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ABSTRACT

In this paper, we consider the twisted surfaces in semi-Euclidean 4-space with index 2. We classify
the twisted surface with respect to their spine curve which are non-null or null curves. So, we study
the geometric properties of these surfaces. Also we obtain the family of some special surfaces such
as flat surfaces, marginally trapped surfaces.
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1. Introduction

Twisted surfaces, a generalization of the process used to construct the Mobius strip and the twisted Klein
bottle, were first introduced by A. Gray in Euclidean 3-space [7]. A twisted surface arises when a planar curve
is rotated in its supporting plane while simultaneously this supporting plane rotates about a containing axis,
possibly at a different rotation speed [3], [4]. Hence twisted surfaces represent generalizations of the surfaces
of the revolution (or a rotational surface) and also can be called a double rotational surfaces.

In Minkowski 3-space, twisted surfaces were defined and studied by Goemans and Woestyne [3], [5]. Also
they classified those with constant Gaussian curvature or constant mean curvature. They also showed that
there exists no minimal (regular) twisted surface in Euclidean or in Minkowski 3-space when excluding the
surfaces of revolution. In another study by the same authors, the curvature properties of twisted surfaces with
null rotation axis in Minkowski 3-space were studied [6].

The notion of the second kind twisted surfaces in Minkowski 3-space was introduced by Grbovic et al. [8].
They classified all non-degenerate second kind twisted surfaces in terms of flat, minimal, constant Gaussian
and constant mean curvature surfaces, with respect to a chosen lightlike transversal bundle. They also proved
that a lightlike second kind twisted surfaces, with respect to a chosen lightlike transversal vector bundle, are
the lightcones, the lightlike binormal surfaces over pseudo null base curve and the lightlike ruled surfaces
with null rulings whose base curve lies on lightcone.

Twisted surfaces in Galilean 3-space were described by Dede et al. in [1]. The existence of Euclidean rotations
and isotropic rotations leads to the existence of three different types of bent surfaces in Galilean 3-space. Then
they classified twisted surfaces in Galilean 3-space with zero Gaussian curvature or zero mean curvature.

Similar to the generalization of rotational surfaces and their related properties from 3-dimensional Euclidean
space to 4-dimensional space[13], Twisted surfaces are defined in 4-dimensional Euclidean space and 4-
dimensional Lorentz space and their related properties are studied in detail[6].

In this paper, we consider the twisted surfaces in semi-Euclidean 4-space with index 2. We classify the
twisted surface with respect to their spine curve which are non-null or null curves. So, we study the geometric
properties of these surfaces. Also we obtain the family of some special surfaces such as flat surfaces, marginally
trapped surfaces.
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2. Preliminaries

Let R be the n-dimensional semi-Euclidean space of index 2 with inner product (, ) and flat connection D.
Let M be a semi-Riemannian submanifold in R5. According to decomposition

Ry =TM LTM™,

we have
DxY =VxY +h(X,Y),

and
Dxé=—AX +1Vx €,

where X,Y € '(TM) and £ €T (I'M*). Then V is the Levi-Civita connection of M, & is the second
fundamental form, A, is the shape operator, and +V is the normal connection. We note that

(n(X,Y),8) = (A X, Y).
The normal curvature tensor 1 R is defined by
TR(X,)Y){="Vx "Vy {— TVy "Vx = TV xy€
where X,Y € I' (TM) and ¢ € I’ (TM*). Taking the normal part of the following equation
DxDy§ —DyDx§— Dixy) =0
where X,Y € I' (TM) and { € I (TM*), we get the Ricci equation
(TR (X,Y)&n) = (A, X, AY) — (A X, A)Y)

wheren € I' (TM*1).
Let R} be the semi-Euclidean 4-space with index 2 with standard coordinate system {1, z2, ¥3, 4 } and metric

ds* = da? + dao? — da? — dx?.

