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ABSTRACT

In this paper, we consider the twisted surfaces in semi-Euclidean 4-space with index 2. We classify
the twisted surface with respect to their spine curve which are non-null or null curves. So, we study
the geometric properties of these surfaces. Also we obtain the family of some special surfaces such
as flat surfaces, marginally trapped surfaces.
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1. Introduction

Twisted surfaces, a generalization of the process used to construct the Möbius strip and the twisted Klein
bottle, were first introduced by A. Gray in Euclidean 3-space [7]. A twisted surface arises when a planar curve
is rotated in its supporting plane while simultaneously this supporting plane rotates about a containing axis,
possibly at a different rotation speed [3], [4]. Hence twisted surfaces represent generalizations of the surfaces
of the revolution (or a rotational surface) and also can be called a double rotational surfaces.

In Minkowski 3-space, twisted surfaces were defined and studied by Goemans and Woestyne [3], [5]. Also
they classified those with constant Gaussian curvature or constant mean curvature. They also showed that
there exists no minimal (regular) twisted surface in Euclidean or in Minkowski 3-space when excluding the
surfaces of revolution. In another study by the same authors, the curvature properties of twisted surfaces with
null rotation axis in Minkowski 3-space were studied [6].

The notion of the second kind twisted surfaces in Minkowski 3-space was introduced by Grbović et al. [8].
They classified all non-degenerate second kind twisted surfaces in terms of flat, minimal, constant Gaussian
and constant mean curvature surfaces, with respect to a chosen lightlike transversal bundle. They also proved
that a lightlike second kind twisted surfaces, with respect to a chosen lightlike transversal vector bundle, are
the lightcones, the lightlike binormal surfaces over pseudo null base curve and the lightlike ruled surfaces
with null rulings whose base curve lies on lightcone.

Twisted surfaces in Galilean 3-space were described by Dede et al. in [1]. The existence of Euclidean rotations
and isotropic rotations leads to the existence of three different types of bent surfaces in Galilean 3-space. Then
they classified twisted surfaces in Galilean 3-space with zero Gaussian curvature or zero mean curvature.

Similar to the generalization of rotational surfaces and their related properties from 3-dimensional Euclidean
space to 4-dimensional space[13], Twisted surfaces are defined in 4-dimensional Euclidean space and 4-
dimensional Lorentz space and their related properties are studied in detail[6].

In this paper, we consider the twisted surfaces in semi-Euclidean 4-space with index 2. We classify the
twisted surface with respect to their spine curve which are non-null or null curves. So, we study the geometric
properties of these surfaces. Also we obtain the family of some special surfaces such as flat surfaces, marginally
trapped surfaces.
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2. Preliminaries

Let Rn
2

be the n-dimensional semi-Euclidean space of index 2 with inner product ⟨ , ⟩ and flat connection D.
Let M be a semi-Riemannian submanifold in Rn

2 . According to decomposition

Rn
2
|M = TM ⊥ TM⊥,

we have
DXY = ∇XY + h (X,Y ) ,

and
DXξ = −AξX + ⊥∇X ξ,

where X,Y ∈ Γ (TM) and ξ ∈ Γ
(
TM⊥) . Then ∇ is the Levi-Civita connection of M , h is the second

fundamental form, Aξ is the shape operator, and ⊥∇ is the normal connection. We note that

⟨h (X,Y ) , ξ⟩ = ⟨AξX,Y ⟩ .

The normal curvature tensor ⊥R is defined by

⊥R (X,Y ) ξ = ⊥∇X
⊥∇Y ξ − ⊥∇Y

⊥∇X ξ − ⊥∇[X,Y ]ξ ,

where X,Y ∈ Γ (TM) and ξ ∈ Γ
(
TM⊥). Taking the normal part of the following equation

DXDY ξ −DY DXξ −D[X,Y ]ξ = 0

where X,Y ∈ Γ (TM) and ξ ∈ Γ
(
TM⊥), we get the Ricci equation〈⊥R (X,Y ) ξ, η

〉
= ⟨AηX,AξY ⟩ − ⟨AξX,AηY ⟩

where η ∈ Γ
(
TM⊥).

