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INTRODUCTION ¢

f fg(‘r)d‘r ds < fg (s)ds, 2)
0

Firstly, we can inform readers about the historical devel-

opment of Hardy inequality as follows. The discrete Hardy

forc>1and g>0.

Later, inequality (2) has been generalized the following
(b,) be a sequence of non-negative real numbers and for ¢ by G.H. Hardy [3]. If g integrable on (0, =), then we have

>1,c € R, then

[ 1j'0 c cr 1
& o o | 9(@drt | dt < fn_cgf(t)dt, n<i,
Z(b1+b2+b3+---+bm)c<( c )CZbC !(f / > (1_n) )t (3)
m “\c—-1 —~ m: (1)

=] t ¢ o0
1 c \¢ 1
The classical Hardy inequality was proved the following f (t_” f 9 mdr) dt = (n — 1) f e dt, n>1, (g)
0 0

inequality was proved the following by G.H. Hardy [1]. Let

m=1

0

by G.H. Hardy [2]. If g is integrable, then we have
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for ¢ > 1 and g(#) > 0.

Hardy and Littlewood [4] demonstrated the following
discrete versions of inequalities (3) and (4). Let ¢ > 1, if (b))
is a sequence of non-negative terms, then we obtain

[} o5} c o5}
1 1
F(me>SMZFb5' k<l O
n=1

m=n

) n c [}
1 1
(Y] 2wy k1 @

n=1

where M is a non-negative constant.

Oguntuase and Persson [5] presented a number of
Hardy-type inequalities on time scales using super-quadra-
ticity technique which is based on the application of Jensen
dynamic inequality. Fabelurin et al. [6] proved a new Jensen
inequality for multivariate super-quadratic functions. For
some recent developments of Hardy-type integral inequal-
ities on time scales and related results we refer interested
reader to the book [7].

Fractional Hardy-type integral inequalities also play an
important role in time scales. Let H, and Hjp be the frac-
tional Hardy operator and its adjoint on (0, o),

oo

1 ] - 1
Hof©) = 75 [ F9)s, Apf @ = [ s f s, )
0

t

where 0 < S <1 (for details see [8]). When p =0, we
denote H as H and Hyas H. Hardy [9-11] established the
following Hardy integral inequalities

f |Hf (O)Pdx < (p')? f flPdx, p>1,  (3)
0 0
and

f |Af | dx < p7 j FOPdx,  p>1 (9)
0

0

where 1/10 + 1/10' = 1. Heinig et al. [12] proved the fol-

lowing n-dimensional fractional order Hardy-type integral
inequality. Let 1 <g <o, n>1.1f yq> 1, then we have

1
7 n(i+yq) 1
( el )“ 2 q”nq[q(lw) 1]<f
|X|Vq'"v -

(2 1I"(}’q 1) Ll

If&) - fmIe

|x — y|n(+ya)

dydx)a, (10)

where x,y € R" and D™ is the unit sphere in R™
Dyda [13] proved the following fractional order Hardy-
type integral inequality.

Let ScR%n>1 be an open set and let
es(x) = inf{|x — y|:y € S¥}. For 0 < 3, g < o and for all
f € Cr(S), then

esk] )

DG
Ss(x)ﬁ
where k = k(S, 5, n, q) and k < e is a constant that
depends onlyon S, 3, n, g
Loss and Sloane [14] have proved the following frac-
tional Hardy inequality

If &) = fOI4

Ty Y

(11)

f@)?

dist(x,Sk)E dx, f € CilS) (12)
5

(o) -f»m)° »)*

2 =y |n+B dxdy = Mg

for convex domain S € R™ and 1 < § < 2, where

o (AT o
A‘I’l,ﬁ = nu 2 n+f B .
( )ﬁz is the best constant, B is

the Euler beta function, and C,(S) denotes the class of all
continuous functions f:R™ = R with compact support in
S. Dyda [15] proved the following fractional Hardy-type
integral inequality.

Let1 < <2 a<b anda,b € (-, o). For for all
f € Ci(a, b) the following inequality is provided.