In the following, we assume that M is a surface in R3. We use the following convention on the ranges of
indices:
1<AB...<4, 1<4,j...<2, 3<a,pB...<4

Let {e;} be a local orthonormal frame field on M and {e,} be a normal orthonormal frame field to M. Let
EA = <€A,€A> = 41. Set
hi; = €a (h(ei,e5),eq)

and
R} =¢€a <LR (i, e5) eﬁ,ea> ,

which are the components of the second fundamental form i and the normal curvature tensor * R, respectively.
By the Ricci equation, the normal curvature tensor satisfies

R = €a (<Aeaei7Aeﬁej> - <A€ﬂei’Aeaej>) ’
Noting that
A e; = 6a26kh?k6k7
k

we obtain ,
Ry =esd e (hehd — h3hly)
k
The mean curvature vector H of M is given by
1
H == 52 (Elh?l + 82h32) Cq-

[e3
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A surface is called minimal if / = 0 identically. We say that a surface has parallel mean curvature vector if
+VH = 0. A surface is called marginally trapped (quasi-minimal) if H is lightlike at each point.
The Gauss curvature K of M in R} is given by

K=cie5 ea <h?1h‘2’2 - (h?gf) . @.1)

A surface M is called flat if K = 0 identically.

3. Twisted surface in R}

[ cosu —sinu 0 0 coshu 0 0 sinhu 0
Fltu) = sinu  cosu 0 0 0 coshu sinhu 0 x1 (t)
’ 0 0 cosu —sinu 0 sinhu coshu 0 xo (1)

L O 0 sinu  cosu sinh 0 0 coshu 0

—x1 (t) coshusinu — xo (t) sinhusinu
21 (t) coshu cosu + o (t) sinh u cosu
x1 (t) sinhwcosu + x5 () coshusinu
21 () sinh usinwu + x4 (¢) cosh usinu

1
1

So we get

—2} (t) coshusinu — z, (t) sinhusinu

/
1
(t) coshucosu + af (t) sinh u cos u
(t) sinh u cosu + x4, (t) coshu cosu
t) sinh usinu + x4 (¢) coshusinu
2

—(cosucoshu + sinusinh w)zq (t) — (coshusinu + coswusinh u)xs (1)
(— coshwusinu + cosusinh u)xy () + (cosu coshu — sin usinh u)zy (t)
(cosucoshu — sinwsinh u)xy (t) + (— cosh usinu + cos u sinh u)xs (¢)

(coshusinu + cosusinh u)zy (t) + (cosu cosh u 4 sinusinh w)zy (¢)

/
Ty
Ft: /
131

and
E = (F, F) =2} — 2, F = (F,,F,) = zo1) — z12%, G=(F,,F,)=0.

3.1. Twisted surface with non-null spine curve

In this subsection, we assume that 22 — 22 # 0. So we construct the orthonormal basis as follows

el = ! F, = ! (7(12 sin u, as cos u, a3 Cosu, aj sinw) ,
Vma (af —af) Vi (af — )
e — myy/my (272 — xf) - 1
Ty — T1TY my (2 — z%)
—ay (@12] — wowh) sinu — by (2 — 2§) cosu ay (w12) — x2wh) cosu — by (22 — ) sinu
( (w2y — 217h) /M (2 — 25) ’ (w2] — 217h) /M (2 — 25)
ag (z1@) — maah) cosu — by (¢ — 2B) sinu ag (z12] — woah) sinu + by (2 — 2%) cosu
(w2] — 217h) /M (2 — %) 7 (w21) — 212h) /M (2 — %) ) 7
ay (23 — @3) sinu + by (212 — waxh) cosu ay (23 — a3) cosu — by (z12) — waah) sinu
T ( mo (7 — 23) (—wow) + maap) my (2] — a3) (22 — 212))
az (23 — x3) cosu — by (v12) — zaxh)sinu ap (23 — a3) sinu + by (z12] — w2a}) cosu
ma (27 — 23) (222 — 217%) 7 my (27 — 23) (222 — 217%) ) 7
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by cosu by sinu by sinu by cosu
€eq = — — —
Vma (@F —a3) ma (@ —23) " ma (0 —23) " /ma (2 —23)
where my = sign (22 — #), mg = sign (2} — 23) and

a; = ) (t)sinhu+ 2} (t) coshu,
az = ) (t)coshu + ) (t)sinhu,
b1 x1 (t) sinhu + x2 (t) coshu,
by = 1 (t)coshu+ sz (t) sinhu.