Let R4
2 be the semi-Euclidean 4-space with index 2 with standard coordinate system {x1, x2, x3, x4} and metric

ds2 = dx2
1 + dx2

2 − dx2
3 − dx2

4.

In the following, we assume that M is a surface in R4
2. We use the following convention on the ranges of

indices:
1 ≤ A,B . . . ≤ 4, 1 ≤ i, j . . . ≤ 2, 3 ≤ α, β . . . ≤ 4.

Let {ei} be a local orthonormal frame field on M and {eα} be a normal orthonormal frame field to M. Let
εA = ⟨eA, eA⟩ = ±1. Set

hα
ij = εα ⟨h (ei, ej) , eα⟩

and
Rα

βij = εα
〈⊥R (ei, ej) eβ , eα

〉
,

which are the components of the second fundamental form h and the normal curvature tensor ⊥R, respectively.
By the Ricci equation, the normal curvature tensor satisfies

Rα
βij = εα

(〈
Aeαei, Aeβej

〉
−
〈
Aeβei, Aeαej

〉)
.

Noting that
Aeαei = εα

∑
k

εkh
α
ikek,

we obtain
Rα

βij = εβ
∑
k

εk

(
hα
ikh

β
jk − hα

jkh
β
ik

)
.

The mean curvature vector H of M is given by

H =
1

2

∑
α

(ε1h
α
11 + ε2h

α
22) eα.
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A surface is called minimal if H = 0 identically. We say that a surface has parallel mean curvature vector if
⊥∇H = 0. A surface is called marginally trapped (quasi-minimal) if H is lightlike at each point.

The Gauss curvature K of M in R4
2 is given by

K = ε1ε2
∑
α

εα

(
hα
11h

α
22 − (hα

12)
2
)
. (2.1)

A surface M is called flat if K = 0 identically.

3. Twisted surface in R4
2

F (t, u) =

 cosu − sinu 0 0
sinu cosu 0 0
0 0 cosu − sinu
0 0 sinu cosu


 coshu 0 0 sinhu

0 coshu sinhu 0
0 sinhu coshu 0

sinhu 0 0 coshu


 0

x1 (t)
x2 (t)
0



=

 −x1 (t) coshu sinu− x2 (t) sinhu sinu
x1 (t) coshu cosu+ x2 (t) sinhu cosu
x1 (t) sinhu cosu+ x2 (t) coshu sinu
x1 (t) sinhu sinu+ x2 (t) coshu sinu

 .

So we get

Ft =

 −x′
1 (t) coshu sinu− x′

2 (t) sinhu sinu
x′
1 (t) coshu cosu+ x′

2 (t) sinhu cosu
x′
1 (t) sinhu cosu+ x′

2 (t) coshu cosu
x′
1 (t) sinhu sinu+ x′

2 (t) coshu sinu



Fu =

 −(cosu coshu+ sinu sinhu)x1 (t)− (coshu sinu+ cosu sinhu)x2 (t)
(− coshu sinu+ cosu sinhu)x1 (t) + (cosu coshu− sinu sinhu)x2 (t)
(cosu coshu− sinu sinhu)x1 (t) + (− coshu sinu+ cosu sinhu)x2 (t)
(coshu sinu+ cosu sinhu)x1 (t) + (cosu coshu+ sinu sinhu)x2 (t)


and

E = ⟨Ft, Ft⟩ = x′2
1 − x′2

2 , F = ⟨Ft, Fu⟩ = x2x
′
1 − x1x

′
2, G = ⟨Fu, Fu⟩ = 0.

