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ABSTRACT. In this paper, we introduce (d-)split and (d-)split* epimorphisms and (d-)split and d-split* (pre)crossed
modules in the context of algebroids. Moreover, we examine their categorical properties, and in particular, we give
a necessary and sufficient condition for a morphism of pre-R-algebroids to be a d-split precrossed module and a
necessary and sufficient condition for a d-split* precrossed module to be a crossed module. In addition, we examine
the hierarchical relations between the categories obtained and look over some results for split (pre)crossed modules
over associative R-algebras, as a reduced case.

2020 AMS Classification: 18A20, 18E05, 18G45

Keywords: Algebroids, crossed modules, split epimorphisms.

1. INTRODUCTION

Crossed modules were introduced by Whitehead in his studies [33, 34] on homotopy groups and also studied by
Peiffer and by Reidemeister respectively in their studies [26] and [27] on identities among relations. Then, they have
become an important concept in both homological and homotopical algebra. In particular, crossed modules over groups
and groupoids have been examined over the years in many studies such as, for instance, [10, 12,30], and their higher
dimensional versions in such studies as [11, 14,16, 32].

The notion of crossed modules over associative algebras goes back to Dedecker and Lue [15] and to the coeval
studies [17, 20, 21], in essence. Then, over the time, they have been studied in many works. In particular, crossed
modules over associative algebras were basically examined in such studies, for example, as [19,31], and those over
commutative algebras in [5, 6,28,29].

R-algebroids, which can be regarded as a generalisation of associative algebras, were initially studied by Mitchell
in [22-24] and also by Amgott in [4], and crossed modules over R-algebroids were introduced as a generalisation of
crossed modules over associative algebras by Mosa in his thesis [25]. Later on, they have been examined in various
studies such as [1-3,7-9].

Split epimorphisms, on the other hand, have begun to be studied in categorical algebra more occasionally in re-
cent years. Janalidze, for example, used in [18] the equivalence between split epimorphisms and object actions in a
semiabelian category, in order eventually to construct an equivalence between internal categories and internal crossed
modules, and Béhm obtained in [13], for a fixed class of spans in a monoidal category, an equivalent description of a
split epimorphism in terms of a distributive law to get further equivalences.

The basic purpose of this study is to explore the relations between split epimorphisms and (pre)crossed modules
in the context of algebroids. To this end, after giving some preliminary data in Sect. 2, we define split epimorphisms
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between arbitrary pre-R-algebroids and introduce the notion of a split™ epimorphism between pre-R-algebroids having
the same object set in Sect. 3. In the same section, we also introduce the notions of definite split and definite split*
epimorphisms of pre-R-algebroids and show that each definite split* epimorphism with an R-algebroid codomain is a
precrossed module. Then, in Sect. 4, we introduce the notions of split and definite split (pre)crossed modules over R-
algebroids and give a necessary and sufficient condition for a morphism 77 : V. — A of pre-R-algebroids to be a definite
split precrossed module (cf. Theorem4.4). Next, in the same section, we introduce the notion of a definite split*
(pre)crossed module over R-algebroids and examine their properties. Moreover, we examine the hierarchical relations
between the categories obtained and illustrate the resultant hierarchical structure with a schematic diagram. Then,
in Sect. 5, we explore some further properties of split (pre)crossed modules over R-algebroids and give a necessary
and sufficient condition for a definite split* precrossed module V = (V, A, 7; ¢;) to be a definite split crossed module
(cf. Theorem 5.5). Finally, in Sect. 6, we give a brief explanation on adjusting the findings to associative R-algebras
and state some important results.

Throughout this paper, R will be a fixed commutative ring. Moreover, for convenience, given a map f and an
element x in its domain we shall write fx instead of f (x) if there exists no ambiguity.

2. PRELIMINARIES

A great deal of the data below can originally be found in [22,23,25], as indicated wherever needed, and also
in [4,24]. Moreover, some further readings, in this context, can be found in [1-3,7-9] and in related papers.

Definition 2.1 ( [22,23]). A small category in which each homset is an R-module and the composition is R-bilinear
is called an R-algebroid. Moreover, if the identity-existence axiom is omitted from an R-algebroid structure then the
remaining structure is called a pre-R-algebroid.