Here {ei,es} is an orthonormal frame field on F (¢,u) of signature (mi,—m;) and {es,es} is a normal
orthonormal frame field to F' (¢, u) of signature (4, —).

Since the results for the case z? (t) — 23 (¢) < 0 are similar to the results for the case z? (t) — 23 (t) > 0, in this
paper we consider z7 (t) — 23 (t) > 0. So we can choose

x1 (t) = Py (t) cosh P (1), x2 (t) = Py (t)sinh Ps ()

where P; (t) and P; (t) are smooth functions. Here we denote the surface M; as

—x1 (t) coshusinu — x2 (t) sinhusinu
x1 (t) coshucosu + x5 (t) sinhu cosu
t) sinh u cosu + x2 (t) cosh usinu
t)sinh usinu 4 x5 (t) coshusinu

F(t,u) = (3.1)

=|
I (
where x4 (t) = P, (t) cosh P, (t) and z3 (t) = P (¢) sinh P; (¢). Thus we can easily obtain that

 —Py(—2P?+ P, (PP} + P}')) + PP P}

D, e = (—A; sinu, Ay cosu, Ag cosu, Ag sinu) ,
1 m1 (P2 - P2P)’
[ A, (PP — P2PR)’ cosu+ Ay (P — P3PRP/3P,PyPY) sinu |
) Ay (PP — P2PR)* sinu— A, (P{* — PEPRP/® P{P}P}) cosu
Dezel = )

2
mi P2PY (P2 — P2PJ)

1
mi P} P2 (P2 — P2P?)°

D€262

where

Ay
As

By
By
Bs
By

Ay (PP — P2PR)* sinu— Ay (P[4 — PSPRP/3P{PyPy) cos u

| — A, (P2 — PEPR)’ cosu— Ay (Pj* — PEPRP/3P|PyPY) sinu |
— (P2 = P?P?) Dy cosu + P2 (Cy + P?P{Py*B; + C3 + P{*B3) sinu |
— (P2 — P2P?) Dysinu— P2 (Cy + P2P{PyB; + C3 + P{*Bs) cosu
— (P2 = PEP{*) Dysinu+ P (Cy 4+ PEP{PP By + Cy + P{*By) cosu

(P1/2 _ p12p2/2) Dy cosu + P? (02 + P2P{PP By + Cy + P{4B4) sin u

P/ sinh (u+ Py) + Py P cosh (u+ Py),
P/ cosh (u+ Py) + Py Pysinh (u + Py),

2P/ sinh (u + Py) — Py Py cosh (u + P,),
—2P/ cosh (u+ P) + PPy sinh (u + P,),
—2P}? cosh (u + Py) + Py sinh (u + Py),
2P sinh (u + Py) — Py cosh (u + P),

dergipark.org.tr/en/pub/iejg
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C, = PP} (—PiPf?+ P')cosh(u+ Py) — PP} (P Py + P{') sinh (u + Ps),

Co = PPP) (P Py — P{)sinh (u+ P2) + PPy (PP + P') cosh (u + P,),

Cy = 2PIPPPP (Py cosh(u+ Py) — Py sinh (u+ P)),

Cy = 2P!PPPP (—P{sinh(u+ P2)+ Py cosh (u+ Py)),
Dy = P{(2P?sinh (u+ P;) 4+ P{Pj (=P Py’ + P{') cosh (u+ P;) — P P{ (2Py sinh (u + P;) + Py cosh (u + P2))) ,
Dy = P{(2P{cosh (u+ P2) + P{ Py (—Pi Py’ + P{') sinh (u + P;) — P P{ (2P} cosh (u + P;) 4+ Py sinh (u + P2))) ,