3.1. Twisted surface with non-null spine curve

In this subsection, we assume that x′2
1 − x′2

2 ̸= 0. So we construct the orthonormal basis as follows

e1 =
1√

m1 (x′2
1 − x′2

2 )
Ft =

1√
m1 (x′2

1 − x′2
2 )

(−a2 sinu, a2 cosu, a1 cosu, a1 sinu) ,

e2 =
m1

√
m1 (x′2

1 − x′2
2 )

x2x′
1 − x1x′

2

Fu − 1√
m1 (x′2

1 − x′2
2 )

Ft

=

(
−a1 (x1x

′
1 − x2x

′
2) sinu− b2

(
x′2
1 − x′2

2

)
cosu

(x2x′
1 − x1x′

2)
√

m1 (x′2
1 − x′2

2 )
,
a1 (x1x

′
1 − x2x

′
2) cosu− b2

(
x′2
1 − x′2

2

)
sinu

(x2x′
1 − x1x′

2)
√

m1 (x′2
1 − x′2

2 )

a2 (x1x
′
1 − x2x

′
2) cosu− b1

(
x′2
1 − x′2

2

)
sinu

(x2x′
1 − x1x′

2)
√

m1 (x′2
1 − x′2

2 )
,
a2 (x1x

′
1 − x2x

′
2) sinu+ b1

(
x′2
1 − x′2

2

)
cosu

(x2x′
1 − x1x′

2)
√

m1 (x′2
1 − x′2

2 )

)
,

e3 =

(
a1
(
x2
1 − x2

2

)
sinu+ b2 (x1x

′
1 − x2x

′
2) cosu√

m2 (x2
1 − x2

2) (−x2x′
1 + x1x′

2)
,
a1
(
x2
1 − x2

2

)
cosu− b2 (x1x

′
1 − x2x

′
2) sinu√

m2 (x2
1 − x2

2) (x2x′
1 − x1x′

2)

a2
(
x2
1 − x2

2

)
cosu− b1 (x1x

′
1 − x2x

′
2) sinu√

m2 (x2
1 − x2

2) (x2x′
1 − x1x′

2)
,
a2
(
x2
1 − x2

2

)
sinu+ b1 (x1x

′
1 − x2x

′
2) cosu√

m2 (x2
1 − x2

2) (x2x′
1 − x1x′

2)

)
,
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e4 =

(
− b1 cosu√

m2 (x2
1 − x2

2)
,− b1 sinu√

m2 (x2
1 − x2

2)
,− b2 sinu√

m2 (x2
1 − x2

2)
,

b2 cosu√
m2 (x2

1 − x2
2)

)
where m1 = sign

(
x′2
1 − x′2

2

)
, m2 = sign

(
x2
1 − x2

2

)
and

a1 = x′
1 (t) sinhu+ x′

2 (t) coshu,

a2 = x′
1 (t) coshu+ x′

2 (t) sinhu,

b1 = x1 (t) sinhu+ x2 (t) coshu,

b2 = x1 (t) coshu+ x2 (t) sinhu.

Here {e1, e2} is an orthonormal frame field on F (t, u) of signature (m1,−m1) and {e3, e4} is a normal
orthonormal frame field to F (t, u) of signature (+,−).

Since the results for the case x2
1 (t)− x2

2 (t) < 0 are similar to the results for the case x2
1 (t)− x2

2 (t) > 0, in this
paper we consider x2

1 (t)− x2
2 (t) > 0. So we can choose

x1 (t) = P1 (t) coshP2 (t) , x2 (t) = P1 (t) sinhP2 (t)

where P1 (t) and P2 (t) are smooth functions. Here we denote the surface M1 as

M1 : F (t, u) =

 −x1 (t) coshu sinu− x2 (t) sinhu sinu
x1 (t) coshu cosu+ x2 (t) sinhu cosu
x1 (t) sinhu cosu+ x2 (t) coshu sinu
x1 (t) sinhu sinu+ x2 (t) coshu sinu

 (3.1)

where x1 (t) = P1 (t) coshP2 (t) and x2 (t) = P1 (t) sinhP2 (t). Thus we can easily obtain that

De1e1 =
−P ′

2

(
−2P ′2

1 + P1

(
P1P

′2
2 + P ′′

1

))
+ P1P

′
1P

′′
2

m1 (P ′2
1 − P 2

1P
′2
2 )