%“ () -16))’ a. (13)

23-B —a l?f
e B 2("1'“13(1» a))f 1 (c=oo=n a)(b 5)

Bogdan and Dyda [16] proved the follow-
Hardy-type inequality in the  half-space

ing
Xp) € R":x, >0}, 1f f € Ci(S), then

S={x=(y ..,
we have

f
2
s S

(fe - )

|x — y|n+h

f()?

Xn

n-1r 148\ p (1B 2=B\_,B
where A, 5 = U2 & )("(*E)pzzﬂ)

Sloane [17] established the following a fractional Hardy-
Sobolev-Maz'ya inequality.

Let R? = {x = (x',x,) € R":x' € R"1,x, > 0} be the
upper half-space, and let D be a domain in R™ with non-
empty boundary. Then, there exists a fractional Hardy
inequality on R%} which states that there exists Ay, 5 5 > 0s0
that for all g € C,(R%)

f (90 -g»)” 9»)’

gx)1
e —ylE 4

n

dxdy = Apgp f dx, (15)
Rn

where 1< g <o, 0<ff<qand f # 1.
Dyda and Frank [18] demonstrated the following a frac-
tional version of the Hardy-Sobolev-Maz'ya inequality.
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Let d>2,2<qg<eandt€ (0,1) with 1 < qt < d. There
is a constant ® dar> 0 such that

a
P

[ [re-ror 'f(")'qu > edqt<f|f<x)lpdx> :

e = Y15

dxdy — Mg ( 16)

for all open D &
p=dql/(d-qt).
Edmunds et al. [19] established the following fractional

R? and for all f € W /(D) , where

Hardy-type inequalities. Let 0 < t < 1 be such that % - ; < 2
where 1 <p, g < e . Assume that D € R¢ abounded domain

for d > 2, whose complement is (t,p) locally uniformly fat
with constants y, s . Then, for all f € C *(D),
dydx) ) (17)

where constant k depends on t, d, p, q, ¥, sO and

e

IfGole If () = fFOIP
.! dist (x, dD)a(t+a(/a-1/p)) de < k< f [x — y|a+pt
R4 R4

diam(D). Ihnatsyeva et al. [20] proved the following frac-
tional order Hardy inequalities. Let 0 < t < 1,1 < g < o0
satisfy 0 < tq < d, and let Q € R? be an open set. Suppose
that there exist d — tqg <y <dand C,> 0, k > 1 such that

HY (9750) = Codist(x,0Q)Y, forall x € Q. (18)

Then Q admits an (¢, q)-Hardy inequality, where frac-
tional (t, q)-Hardy inequality is

kj If(X) fI

T —yjarar Y (19)
In this study we prove the multivariable fractional
Hardy-type integral inequality using new version Jensen’s
inequality for multivariable super-quadratic and sub-qua-
dratic functions on time scales.
Now let’s give the concepts of time scales to prove our
results.

J If ()|
dist(x, 69)‘”

MATHEMATICAL BACKGROUND

The founder of time scales calculus is German math-
ematician Stefan Hilger [21]. For a quarter century, inte-
gral-type inequalities and dynamic equations in time scales
have gained a very important place in the scientific world.

In this section, we will give some concepts that will be
necessary for us to prove our results (for details [22-27]).
A time scale T is an arbitrary non-empty closed subset of
real numbers R. The (0, )T is denoted by (0, o) N T. The
mappings g, p: T > T defined by o(t) = inf{s € T: s > t},
p(t) = sup{s € T: s > t}, for t € T. Respectively, o(t) is for-
ward jump operator and p(t) is backward jump operator. If

o(t) > t, then t is right-scattered and if a(t) = t, then t is
called right-dense. If p(t) < t, then t is left-scattered and if
p(t) =t, then t is called left-dense. Let two mappings u, ¥
T > R* such that u(t) = a(t) — t, 9(t) = t — p(t) are called
graininess mappings.