The components of the second fundamental form h are given as follows

—2P{*P} + PP} (PP + P!') — PLP{P}

hiy = (Dee1,e3) = :
n (Desex, es) mims Py Py (— P2 + PEP})
PI2P/ _P P/PI/+P P! p!
hiy = (Dejes,ez) = ——> 1 : 1/2 121/227
m1m3P1P2 (_Pl + Pl P2 )
B~ (Doeyeyy = PLPPE PP PLPY)
22 = e2€2,€3) = mlmSPIPQI (_P1/2 +P12P2/2)’
hiy = —(Deyez,eq) =0,
1
W, = —(D -
12 < 6162a64> m1m3P17
2P/2
4 1
M = Dacr e = pip

where m3 = sign (P).

Theorem 3.1. The Gaussian curvature of M, given by (3.1) is identically zero.

Proof. By straight calculations in (2.1) , we obtain K = 0. O
So we have the following corollary.

Corollary 3.1. The surface M, given by (3.1) is a flat surface.
In the following theorem, we consider the normal curvature tensor of the twisted surface 1.

Theorem 3.2. The normal curvature tensor of the surface M, is identically zero if and only if
PP?P) — PiPyP{ + PP{Py =0

or equivalently
Py (t) =c1ln (P1 (t)) + co
where cy, cy are real constant.

Proof. We have

2 (P{zPé — P PP/ + P1P1’P2”)

R}y = —h$ k) + h3 by + hiyhsy — hyhiy = — pipn3
155

Assume that R = 0. Then we have P{>P} — P, P;P]' + P, P{Pj = 0, which implies that P, (t) = ¢; In (P; () +
ca, Where c1, ¢y are real constant. O

Theorem 3.3. The mean curvature vector H of the rotation surface M; is given by

Ay (P{cosu+ Py Pysinu) (Pfsinu— Py Pjcosu) Ay
= P3Py ’ P3Py ’ (3-2)
(P{sinu — Py Pjcosu) Asg 3 (P{ cosu + Py Pysinu) Asg
RPE PrE '

dergipark.org.tr/en/pub/iejg
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Corollary 3.2. The surface M, can not be minimal.
Let us consider that

—P{*+ Pipyt _ (PEPF — PP) (PPPF + PP)
PSPy PSPy

(H,H) = £ 0. (3.3)

So we have the following corollary.
Corollary 3.3. The surface M, cannot be a marginally trapped surface.

By covariant differentiation with respect to e; and e, a straightforward calculation gives

D Py (—2P> + P, (PLP}* + P{)) — PLP{ Py . P} (P> — P\P{') + P,P{P} P
e, €3 = e €y — €4
168 ms PP, (P2 — PZPJ) Y maP Py (—PE+PEPR) T Pi/my (PP — PRPP)
1 P!
De €4 = €y — L €3
' m3 Py Piy/my (P> — PEPR)

and

D,.es = P*P; — PP,P{ + P\P| P} Py (PP} — PyP!' + P{P}) 2P — P2PI Py

eo -

e €2 + R
ms PP (P2 — PEPE) myPL Py (P2 — PEP) P3PR\/my (P> — P2PY) “

1 2P 2P PRPIPP
msPL " msPPPRE T pipR. fm, (P12 - PIEQ)

€3

D€264 = -

We note that *VxH = (DxH )L, which is the normal part of Dx H. Then we can calculate that