Remark 2.2. Throughout this paper, for a (pre-)R-algebroid A

1. Ap will denote the object set of A and s and ¢ the source and target functions, respectively;

2. A (x,y) will denote the homset from x to y;

3. the identity morphism on any x € A, when exists, will be denoted by 14y, or just by 1 if there is no ambiguity;
4. a € A will mean that a is a morphism in A and aa’ will stand for the composition of any a,a’ € A with ta = sa’.

Note from the definition that if A is a (pre-)R-algebroid then its composition is R-bilinear. That is, for all r € R and

a,a’,a”,a" € Awithta = sa’ = sa”, ta’ = ta” = sa’”’ the following equations hold:

nr pwii 1

r-(aa)=@r-aa =alr-a), ald +d’)y=ad +ad’, (@ +ad")a"" =dd" +a"a".

Definition 2.3 ( [22,23]). An R-linear functor between two R-algebroids is called an R-algebroid morphism and an
assignment between two pre-R-algebroids which satisfies all axioms of an R-linear functor except for the identity-
preservation axiom is called a pre-R-algebroid morphism.

Then, the following result is clear:
Corollary 2.4. Each R-algebroid is a pre-R-algebroid and each R-algebroid morphism is a pre-R-algebroid morphism.

Definition 2.5 ( [25]). Given two pre-R-algebroids A and V with Ay = V), a family of maps defined for all x,y,z € Ag
as
V) xAQl,.2) - V(g
v,a) > WV

is called a right action of A on V if

L oy =y 4 y® 4. (Vv =V,

2. (v +w)! =]+, 5. r-vi=(r-v)¢ =y,

3. () =
and if v!a® =y, whenever Lagy exists, for all r € R, a,a’,a;,a, € A and v,V',vi,v, € V with 0" = sv, sv; = 81,

v =tvy = tvy = sa = sa; = say, ta; = ta; and ta = sa’. In this case, it can also be said that A acts on V from right. A
left action of A on 'V is defined in the same way.
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Definition 2.6 ( [25]). Given two pre-R-algebroids A and V with Ay = Vo, A is said to act on V associatively or to
have an associative action on V, or there is said to be an associative A-action on V if A has a left and a right action on
V and if (‘v)* =) forall a,a’ € A and v € V with ra = sv, tv = sd’.

Definition 2.7 ( [25]). Let V be a pre-R-algebroid and A be an R-algebroid with Ay = V and let A act on V asso-
ciatively. A pre-R-algebroid morphism  : V — A is called a precrossed module over R-algebroids if it satisfies the
condition

CM1) n(“v)=a@y) and n(*)=(p)d
forall a,a’ € Aandv € V withta = svand tv = sa’, and n : V — A is called a crossed module over R-algebroids if it
satisfies both CM1 and the condition

CM2) VM =/ =™y
forall v,v' € V with tv = sv'.

Remark 2.8. An immediate observation from Definition 2.7 is that each crossed module is in fact a precrossed module.
Note also thatif n : V — A is a (pre)crossed module over R-algebroids then none of the homsets of V and A is empty,
since they are all R-modules. Therefore, for each object x € Ay there exist a morphism a € A and a morphismv € V
with ta = x and tv = sa, and thus, nx = (ta) = n(t (v*)) = t(n (v*)) = t((nv) a) = ta = x, meaning that 7 is equal to
the identity on Ay (= V).

Definition 2.9 ( [25]). Given two (pre)crossed modules 7 : V. — A and 7’ : V' — A’ over R-algebroids, a pre-R-
algebroid morphism f : V — V’ and an R-algebroid morphism g : A — A’, if the conditions

CMMI1) f(“v) =% (fv) and fO°)=(fr)**
CMM2) 7n'f =gn

are satisfied for all v € V, a,a’ € A with ta = sv and tv = sa’, then the pair (f, g) is called a (pre)crossed module
morphism, over R-algebroids, fromn: V- Aton : V - A’.