2 (−A1 sinu,A1 cosu,A2 cosu,A2 sinu) ,

De2e1 =
1

m1P 2
1P

′
2 (P

′2
1 − P 2

1P
′2
2 )

2



A2

(
P ′2
1 − P 2

1P
′2
2

)2
cosu+A1

(
P ′4
1 − P 3

1P
′2
2 P ′′3

1 P ′
1P

′
2P

′′
2

)
sinu

A2

(
P ′2
1 − P 2

1P
′2
2

)2
sinu−A1

(
P ′4
1 − P 3

1P
′2
2 P ′′3

1 P ′
1P

′
2P

′′
2

)
cosu

A1

(
P ′2
1 − P 2

1P
′2
2

)2
sinu−A2

(
P ′4
1 − P 3

1P
′2
2 P ′′3

1 P ′
1P

′
2P

′′
2

)
cosu

−A1

(
P ′2
1 − P 2

1P
′2
2

)2
cosu−A2

(
P ′4
1 − P 3

1P
′2
2 P ′′3

1 P ′
1P

′
2P

′′
2

)
sinu


,

De2e2 =
1

m1P 3
1P

′2
2 (P ′2

1 − P 2
1P

′2
2 )

2



−
(
P ′2
1 − P 2

1P
′2
2

)
D1 cosu+ P 2

1

(
C1 + P 2

1P
′
1P

′3
2 B1 + C3 + P ′4

1 B3

)
sinu

−
(
P ′2
1 − P 2

1P
′2
2

)
D1 sinu− P 2

1

(
C1 + P 2

1P
′
1P

′3
2 B1 + C3 + P ′4

1 B3

)
cosu

−
(
P ′2
1 − P 2

1P
′2
2

)
D2 sinu+ P 2

1

(
C2 + P 2

1P
′
1P

′3
2 B2 + C4 + P ′4

1 B4

)
cosu(

P ′2
1 − P 2

1P
′2
2

)
D2 cosu+ P 2

1

(
C2 + P 2

1P
′
1P

′3
2 B2 + C4 + P ′4

1 B4

)
sinu


where

A1 = P ′
1 sinh (u+ P2) + P1P

′
2 cosh (u+ P2) ,

A2 = P ′
1 cosh (u+ P2) + P1P

′
2 sinh (u+ P2) ,

B1 = 2P ′′
1 sinh (u+ P2)− P1P

′′
2 cosh (u+ P2) ,

B2 = −2P ′′
1 cosh (u+ P2) + P1P

′′
2 sinh (u+ P2) ,

B3 = −2P ′2
2 cosh (u+ P2) + P ′′

2 sinh (u+ P2) ,

B4 = 2P ′2
2 sinh (u+ P2)− P ′′

2 cosh (u+ P2) ,
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C1 = P 3
1P

′4
2

(
−P1P

′2
2 + P ′′

1

)
cosh (u+ P2)− P ′3

1 P ′
2

(
P1P

′2
2 + P ′′

1

)
sinh (u+ P2) ,

C2 = P 3
1P

′4
2

(
P1P

′2
2 − P ′′

1

)
sinh (u+ P2) + P ′3

1 P ′
2

(
P1P

′2
2 + P ′′

1

)
cosh (u+ P2) ,

C3 = 2P 2
1P

′2
1 P ′2

2

(
P ′2
2 cosh (u+ P2)− P ′′

2 sinh (u+ P2)
)
,

C4 = 2P 2
1P

′2
1 P ′2

2

(
−P ′2

2 sinh (u+ P2) + P ′′
2 cosh (u+ P2)

)
,

D1 = P ′
1

(
2P ′3

1 sinh (u+ P2) + P 2
1P

′
2

(
−P1P

′2
2 + P ′′

1

)
cosh (u+ P2)− P 2

1P
′
1

(
2P ′2

2 sinh (u+ P2) + P ′′
2 cosh (u+ P2)

))
,

D2 = P ′
1

(
2P ′3

1 cosh (u+ P2) + P 2
1P

′
2

(
−P1P

′2
2 + P ′′

1

)
sinh (u+ P2)− P 2

1P
′
1

(
2P ′2

2 cosh (u+ P2) + P ′′
2 sinh (u+ P2)