1 P/2
H =
m3P1  m3 P3P €4,
De,H . LY +Lp
€ - e e e
1 V/my (P — P2P’2) msPy ) 0 mgp,
P/2 ! P1/2
/2 2 pI2 3 pr2 4 3 /2D€1647
/m1 (PP — P2PP) \msP} P} m3 P} P}
Do, H LN
e - e, €
’ \/m1 P’2 P2Py?) m3P1 m3P1 273
IRY Py
2 2Pp) 3prz | €47 =75 Des €4,
\/m1 P2 — PEP) \msPy P, ms P} P}
which implies that
mymg P{y/my (PP — PEPP)
<De1Ha€3> = P14P2/2 ,
(Do H.ey = TPLSPED+ PP (RDP +2PY) — 2R PY)
€1 ’ - ,
PP \/my (P — P2P))
myms P/my (P — PYPP) (2P + PP}?)
<D62H’ €3> - PGP/4 )
(Do H.ep) = msP{ (PP P} + PPy (PPY — 2P{) + 2P P{FY)

P4P/3 \/m P/2 PQP/Q)
Assume that -V x H = 0. Then we find that P = 0. So we can give the following corollary.

Corollary 3.4. The surface M has the parallel mean curvature vector if and only if Py (t) is a nonzero constant.

dergipark.org.tr/en/pub/iejg
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3.2. Twisted surface with null spine curve

In this subsection, we assume that 22 (t) — 2 (¢) = 0. So we can choose
z1 (t) = Q1 (t) cosh (c1 + maInQy (1)), x2 (t) = Q1 () sinh (c1 + mqlnQq (¢))

where ¢; is a real constant, Q; (¢) is a nonconstant smooth function and m4 = +1. Here we denote the surface
M2 as
—x1 (t) coshusinu — xo (t) sinhusin u
. | z1(t)coshucosu+ x4 (t) sinhucosu
Mz Ftu) = x1 (t) sinh u cosu + x5 (t) coshusinu (34)
21 (t)sinhusinu + x5 (t) coshusinu

(

where x; (t) = Q1 (t) cosh (¢ + myIn Q@ (¢)) and x5 (t) = Q1 (¢) sinh (¢; + m4In @4 (t)). Then we construct the
orthonormal basis as follows

[ —Q1V1 — myW1 Q) sinu ]
1 1 Q1Vy + myW1 Q) cosu
o= =R+ F) = ,
vV 2mamsQ1Q} vV 2mamsQ1 Q) Q1Va + W1Q) cosu
Q1Vz + W1Q) sinu
[ Q1Vi — myW1 Q) sinu
1 1 —Q1Vy + mygW1 Q) cosu
- (R-R)= ,
v/ 2mamsQ1 Q4 V/2mamsQ1Q) —Q1 Vo + W1Q) cosu
L —Q1V3+W1iQ)sinu
[ —Q1W> (cosucosh (u + Q2) + Wy sinu) + maWi1W3Q)] cos (2u) T
1| @Wa(=sinucosh (u+ Q2) + Wi cosu) +maWi W, Q1 cos (2u)
€3 = — y

Ui Q1 W5 (—sinusinh (u + Q2) + maWy cosu) + W1 W4 Q) cos (2u)

Q1W3 (cosusinh (u + Q2) + myWi sinu) — WiW3Q) cos (2u)
[ —maW2Q1 cosusinh (u + Q2) + ma Wi W3Q cos (2u) T

—myWaQ1 sinusinh (u + Q2) + maW1 W4 Q) cos (2u)
€q = —
U1 —myWoQ1 sinu cosh (u + Q2) + W1 W,Q) cos (2u)

maWaQ1 cosucosh (u + Q2) — Wi W5Q) cos (2u)

where ms = sign (msQ1Q)),

U = /QiWo (WoQ1 — 2m4Q cos (2u)),

Vi = cosucosh(u+ Q2)+ sinusinh (u + Q2),
Vo = cosucosh (u+ Q2) —sinusinh (u + Q2),
Vs = sinucosh (u+ Q2) + cosusinh (u + Q2),
Vi = cosusinh(u+ Q2) —sinucosh (u + Q2),
W1 = sinh(u+ Q2) + mycosh (u+ Q2),
Wy = cos(2u) —mysin (2u) ,
W3 = sinu+ mycosu,
W4 = mysinu — cosu,
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QQ (t) =cC1 + My anl (t) .