If T has a left-scattered maximum m, then T* =
{m}. Otherwise T* = T. Briefly

T —

T = {']I‘ \(psupT,supT], if supT < oo,
T, if supT = oo,
by the same way
T _{ T\ [inf T, o (T)], [inf T| < oo,
£ T, infT = —oco

Assume that h: T > R is a function and let t € T*(t =
minT). If h is A — differentiable at point ¢, then 4 is con-
tinuous at point t and if & is left continuous at point ¢, t is
right-scattered, then h is A — differentiable at point ¢

R — k(D)
RO=—%

Let ¢t is right-dense. If his A — differentiable at point ¢

and lim "2 then
s—ot t—s

h2(t) = lim M
s-t t—s

If h is A — differentiable at point t, then h?(t) = h(t) +
u(Oh (). If T = R, then hA(t)(t) = h'(t). If T = Z , then
h(t) reduces to Ah(t).

The set of all rd-continuous functions is denoted by
C (T).Leth: T > Rand h*: T > R by h° (¢) = h(o(t)) for all
teT,ie,h°=h°candlet h: T>Rand h: T > Rby h° ()
=h(p(t)) forallt € T,ie,h°=h°p.

The Hilger derivative (also delta derivative) h*(t) is
defined as follows.

There exists a neighborhood V of ¢ such that

|h(o(®)) = h(s) = KA (@ (®) = 5)| < |a(®) = sl, (20)

foralle >0ands, t€ V.

Suppose that H: T > R is defined by A — antiderivative
of h: T > R, then H*= h(t) holds for all t € T. We define the
Cauchy A —integral of h by

t
f h(t)At = H(t) — H(s),
S

for s t€V.If a, bET andu,vE Crd(']I'), then

b b

fu(x)vA(x)Ax = [u(x)v(x)]2 —fv”(x)uA(x)Ax.

a a

1)
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Suppose that f, g: R —» R is continuously Hilger
(delta) differentiable, then f o g: R = R is Hilger (delta)
differentiable

(feg)t0) = {j f'(g () + hu(x)g"(x)) dh}gA(x)- (22)

If f, g satisty the conditions of [23, Theorem 1.90], then
f o g: T — Ris Hilger differentiable and there exists d in the
real interval [x, 0(x)] such that

(f e () = f'(g(@)g* (). (23)

If g, h: T = R continuous real-valued functions, a.b €

T,p>1 andl/p + 1/q = 1, then

b b % b %
fg(x)h(x)dx < (f(g(x))pdx> <f(h(x))qu> . (24)

a a

Lemma 1. (Fubinis Theorem, [24]) Let (®, N, mA)
and (¥, M, yA) be measure spaces in time scales. If A:
® X ¥ — R is a Ty Xy — integrable function, then
p1(xz) = fq; A(x1, X2)A%1 gxjsts for any x; €V and
®2(x1) zflp A(xy, x2) A%, exists for x, € @,

J-AxlfA(xl,xz)sz = f szfA(xl,xz)Axl- (25)
L4 3]

D v

The following Lemma 2 and Lemma 3 express the new
version of Jensen’s inequality. For details, see [6].

Lemma 2. Let « > 0and a, b, j €T be such that 0 < a
<b<ij

DI)Ifa > 1, then

Jj j
J(t —a) At < [ -a)* - (b )] < f(o(t) —a)* 1At (26)
b b

D2) If a < 1, then
j j

[e- szt (G- %= 0 - 02 [0 - 0 ae. (27)

b b

Lemma3. Letd EN.If 0<x, <y, fork € [1, d], then

da

d d
H(J’k —x) < HYk _ka-
k=1 k=1

k=1

(28)

Definition 1 (Jensen’s inequality [23, Theorem 6.17]).

Leta, b € T witha < b, and suppose I € R is an interval. If

® e C(I,R) is convex and f € C_([a, b], I) , then

P F(HA ’ o A
q):(fa f® t)sfa (f@)ae 09

b—a b—a

Moreover, M. Anwar et al. [28] demonstrated some
results of Jensen’s inequality for several variables.

Theorem 1. [6]Let (?, N, m,) and (¥, M,y ) be measure
spaces in time scales. Assume that V. c R% is a closed convex
set and ) € C(V, R) is convex. Furthermore, let m: @ X ¥ —
R be non-negative function such that m(x1, . ) is y ,- integra-
ble function. Then

fq/ m(xy, x2)g(x2)Ax; fl.p m(xl,xz).(l(g(xz))sz
0] < (30)

ftp m(xy, x2)Ax; fq, m(x;, X2)Ax,

holds for all functions g: ¥ — V, where g, (x,) is T, -inte-
grable forallk € {1, ..., d} and

S m(x1, %2) g (x2)Ax; denote the d-tuple
(f m(xl,xz)gl(xz)sz,...,fm(xl,xz)gd(xz)sz) (31)
v y

Subsequently, we use the following notations.