Remark 2.10. If (£, g) is a (pre)crossed module morphism fromn : V— Aton’ : V' — A’ then fx =1 fx = gnx = gx
for all x € Ay, since n and i’ are equal to the identities on object sets by Remark 2.8, meaning that f = g on Ag.

Proposition 2.11. All precrossed modules over R-algebroids form with their morphisms a category, denoted by
PXAlg (R), in which the composition is defined pointwisely by (f',g")(f,8) = (f'f,&'g), where f'f and g'g are the
composite pre-R-algebroid and R-algebroid morphisms, respectively. Likewise, with the same composition all crossed
modules over R-algebroids and their morphisms form the full subcategory XAlg (R) of PXAlg (R).

3. SpLit EPIMORPHISMS OF PRE-R-ALGEBROIDS

In this section, we first define split epimorphisms between arbitrary pre-R-algebroids and then introduce the notion
of a splitt epimorphism between pre-R-algebroids having the same object set. Next, we introduce the notions of
definite split and definite split* epimorphism of pre-R-algebroids and show that a definite split" epimorphism with an
R-algebroid codomain is a precrossed module:

Definition 3.1. Let A and V be two pre-R-algebroids, and @ : V — A and e : A — V be two pre-R-algebroid
morphisms. If @e = idx then « is called a split epimorphism of pre-R-algebroids and e is called a splitting of .

As stated in the introduction, our ultimate aim in this paper is to explore the relations between split epimorphisms
and (pre)crossed modules in the context of algebroids. But note on the one hand, from Definition 2.7 and Remark 2.8,
thatif  : V — A is a (pre)crossed module over R-algebroids then V and A have the same object set and 7 is equal
to the identity on Ay (= Vy), and on the other hand, from Definition 3.1, that if @ : V — A is a split epimorphism of
pre-R-algebroids then V and A do not need to have the same object set and even if their object sets are equal & does
not need to be the identity on the common object set. Therefore, in this study, we shall focus on the following special
type of split epimorphisms:

Definition 3.2. Let @ : V — A be a split epimorphism of pre-R-algebroids. If Vo = A and if @ is equal to the identity
on Ay, then we shall call @ a split* epimorphism of pre-R-algebroids.
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Corollary 3.3. Ifa : V — A is a split* epimorphism of pre-R-algebroids then any splitting of a is equal to the identity
on Ay.

Proof. 1f e is a splitting of «, then e(x) = ae(x) = ida(x) = x for all x € Ay. |

In line with our purposes in this paper, we shall show below in this section that a split" epimorphism with an R-
algebroid codomain forms with one of its splitting morphisms a precrossed module, over R-algebroids, in which the
associative action is determined by the splitting morphism. But, a potential problem here is that a split* epimorphism
may have more than one splitting morphism, as it is clear from Definition 3.1 and Definition 3.2, and this may cause
an ambiguity. That is, for instance, if @ : V — A is a split* epimorphism and if e and ¢’ are two splittings of @ then
a determines two different precrossed module structures with e and e’ separately. Therefore, in order to avoid such an
ambiguity, we introduce the following customized definition of split epimorphisms:

Definition 3.4. A split (split*) epimorphism, of pre-R-algebroids, which has just one splitting morphism or of which
just one splitting morphism is taken into consideration will be called a definite split (definite split*) epimorphism or
shortly a d-split (d-split*) epimorphism of pre-R-algebroids and we shall use the ordered quadruple (V, A, «; ¢,) to
mean that @ : V — A is a d-split (d-split*) epimorphism with the considered splitting morphism e,,.

Definition 3.5. Let (V,A,a;¢,) and (V', A’,@’; e, ) be two d-split (d-splitt) epimorphisms of pre-R-algebroids. A
pair (f,g) of pre-R-algebroid morphisms f : V — V' and g : A — A’ is called a morphism of d-split (d-split*)
epimorphisms or shortly a d-split-epi (d-split*epi) morphism, of pre-R-algebroids, from (V, A, a; e,) to (V/, A’, &; )
if o' f =gaand fe, = ey g:

f

V—--—-YV

A8 A

We shall write (f,2) : (V,A,a;e,) = (V,A’,@;ey) to mean that (f, g) is a d-split-epi, or a d-split*epi, morphism
from (V, A, a;e,) to (V, A, ey).

