i—cos(s—i—c)(—cosscosﬁ—ﬁsinssinﬁ)7
Bi(s) =
1
. 3 1 . . . 1 3 .
sm(s—l—c)(mcoss)+cos(s+c)(—c0sscosﬁ—Wsmssmﬁ), sm(s—i—c)ﬁ+cos(s+c)(ﬁsmﬁ)

The graphs of the ruled surfaces obtained from these frames for s € [—, x| and v € [—1,1] are shown figures 22-28;
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Fig. 22. The ruled surface ®(s,v) = Lz (T1 +Ny) +vTy
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1.5

Fig. 23. The ruled surface Q(s,v) = %(Tl +Np)+vN;
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Fig. 24. The ruled surface M(s,v) = == (T + Ny) +vB;
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Fig. 25. The ruled surface u(s,v) = = (Ti +Ni) +
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4. Conclusions

In this study, the ruled surfaces obtained from the tangent and principal normal vectors of the successor curve were defined. The
Gaussian and mean curvatures of the surfaces were calculated by using the coefficients of the first and the second fundamental
forms. This work can be studied in the Euclidean and dual space by changing the curve. Also, similar work can be done in the
Lorentz space.
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