KnNe=%=[a])=a,j)NnTx..x[a,j)NT,
where a, <j, for a,, j, € [0, e].

(K2) a < b if componentwise a, < b, k € {1, ..., d}.

(K3) m: [a,]) x [a,]) > R_is such that

(1 ifa<x;<o(x) <),
M, %) = {0 otherwise,

that is

1 ifap<xp<olx)<J k=1,..,d

M1y o X X1, 0 %20) = {O otherwise
,

wherex, =x,,....x andx,=x,,...,x

2d*
(K4) () = f1,4 > 1.

Remark 1. For d = 1, Theorem 1 yields the inequality

a(xq)

o(x1)
(Hg=1(a(ik)_ak)! ajd-

1

q
I(X21) s X20) DXy, o, szd)
(32)

1 fa(xl)

fﬂ(xd)
= ey (oGr)-ax) “aa

aq 99(xa1, s X2a) D51, o, Ao

NON-LINEAR MULTIVARIATE FRACTIONAL
HARDY-TYPE INTEGRAL INEQUALITIES ON TIME
SCALES

In this section, we will state and prove our main
theorems.
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Theorem 2. Let two functions q, <: [a, b] N T > R be

defined by

o, X € [O; b].
<, x> b,

x € [0,b],

x> b, (33)

qo,

qx) = {lh, and « (x) = {

where 0 < a < b < oo and let fractional Hardy-type
integral operator Hpg(t) = —= pf g(s)ds for B € [0,1).
Furthermore, suppose that 0 # q, q, € R are such that q,,
q,<0o0rq,<0,q 21orq,21,q,<00rq,q,211If g:
[a, €] > Ris non-negative delta (A, Hilger) integrable and g €
C, (la, €], R for which

by ba

i{(b‘)ﬁ-lf fg"("()’l yd)ﬂW[l li[(;t::) x(X)]Ayl wbyg < o, (34)

@ ag i

then

o(xa)

o a@
]_[(b)/“f f(]‘[(g(x)_a)lj) f 900 OB, Am)

ay ag

d
X (o(x;) — @)@ Ax; ... A
D 1 Xa
(35)

d by bq

< 1_[ B)F? f f 9" (yy, .. ya)nix Do —ay®

i=1 a; ag

d & — a;\ <@
W TTE= ™ oy
L1, Y1 - BYa tJo

where ] = 0ifb > € (so that < (x) =y, q(x) = qo) and

by ba

d
Jo= l_[(bi)ﬁ_l f f 91O Yd)nm wBya
i=1 a  ag
bo  ba (36)

1

H(b )= lf fg"“(yl yﬂﬂm - Aya.

If q(x) € (0,1], then (35) holds in the reverse direction.
Proof. Case 1. Let b 2 e. If we apply Jensen’s inequality
with Lemma 1 and Lemma 2, then we have

o) olx) e

a &
D(hl)ﬂ-‘ J‘ ...J: (U(a(x‘) a)t J‘ J‘:

a

9O YAV »--Aya>

a
x l_[(n(x,) — @) Ax, . Axg

i=1

f 9° 1, -0 Ya) By, - Ayg

a(m) a(xq)
aq ]

]_[(b)ﬂ : f f [ﬂ(a(xo a)t

x ﬂ(a(x.) — a0 0, . by

i=1

(37)

Ay, .8y

sli[(b‘)ﬁ*’ f - g%(y,.....yd)[]i[(bt)ﬂ*' [ f ﬁ(a(x‘)—a‘r“rmxl g
)
1‘[« e W] [1 11622 ]Ayl e

i

H(bJ‘” f fgmy, 0

a ag

Herewith, (35) is proved.
Case 2. Let b <
Lemma 1, then we have

d
<[ oo [
i=1 a.