Proposition 3.6. If the pair (f,g) is a d-split-epi (d-split*epi) morphism, of pre-R-algebroids, from (V, A, a; e,) to
(V,a Alv O’/; (2% ), then g = O/fea.

Proof. Using the equalities fe, = ey, g and @’e, = ida

g=idyg=0deyg=a'fe,
as required. O
Proposition 3.7. Like (pre)crossed module morphisms, two composible d-split-epi (d-split*epi) morphisms (f, g) and
(f’,g") can be composed pointwisely and with this composition all d-split epimorphisms of pre-R-algebroids and their

morphisms form a category, which we shall denote by DSplitEpiPAlg (R), and all d-split* epimorphisms of pre-R-
algebroids and their morphisms form its full subcategory DSplit*EpiPAlg (R).

Lemma 3.8. A d-split* epimorphism, of pre-R-algebroids, with an R-algebroid codomain is a precrossed module over
R-algebroids.

Proof. If (V, A, a;e,) is a d-split™ epimorphism, of pre-R-algebroids, with an R-algebroid codomain then V is a pre-R-
algebroid, A is an R-algebroid with Ay = V and « is a pre-R-algebroid morphism from V to A. Moreover, e, is equal
to the identity on A by Corollary 3.3 and so se,a = sa and te,a = ta for all a € A. Thus, forallv € V and a,a’ € A
with tv = sa and ta’ = sv the compositions v (e,a) and (e,a’) v are both well-defined and the assignments

(v,a) » Vv =v(eqa) and (a’,v) = “v = (eqd)v 3.1
obviously determine an associative A-action on V. Furthermore,
a (V) = a(v(ea) = (av) (@eqa) = (av)a,

since ae, = idy, and similarly a(“v) = a’ (av) for all v € V and a,a’ € A with tv = sa and ta’ = sv. That is, CMI is
satisfied and the proof is completed. O
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4. Spuit (PRE)CROSSED MODULES OVER R-ALGEBROIDS

The result that a d-split* epimorphism with an R-algebroid codomain is a precrossed module motivates us to intro-
duce the following definition:

Definition 4.1. Let : V — A be a (pre)crossed module over R-algebroids. If, additionally, 7 is a split epimorphism
of pre-R-algebroids, then it is called a split (pre)crossed module over R-algebroids.

Proposition 4.2. Ifn : V — A is a split (pre)crossed module over R-algebroids, then it is a split* epimorphism of
pre-R-algebroids.

Proof. Vo = Ag and 7 is equal to the identity on Ay, since it is a (pre)crossed module. O

For the same concerns stated just before Definition 3.4 we introduce the following customized definition of split
(pre)crossed modules:

Definition 4.3. If 7 : V — A is both a (pre)crossed module over R-algebroids and a d-split epimorphism, then we shall
call it a definite split (pre)crossed module or shortly a d-split (pre)crossed module, over R-algebroids.

Theorem 4.4. 1 : V — A is a d-split precrossed module, over R-algebroids, if and only if it is a d-split* epimorphism
with an R-algebroid codomain.

Proof. This is a direct result of Lemma 3.8, Proposition 4.2 and Definition 4.3. O

Then, after now, the splitting of a d-split (pre)crossed module 7 : V — A over R-algebroids will be denoted by e,
and to denote such a d-split (pre)crossed module we shall use the ordered quadruple (V, A, 1; e;), for convenience.

Definition 4.5. Given two d-split (pre)crossed modules (V, A, 7; e,) and (V', A, 7’; e, ), over R-algebroids, a (pre)crossed
module morphism (f,g) fromn : V — Ator : V' — A’ is called a definite split (pre)crossed module morphism or
shortly a d-split (pre)crossed module morphism, over R-algebroids, if additionally the equality fe, = e, g holds.