))
,

The components of the second fundamental form h are given as follows

h3
11 = ⟨De1e1, e3⟩ =

−2P ′2
1 P ′

2 + P1P
′
2

(
P1P

′2
2 + P ′′

1

)
− P1P

′
1P

′′
2

m1m3P1P ′
2 (−P ′2

1 + P 2
1P

′2
2 )

,

h3
12 = ⟨De1e2, e3⟩ =

P ′2
1 P ′

2 − P1P
′
2P

′′
1 + P1P

′
1P

′′
2

m1m3P1P ′
2 (−P ′2

1 + P 2
1P

′2
2 )

,

h3
22 = ⟨De2e2, e3⟩ = −

P1

(
P1P

′3
2 − P ′

2P
′′
1 + P ′

1P
′′
2

)
m1m3P1P ′

2 (−P ′2
1 + P 2

1P
′2
2 )

,

h4
11 = −⟨De1e2, e4⟩ = 0,

h4
12 = −⟨De1e2, e4⟩ = − 1

m1m3P1
,

h4
22 = −⟨De2e2, e4⟩ =

2P ′2
1

m1m3P 3
1P

′2
2

where m3 = sign (P1).

Theorem 3.1. The Gaussian curvature of M1 given by (3.1) is identically zero.

Proof. By straight calculations in (2.1) , we obtain K = 0.

So we have the following corollary.

Corollary 3.1. The surface M1 given by (3.1) is a flat surface.

In the following theorem, we consider the normal curvature tensor of the twisted surface M1.

Theorem 3.2. The normal curvature tensor of the surface M1 is identically zero if and only if

P ′2
1 P ′

2 − P1P
′
2P

′′
1 + P1P

′
1P

′′
2 = 0

or equivalently
P2 (t) = c1 ln (P1 (t)) + c2

where c1, c2 are real constant.

Proof. We have

R3
412 = −h3

11h
4
21 + h3

21h
4
11 + h3

12h
4
22 − h3

22h
4
12 = −

2
(
P ′2
1 P ′

2 − P1P
′
2P

′′
1 + P1P

′
1P

′′
2

)
P 4
1P

′3
2

Assume that ⊥R = 0. Then we have P ′2
1 P ′

2 − P1P
′
2P

′′
1 + P1P

′
1P

′′
2 = 0, which implies that P2 (t) = c1 ln (P1 (t)) +

c2, where c1, c2 are real constant.

Theorem 3.3. The mean curvature vector H of the rotation surface M1 is given by

H =

(
A1 (P

′
1 cosu+ P1P

′
2 sinu)

P 3
1P

′2
2

,
(P ′

1 sinu− P1P
′
2 cosu)A1

P 3
1P

′2
2

, (3.2)

(P ′
1 sinu− P1P

′
2 cosu)A2

P 3
1P

′2
2

,− (P ′
1 cosu+ P1P

′
2 sinu)A2

P 3
1P

′2
2

)
.
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Corollary 3.2. The surface M1 can not be minimal.

Let us consider that

⟨H,H⟩ = −P ′4
1 + P 4

1P
′4
2

P 6
1P

′4
2

=

(
P 2
1P

′2
2 − P ′2

1

) (
P 2
1P

′2
2 + P ′2

1

)
P 6
1P

′4
2

̸= 0. (3.3)

So we have the following corollary.

Corollary 3.3. The surface M1 cannot be a marginally trapped surface.