d £ £q
Lat I (g, e,
+L_1[(bx) “J b{ 91O ¥a)
=]

e. If we apply Jensen’s inequality with

o(xy)  olxa) at

Ijll(bi)/"l I j—" <1_[(z7(xl) —a)™? f f IO, Ya)Byy - A}’n)

aq ay aq

d
X 1_[ (a(xl) —a)<® Axy .. Axy

i=1

by ba ox))  olxa) do
= l_[(b )t f f <l_[(a(xl) —a)™?t j j IO, e, YAy, ...Ayd>
- a

a;  ag

d

1
X ————Ax; .. A
D(a(x»—ai)«e % - A%

& &/ g by bq n
+]_[(b e j - (]_[(a(x;)—alrl [ - [ 96nyomn ---AJ’a>
b \i=1 a1 ag

d
1
- l;lm“l wAxy
o) o) )
f(ﬂ(a(xl) a)” 1[ f IO, YD ...Ayd>
bq
d
1_1[ (o (x) *a)"‘x Xy Ay
bg . 5 '1
uJ; 90, - [l_[o,,)w yf y{ Dm% Axdl r s
ﬂ(b )6~ lf J‘H(a(xl) g b
d £ o a 1
D(bi)ﬁ”yj: y{ Hmml '"Axd}AyI s

(38)

d
+1:1[(bl)/”1 f

by

|71

i

+ﬂ(b)" ! f fy"‘(m \Ya)

a,  ag

By, - Dyq

If we use Lemma 2 and Lemma 3, then we obtain

d by bgq d
= a0 = (b = a)
Isl_[(bi)‘H f ---fyq"(yl ---:yd)l_[[((y o) «0( @) )]A}ﬁ e Byg
i=1 @ ag i

by bg

+ﬁ(bl)’3“ f
i=1

a;  ag

d
bi—a)™ — (g —a)”
[ ] [M} Ay By

%

& &

Toor- (= @)™ — (= a)™)
+D(b,)ﬁ 1[}[ ,,J; 9D Va )H[«—OS]AJ’
d by ba . e . o
Sl:l(b.)/i—lu[ .A.u{ 9, s Ya) uj%} [1711(%) ]Ay1 W Ayg
q & ea . . .
+1;[(bl)5'1bj: .,[ 9 Gy [H((yl @) )H D(yﬁa) ]Ah o ag)
a by bg . . .
+D(bi)3’1a[ 4{ 9O, ...,ya)Ll M(#]Alﬁ s
a bo  ba p A
G| [ OO
b ba P
H(b e f fgq“)(y Dﬁ]

Ayy .. Ayq + o

-T1E=y™

Herewith, if we combine the two cases, then we com-
plete the proof of Theorem 2.

Remark 2. Let two functions g, «: [a, b)] N T = R be
defined by

q0, x €1[0,b],

— °<0:
q(x) = {ql. x>b,

and « (x) = {0(
1
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and f =1 where 0 < a < b < oo, then inequality (35) in
Theorem 2 is reduced to the multivariate Hardy-type inte-

gral inequality.
Example 1. Let two functions g, «<: [0,1] N T = R be
defined by
_ {490 x€[01], _ {OCO , x €[0,],
q(x)—{ql' x>1 and o (x) = < x> 1.

If we take d = 1, § = 1, then inequality (11) in Theorem
2 is reduced to Hardy-type integral inequality.

e o(x) ae) 1

1 o<(x) _ y,(x)
f(a(x)f g(y)Ay) (e(x)) @ ax < fgq("’(y)i(Tg;mAy”'J (40)
0 a 0

where, J, =0 if 1>¢and

1

g )
— ‘90(0]

1
_ 97 (y)
Jo _focl [yer — e*1] Ay J‘xo
0

0

Our next theorem deals with the adjoint of the frac-
tional Hardy-type integral operator Hp.
Theorem 3. Let two functions q, <: [a, b] N T — R be

defined by
) 0,b], , 0,b],
s =fir TS e weo= {3 TSP )

where 0 < a < b < o and let fractional adjoint Hardy-type
integral operator ﬁﬁg(t) = ftootl;_ﬁg(s)ds for B € [0,1).
Furthermore, suppose that 0 # q, q, € R are such that q, q,
<0orq,<0,q =21orq,21,q,<00rq,q, = 11If g:[a
€] > R is non-negative delta (A, Hilger) integrable and g €
C, (la, €], R for which

o o g d
f f H(bi)ﬁ—l 911, 0 Ya) li:l[_o( O i a) ")