Then, each d-split (pre)crossed module morphism is a d-split*epi morphism and thus we get the following result:

Corollary 4.6. All d-split precrossed modules over R-algebroids form with their morphisms and with the pointwise
composition, which is defined as in Proposition2.11, a subcategory of both PXAlg (R) and DSplit*EpiPAlg (R). We
shall denote this category by DSplitPXAlg (R). Similarly, all d-split crossed modules over R-algebroids form with their
morphisms a subcategory of both XAlg (R) and DSplitPXAlg (R), which we shall denote by DSplitXAlg (R).

In Lemma 3.8, we have seen that a d-split"™ epimorphism, of pre-R-algebroids, with an R-algebroid codomain is
a precrossed module in which the associative A-action on V is defined through the splitting morphism. That is to
mean, there are d-split (pre)crossed modules (V, A, 7; e;), in which the associative A-action on V is defined through
the splitting morphism e;, as in (3.1):

Definition 4.7. Let (V, A, 7;e,) be a d-split (pre)crossed module over R-algebroids. We shall say that A acts on V
through the splitting morphism e, if the associative A-action on V is defined through e, as in (3.1), i.e., by

(v,a) » v =v(eya) and  (d',v) - ay = (ena’)v
forallve Vanda,a € A with ta’ = sv, tv = sa.

Definition 4.8. Let V = (V, A,n;¢,) be a d-split (pre)crossed module over R-algebroids. If A acts on V through the
splitting morphism e, then V will be called a d-split* (pre)crossed module.

Then, defining a d-split* (pre)crossed module morphism as in Definition 4.5 gives us the following result:

Corollary 4.9. All d-split* precrossed modules over R-algebroids form with their morphisms a full subcategory of
DSplitPXAlg (R), which will be denoted by DSplit"PXAlg (R).

Proposition 4.10. Any d-split crossed module, over R-algebroids, is d-split*.
Proof. If V = (V, A, n; ey) is a d-split crossed module over R-algebroids, then
V=1 = y(eya) and v ="y = (e,d )V,

forall v e Vand a,a’ € A with ta’ = sv and tv = sa, meaning that V is d-split*. ]
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Then, we get the following clear result:
Corollary 4.11. DSplitXAlg (R) is a full subcategory of DSplit"'PXAlg (R).
Although they are not just sets, the resultant hierarchical structure above could be illustrated with the following

schematic diagram:

DSplitEpiPAlg (R)

DSplit*EpiPAlg (R)

DSplitPXAlg (R) PXAlg (R)

DSplit'PXAlg (R)

DSplitXAlg ®R) | XAlg(R)

5. MOoRE oN SpLIT (PRE)CROSSED MODULES

Up to now, we have seen some basic features of split (pre)crossed modules, over R-algebroids. In what follows, we
shall explore their further features:

Proposition 5.1. Given two d-split precrossed modules V = (V,A,n; ep) and V' = (V', A’,17’; ey), over R-algebroids,
if the pair (f, g) is a d-split precrossed module morphism from V to V', then g = 17’ fe,,.

Proof. This is a direct result of Proposition 3.6. O

The converse of Proposition 5.1 does not have to be correct always. That is, given two d-split precrossed modules
V= (V,An;ep) and V' = (V',A’,57'; ey), over R-algebroids, a pre-R-algebroid morphism f : V — V’ and an R-
algebroid morphism g : A — A’, if g = i’ fe,, then the pair (f, g) may fail to be a d-split precrossed module morphism
from V to V’. Instead, we have the following:

Proposition 5.2. Given two d-split* precrossed modules 'V = (V,A,n;e,) and V' = (V',A’,17'; e)y), over R-algebroids,
a pre-R-algebroid morphism f : V — V' and an R-algebroid morphism g : A — A’, if f = ey gn, then the pair (f, g)
is a d-split* precrossed module morphism from V to V'.
Proof. Using the equalities e, = ida, and ne, = ids we get
nf=neygn=idvgn=2gn ., fe;=eygne,=eygids =eyg
and thus,
O = f(eya) = f0)f(ega) = fO) fey(a) = f(V)eygla) = fO)*

for all v € V and a € A with v = sa. It can similarly be shown that f(“’v) = 8@) f(v) forallv € Vand a’ € A with
ta’ = sv, and this completes the proof. O