By covariant differentiation with respect to e1 and e2, a straightforward calculation gives

De1e3 =
P ′
2

(
−2P ′2

1 + P1

(
P1P

′2
2 + P ′′

1

))
− P1P

′
1P

′′
2

m3P1P ′
2 (P

′2
1 − P 2

1P
′2
2 )

e1 +
P ′
2

(
P ′2
1 − P1P

′′
1

)
+ P1P

′
1P

′′
2

m3P1P ′
2 (−P ′2

1 + P 2
1P

′2
2 )

e2 −
P ′
1

P1

√
m1 (P ′2

1 − P 2
1P

′2
2 )

e4,

De1e4 =
1

m3P1
e2 −

P ′
1

P1

√
m1 (P ′2

1 − P 2
1P

′2
2 )

e3

and

De2e3 =
P ′2
1 P ′

2 − P1P
′
2P

′′
1 + P1P

′
1P

′′
2

m3P1P ′
2 (P

′2
1 − P 2

1P
′2
2 )

e1 +
P1

(
P1P

′3
2 − P ′

2P
′′
1 + P ′

1P
′′
2

)
m3P1P ′

2 (P
′2
1 − P 2

1P
′2
2 )

e2 +
2P ′3

1 − P 2
1P

′
1P

′2
2

P 3
1P

′2
2

√
m1 (P ′2

1 − P 2
1P

′2
2 )

e4,

De2e4 = − 1

m3P1
e1 −

2P ′2
1

m3P 3
1P

′2
2

e2 +
2P ′3

1 − P 2
1P

′
1P

′2
2

P 3
1P

′2
2

√
m1 (P ′2

1 − P 2
1P

′2
2 )

e3

We note that ⊥∇XH = (DXH)
⊥

, which is the normal part of DXH . Then we can calculate that

H =
1

m3P1
e3 −

P ′2
1

m3P 3
1P

′2
2

e4,

De1H =
1√

m1 (P ′2
1 − P 2

1P
′2
2 )

(
1

m3P1

)′

e3 +
1

m3P1
De1e3

− 1√
m1 (P ′2

1 − P 2
1P

′2
2 )

(
P ′2
1

m3P 3
1P

′2
2

)′

e4 −
P ′2
1

m3P 3
1P

′2
2

De1e4,

De2H = − 1√
m1 (P ′2

1 − P 2
1P

′2
2 )

(
1

m3P1

)′

e3 +
1

m3P1
De2e3

+
1√

m1 (P ′2
1 − P 2

1P
′2
2 )

(
P ′2
1

m3P 3
1P

′2
2

)′

e4 −
P ′2
1

m3P 3
1P

′2
2

De2e4,

which implies that

⟨De1H, e3⟩ =
m1m3P

′
1

√
m1 (P ′2

1 − P 2
1P

′2
2 )

P 4
1P

′2
2

,

⟨De1H, e4⟩ =
m3P

′
1

(
−3P ′2

1 P ′
2 + P1P

′
2

(
P1P

′2
2 + 2P ′′

1

)
− 2P1P

′
1P

′′
2

)
P 4
1P

′3
2

√
m1 (P ′2

1 − P 2
1P

′2
2 )

,

⟨De2H, e3⟩ = −
m1m3P

′
1

√
m1 (P ′2

1 − P 2
1P

′2
2 )
(
2P ′2

1 + P 2
1P

′2
2

)
P 6
1P

′4
2

,

⟨De2H, e4⟩ =
m3P

′
1

(
P ′2
1 P ′

2 + P1P
′
2

(
P1P

′2
2 − 2P ′′

1

)
+ 2P1P

′
1P

′′
2

)
P 4
1P

′3
2

√
m1 (P ′2

1 − P 2
1P

′2
2 )

.

Assume that ⊥∇XH = 0. Then we find that P ′
1 = 0. So we can give the following corollary.

Corollary 3.4. The surface M1 has the parallel mean curvature vector if and only if P1 (t) is a nonzero constant.
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3.2. Twisted surface with null spine curve

In this subsection, we assume that x′2
1 (t)− x′2

2 (t) = 0. So we can choose

x1 (t) = Q1 (t) cosh (c1 +m4 lnQ1 (t)) , x2 (t) = Q1 (t) sinh (c1 +m4 lnQ1 (t))

where c1 is a real constant, Q1 (t) is a nonconstant smooth function and m4 = ±1. Here we denote the surface
M2 as