Here {ei,es} is an orthonormal frame field on F (¢,u) of signature (—ms,ms) and {es,es} is a normal
orthonormal frame field to F' (¢, u) of signature (4, —). Thus we can easily obtain that

Delel =

—my W1 QY sinu + QF (—4Q] cosusinh (u + Q2) + V1QY) — Q1Q' ((3V1 + 4maV3) Q) + maW1QY sinw) ]
maW1QF cosu — QF (4Q sinusinh (u + Q2) + VaQY) + Q1Q ((—=3Va + 4myV2) Q) + maW1QY cosu)
W1QP cosu — Q% (4Q cosh (u + Q2) sinu + VaQY) + Q1Q} ((3Va + 4m4Vy) Q) + W1QY cosu)

W1QP sinu + Q% (4Q) cosucosh (u + Q2) — V3QY) + Q1 Q) ((3V3 + 4my V1) Q) + W1 QY sinw)

[ —maW1QP sinu + Q12 (4Q cosusinh (u + Q2) + V1QY) + Q1Q) (ViQ) — maW1 QY sinw) T
maW1 Q3 cosu + Q2 (4Q) sinusinh (u + Q2) — V4QY) — Q1Q] (VaQy — maW1 QY cosu)

W1Q cosu + Q% (4Q) cosh (u + Q) sinu — VoQY) — Q1Q} (V2Q) — W1 QY cosu)

L W1QP sinu — Q2 (4Q) cosucosh (u + Q2) + V3QY) — Q1Q) (V3Q) — W1 QY sinu) ]

—maW1 QP sinu — Q% (4Q cosusinh (u + Q2) + V1QY) + Q1Q ((3V1 + 4m4V3) Q) — myW1QY sinw)
maW1QP cosu + QF (—4Q) sinusinh (u+ Q2) + VaQY) + Q1Q} (— (3Va + 4my Vo) Q) + my W1 QY cosu)
W1QP cosu + Q3 (—4Q} cosh (u + @a) sinu -+ VaQ) + Qi@ (— (3Va + 4m.Va) @) + W1QY cos)

W1QP sinu + QF (4Q) cosucosh (u + Q2) + V3Q7) + Q1Q) (— (3Vs + 4my Vi) Q) + W1QY sinw)

where U, = 4mymsQ2Q"2. The components of the second fundamental form k are given as follows

cos (2u) + Wy

M = (Deenen) = mamsU;

hiy = (De,e2,e3) = —%7

hiy = —(Deyez,eq) = Qleﬂ%Q{l;ln(Qu),

hly = —(Deez,e4) = m4Q71”IZ/;”L;rQQ’j/}]jOS (2u)7

hys = —(Deyez,eq) = maQ1Wa ;14(:;:6(;11;])1+ W2) Q1

Theorem 3.4. The Gaussian curvature of My given by (3.4) is identically zero.

Proof. By straight calculations in (2.1) , we obtain K = 0. O

So we have the following corollary.

Corollary 3.5. The surface M, given by (3.4) is a flat surface.

In the following theorem, we consider the normal curvature tensor of the twisted surface M.

Theorem 3.5. The normal curvature tensor of the surface M, is identically zero.
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Proof. We have
Riu = _hi)lhgl + hglhéh + h?zhgz - hgzhzﬁ =0

So the normal curvature tensor of the surface M is identically zero. O

Theorem 3.6. The mean curvature vector H of the twisted surface My is given by

m4W2
— e

_ my W2 e
U

H =
U1

3 4-

Corollary 3.6. The surface My can not be minimal.
Corollary 3.7. The surface My is a marginally trapped surface.
Proof. We have (H, H) = 0. So the surface M, is a marginally trapped surface. O
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