Lemma 5.3. IfV = (V,A,n; e,) is a d-split* (pre)crossed module over R-algebroids, then V is an R-algebroid.
Proof. For each x € Ag and for all v,v' € V withtv = s = x
v =" = v(e;(1aw)) and Vv ="y = (e,(1ax))V
meaning that e, (14(y)) is the identity morphism of V on x € Ay, i.e.
Iy = ey(1aw) (5.1
and this completes the proof. O
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Lemma 54. If V = (V,A,n;ey) is a d-split* (pre)crossed module over R-algebroids, then both n and e, are R-
algebroid morphisms.

Proof. Both n and e, are pre-R-algebroid morphisms. In addition, e, (1)) = lvy and n(1y) = (7ey)(law) = law
for all x € Ay, by (5.1) and by the equality ne, = ids. Moreover, each of i and ¢, is equal to the identity on Ay because
V is d-split* by Proposition4.2. Thus, e,(1aw) = lv = 1\,(6”)() and n(1v(y) = 1aw = lagw. and this completes the
proof. O

Theorem 5.5. A d-split* precrossed module V = (V, A, n; e,) is a d-split crossed module if and only if e, = idy.

Proof. First of all, V is an R-algebroid by Lemma 5.3, since V is d-split*, and thus V has an identity morphism 1y
on each x € Vo = Ag. Moreover, both 17 and ¢, are R-algebroid morphisms by Lemma 5.4.
Now, let V be a d-split crossed module. Then, for eachv € V

ey = (Lvn)egnv) = (lye)™ = lyyv = v,

where the first equality holds because each of 17 and e, is equal to the identity on A, the second equality holds because
V is d-split* and the third one holds because 7V is a crossed module. So we get e, n = idy, as required.
Let, on the other hand, e,n = idy. Then, for each v,v" € V with tv = s’

/

o= vieav') = v(idyv') = w' = (idyv)V' = (epv)y’ =™V,

where the first and last equalities hold because V is d-split*. So, V is a d-split crossed module, and this completes the
proof. O

Corollary 5.6. If V = (V,A,n;ey) is a d-split crossed module over R-algebroids, then n is an isomorphism of R-
algebroids.

Proof. ne, = idy, since V is d-split, and e,n = idy by Theorem 5.5, proving that 77 is an isomorphism of R-algebroids.
m]

Then, the following result is obvious:

Corollary 5.7. If V = (V, A, n; ey) is a d-split crossed module over R-algebroids, then V = A.

6. NoTES ON SPLIT EPIMORPHISMS OF AND SPLIT (PRE)CROSSED MODULES OVER ASSOCIATIVE R-ALGEBRAS

Categorically, pre-R-algebroids could be considered as many-object versions of associative R-algebras or associative
R-algebras as pre-R-algebroids with one object. Therefore, all the findings above can be directly adjusted to split
epimorphisms and split (pre)crossed modules over associative R-algebras. What is more, to make things easier, all
object sets and all source and target functions could be completely ignored simply by assuming all associative R-
algebras have the same unique object. Then the only thing to do is the restatement of all above-mentioned findings
without considering source and target functions. However, it is worth to note the following further results:

Proposition 6.1. Every (d-)split epimorphism a : V — A of associative R-algebras is (d-)split*.

Proof. This is a direct result of Definition 3.2, since we assume that both N and A have the same unique object. O
Then, any d-split-epi morphism is a d-split*epi morphism and thus, we get the following immediate result:

Corollary 6.2. The categories of d-split and d-split* epimorphisms of associative R-algebras are the same.

It is stated in Lemma 3.8 that a d-split* epimorphism with an R-algebroid codomain is a precrossed module. Then,
by Proposition 6.1 we get the following:

Corollary 6.3. A d-split epimorphism, of associative R-algebras, with a unitary R-algebra codomain is a precrossed
module.

Theorem 6.4. n : V — A is a d-split precrossed module, over associative R-algebras, if and only if it is a d-split
epimorphism with a unitary R-algebra codomain.

Proof. This is a direct result of Theorem 4.4 and Proposition 6.1. O
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