M2 : F (t, u) =

 −x1 (t) coshu sinu− x2 (t) sinhu sinu
x1 (t) coshu cosu+ x2 (t) sinhu cosu
x1 (t) sinhu cosu+ x2 (t) coshu sinu
x1 (t) sinhu sinu+ x2 (t) coshu sinu

 (3.4)

where x1 (t) = Q1 (t) cosh (c1 +m4 lnQ1 (t)) and x2 (t) = Q1 (t) sinh (c1 +m4 lnQ1 (t)). Then we construct the
orthonormal basis as follows

e1 =
1√

2m4m5Q1Q′
1

(Ft + Fu) =
1√

2m4m5Q1Q′
1



−Q1V1 −m4W1Q
′
1 sinu

Q1V4 +m4W1Q
′
1 cosu

Q1V2 +W1Q
′
1 cosu

Q1V3 +W1Q
′
1 sinu


,

e2 =
1√

2m4m5Q1Q′
1

(Ft − Fu) =
1√

2m4m5Q1Q′
1



Q1V1 −m4W1Q
′
1 sinu

−Q1V4 +m4W1Q
′
1 cosu

−Q1V2 +W1Q
′
1 cosu

−Q1V3 +W1Q
′
1 sinu


,

e3 =
1

U1



−Q1W2 (cosu cosh (u+Q2) +W1 sinu) +m4W1W3Q
′
1 cos (2u)

Q1W2 (− sinu cosh (u+Q2) +W1 cosu) +m4W1W4Q
′
1 cos (2u)

Q1W2 (− sinu sinh (u+Q2) +m4W1 cosu) +W1W4Q
′
1 cos (2u)

Q1W2 (cosu sinh (u+Q2) +m4W1 sinu)−W1W3Q
′
1 cos (2u)


,

e4 =
1

U1



−m4W2Q1 cosu sinh (u+Q2) +m4W1W3Q
′
1 cos (2u)

−m4W2Q1 sinu sinh (u+Q2) +m4W1W4Q
′
1 cos (2u)

−m4W2Q1 sinu cosh (u+Q2) +W1W4Q
′
1 cos (2u)

m4W2Q1 cosu cosh (u+Q2)−W1W3Q
′
1 cos (2u)


where m5 = sign (m4Q1Q

′
1) ,

U1 =
√

Q1W2 (W2Q1 − 2m4Q′
1 cos (2u)),

V1 = cosu cosh (u+Q2) + sinu sinh (u+Q2) ,

V2 = cosu cosh (u+Q2)− sinu sinh (u+Q2) ,

V3 = sinu cosh (u+Q2) + cosu sinh (u+Q2) ,

V4 = cosu sinh (u+Q2)− sinu cosh (u+Q2) ,

W1 = sinh (u+Q2) +m4 cosh (u+Q2) ,

W2 = cos (2u)−m4 sin (2u) ,

W3 = sinu+m4 cosu,

W4 = m4 sinu− cosu,
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Q2 (t) = c1 +m4 lnQ1 (t) .

Here {e1, e2} is an orthonormal frame field on F (t, u) of signature (−m5,m5) and {e3, e4} is a normal
orthonormal frame field to F (t, u) of signature (+,−). Thus we can easily obtain that

De1e1 =
1

U2



−m4W1Q
′3
1 sinu+Q2

1 (−4Q′
1 cosu sinh (u+Q2) + V1Q

′′
1)−Q1Q

′
1 ((3V1 + 4m4V3)Q

′
1 +m4W1Q

′′
1 sinu)

m4W1Q
′3
1 cosu−Q2

1 (4Q
′
1 sinu sinh (u+Q2) + V4Q

′′
1) +Q1Q

′
1 ((−3V4 + 4m4V2)Q

′
1 +m4W1Q

′′
1 cosu)

W1Q
′3
1 cosu−Q2

1 (4Q
′
1 cosh (u+Q2) sinu+ V2Q

′′
1) +Q1Q

′
1 ((3V2 + 4m4V4)Q

′
1 +W1Q

′′
1 cosu)