& &g i=1

1T (Yiz o (42)
Tei—a Ay; ...Ayg < o0
1--8Yq )
?:1(0(%‘) —a)(y; —a;)
Then
© Ed q(x)
9O -0 Va)
f J H“’ " ( weo-w [ - | (mossiemm) ‘"“d)
a (@)1 |
x <H("" B “”) TR AR
- (43)
N 1
LJ’ ! n(b Y1 gy, .. W(nix - “(y))
o, Qe
M@0 - et —ap | e Ho

where ], = 0if b > & (so that o< (x) =g, q(x) = q,) and

i r o ) [ e e - ap
b1 9" (1,0 Va [Gi—a i—a ]A A
f f [1[( ) n?ﬂ(a(m—aa(yi—al)gl = |t

d
51 9,0 Ya) [@i = ad)* = (& — a)™]
f f H(“ 00D - a0 al)Dl % |ty

£ g i=0

(44)

Ifq(x) € (0,1], then (43) holds in the reverse direction.
Proof. Case 1. Let b 2 e. If we apply Jensen’s inequality
with Lemma 1, then we find that

© q(x)
ff (h )6~ 1(1_[(a(x) a) f f <7d:1(d€;§:;?;d(;_a[))Ayl ...Ayd>

a(x)  olxq)

o<(x)-1

MUECEED))
ML, (o) — a)

Axy ... Axy

9" 1Y)

Sf t}[(b‘)ﬂﬂl f(n 0G0 —a)l, —a) (ﬂ(” “)) o

f |
v e (45)
g! ...J[ﬂ[(b‘)ﬂ*‘%[ J; (L—l[()q a))
<1

Ax, .. Ard]Ay, Ay,

45

d
(b VB=1 gi(y,, .. ya)[l_[o((y)((y ) K(y)] 1- l:[

M —
N, (e0) —a)vi - a)

Ay, ... Ayg.
Case 2. Assume that b < &. The proof of this case is com-
pletely similar to the proof of the second case of Theorem
2. The reader can easily show it. Hereby, if we combine the
two cases, then we complete the proof of Theorem 3.
Remark 3. Let two functions q,&:[a,b]NT = R be

defined by
_ (q0, x €1[0,b], Co € [0, b],
q(x) = {ql, x > b, and « (x) = {oc1 , x>Db,

and 8 = 1 where 0 < a < b < oo, then inequality (43) in
Theorem 3 is reduced to the adjoint multivariate Hardy-
type integral inequality.

Example 2. Let two functions ¢,%:[0,1] N T - R be

defined by
(x) — {qO' X € [0'1]: and o (x) — {0(0 , XE [0,1];
q q., x>1, oy, x> 1.

If we take d = 1, f = 1, then inequality (43) in Theorem
3 is reduced to the adjoint Hardy-type integral inequality.

a(x)
90 0
/ (WD f o) ) WA“f 0 =0T (46)

where]'0 =0 if 1>¢eand

_ [ 9m0) [y — e 3 [ 920 [y = &%
""! o e !ya(y)[ e @
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CONCLUSION

Inequalities and dynamic equations are one of the most
studied topics by scientists in almost every discipline. Because
they shed light on the solution of many problems in science
branches other than mathematics. For example; quantum
mechanics, physical problems, wave equations, heat trans-
fer, optical problems and economic problems [29-40]. That
is, they have multidisciplinary features. However, the most
study area of integral inequalities and dynamic equations
is undoubtedly mathematics. Many properties of fractional
integral inequalities have been demonstrated by mathema-
ticians. For more detailed information, we refer to the refer-
ences. In this article, we obtained the multivariate fractional
Hardy-type integral inequality using the new version Jensen’s
inequality in Lemma 2 and Lemma 3. In this study, we used
the multi-variable Cartesian version. We are currently work-
ing on a multi-variable polar version. This method used can
also be applied to different operators and inequalities.
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