W1Q
′3
1 sinu+Q2

1 (4Q
′
1 cosu cosh (u+Q2)− V3Q

′′
1) +Q1Q

′
1 ((3V3 + 4m4V1)Q

′
1 +W1Q

′′
1 sinu)


,

De2e1 =
1

U2



−m4W1Q
′3
1 sinu+Q1

2 (4Q′
1 cosu sinh (u+Q2) + V1Q

′′
1) +Q1Q

′
1 (V1Q

′
1 −m4W1Q

′′
1 sinu)

m4W1Q
′3
1 cosu+Q2

1 (4Q
′
1 sinu sinh (u+Q2)− V4Q

′′
1)−Q1Q

′
1 (V4Q

′
1 −m4W1Q

′′
1 cosu)

W1Q
′3
1 cosu+Q2

1 (4Q
′
1 cosh (u+Q2) sinu− V2Q

′′
1)−Q1Q

′
1 (V2Q

′
1 −W1Q

′′
1 cosu)

W1Q
′3
1 sinu−Q2

1 (4Q
′
1 cosu cosh (u+Q2) + V3Q

′′
1)−Q1Q

′
1 (V3Q

′
1 −W1Q

′′
1 sinu)


,

De2e2 =
1

U2



−m4W1Q
′3
1 sinu−Q2

1 (4Q
′
1 cosu sinh (u+Q2) + V1Q

′′
1) +Q1Q

′
1 ((3V1 + 4m4V3)Q

′
1 −m4W1Q

′′
1 sinu)

m4W1Q
′3
1 cosu+Q2

1 (−4Q′
1 sinu sinh (u+Q2) + V4Q

′′
1) +Q1Q

′
1 (− (3V4 + 4m4V2)Q

′
1 +m4W1Q

′′
1 cosu)

W1Q
′3
1 cosu+Q2

1 (−4Q′
1 cosh (u+Q2) sinu+ V2Q

′′
1) +Q1Q

′
1 (− (3V2 + 4m4V4)Q

′
1 +W1Q

′′
1 cosu)

W1Q
′3
1 sinu+Q2

1 (4Q
′
1 cosu cosh (u+Q2) + V3Q

′′
1) +Q1Q

′
1 (− (3V3 + 4m4V1)Q

′
1 +W1Q

′′
1 sinu)


where U2 = 4m4m5Q

2Q′2. The components of the second fundamental form h are given as follows

h3
11 = ⟨De1e1, e3⟩ =

cos (2u) +W2

m4m5U1
,

h3
12 = ⟨De1e2, e3⟩ = − cos (2u)

m4m5U1
,

h3
22 = ⟨De2e2, e3⟩ =

sin (2u)

m5U1
,

h4
11 = −⟨De1e2, e4⟩ =

Q1W2 −Q′
1 sin (2u)

m5Q′
1U1

,

h4
12 = −⟨De1e2, e4⟩ =

−m4Q1W2 +Q′
1 cos (2u)

m4m5Q′
1U1

,

h4
22 = −⟨De2e2, e4⟩ =

m4Q1W2 − (cos (2u) +W2)Q
′
1

m4m5Q′
1U1

.

Theorem 3.4. The Gaussian curvature of M2 given by (3.4) is identically zero.

Proof. By straight calculations in (2.1) , we obtain K = 0.

So we have the following corollary.

Corollary 3.5. The surface M2 given by (3.4) is a flat surface.

In the following theorem, we consider the normal curvature tensor of the twisted surface M2.

Theorem 3.5. The normal curvature tensor of the surface M2 is identically zero.
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Proof. We have
R3

412 = −h3
11h

4
21 + h3

21h
4
11 + h3

12h
4
22 − h3

22h
4
12 = 0

So the normal curvature tensor of the surface M2 is identically zero.

Theorem 3.6. The mean curvature vector H of the twisted surface M2 is given by

H = −m4W2

U1
e3 −

m4W2

U1
e4.

Corollary 3.6. The surface M2 can not be minimal.

Corollary 3.7. The surface M2 is a marginally trapped surface.

Proof. We have ⟨H,H⟩ = 0. So the surface M2 is a marginally trapped surface.
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