MATHEMATICAL

MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES SCIENCES ﬁ
https://doi.org/10.36753/mathenot.1409228 w APPLIE-ANTIIJl}’ég

12 (3) 101-112 (2024) - Research Article
ISSN: 2147-6268

On Characterization of Smarandache Curves
Constructed by Modified Orthogonal Frame

Kemal Eren* and Soley Ersoy

Abstract

In this study, we investigate Smarandache curves constructed by a space curve with a modified orthogonal
frame. Firstly, the relations between the Frenet frame and the modified orthogonal frame are summarized.
Later, the Smarandache curves based on the modified orthogonal frame are obtained. Finally, the tangent,
normal, binormal vectors and the curvatures of the Smarandache curves are determined. A special curve
known as the Gerono lemniscate curve whose curvature is not differentiable, the principal normal and
binormal vectors are discontinuous at zero point is considered as an example and the Smarandache
curves of this curve are obtained by the aid of its modified orthogonal frame, and their graphics are given.
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1. Introduction

Curve theory is one of the most important and interesting research topics of differential geometry. Many studies
have been done about curves in the scientific world and the characterizations of curves have been examined by
considering different spaces. Even in prehistoric times, curves seem to have an important place in the fields of
art and decoration. Curves are used frequently in many related fields such as computer graphics, animation, and
modeling. In this study, we investigated the Smarandache curves using the modified orthogonal frame to give a
new perspective to curves. The Smarandache curves are characterized using different frames in Euclidean and
non-Euclidean spaces [1-9]. The Smarandache curves obtained from spacelike Salkowski and anti-Salkowski curves
are given by Eren and Senyurt in Minkowski space [10-13]. Also, the Smarandache curves are characterized using
the positional adapted frame by Ozen et al. [14, 15]. However, the Serret-Frenet frame is insufficient at points where
the curvature of the space curve is zero. Because at points where the curvature is zero, the principal normal and
binormal vector of a space curve becomes discontinuous. Sasai has defined the modified orthogonal frame as an
alternative to the Frenet frame to solve this problem [16]. Then, the modified orthogonal frame was defined by
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Biik¢ti and Karaca for the curvature and the torsion of non-zero space curves in Minkowski 3-space [17]. This study
aims to investigate the geometric properties of the Smarandache curves according to the modified orthogonal frame.
First of all, the equations of the Smarandache curves according to the modified orthogonal frame are obtained.
Then, the graphs of the obtained Smarandache curves are drawn. Therefore, it is aimed to contribute to the world
of science with the newly obtained curves.

2. Preliminaries

In Euclidean 3-space, Euclidean inner product is given by <, >= da? + da3 + daj where a = (o, a0, a3) € E5.
Norm of a vector a € E? is | a|| = \/< o, @ >. For any the space curve q, if ||o/(s)|| = 1, then the curve « is unit
speed curve in Euclidean 3-space. Let o be a moving space curve with respect to the arc-length s in Euclidean
3-space E3. t, n, and b are tangent, principal normal, and binormal unit vectors at a(s) point of the curve «,
respectively. Then, there exists an orthogonal frame {¢, n, b} which satisfies the Frenet-Serret equation

t' = kn,
n' = —kt + b,
b =—mn

where x and 7 are the curvature and the torsion of the space curve o, respectively. For the reason that the principal
normal and binormal vectors in the Frenet frame of a space curve are discontinuous at the points where the
curvature is zero, the modified orthogonal frame was introduced by Sasai as an alternative to the Frenet frame.
In this sense, we assume that the curvature  (s) of the space curve « is not zero and then we define the modified
orthogonal frame {7, N, B} as follow:

do dT
T=— N =— B=TAN
ds’ ds’

where T'A N is the vector product of 7" and N. The relations between the modified orthogonal frame {T', N, B} and
Serret-Frenet frame {¢,n, b} at non-zero points of « are

T=t, N=kn, B=&b

From these equations, it is known that the differentiation of the elements of the modified orthogonal frame {T', N, B}
satisfy

N’ (s) = —K*T (s) + %/N (s)+7B(s),

B’ (s)=—7N (s) + %/B (s)

dct(al 704” .,Ot’”)

where x’ denotes the differentiation of the curvature with respect to the arc-length parameter s and 7 = —

is the torsion of the space curve a. Moreover, the modified orthogonal frame {T, N, B} satisfies

(I, T) =1, (N,N) = (B,B) = %, (T,N) = (T, B) = (N, B) = 0.

3. Smarandache curves constructed by modified orthogonal frame

In this section, we investigate the Smarandache curves according to the modified orthogonal frame {T', N, B} in
Euclidean 3-space. Let & = «a(s) be unit speed regular curve with arc-length parameter s.

Definition 3.1. Let « be a space curve with modified orthogonal frame {7, N, B}, then the Smarandache curve
obtained from the unit vectors 7"and N of the curve « can be defined as
1

Pi(s*) = NG (T'(s) + N(s)) (3.1)

such that s* is the arc-length parameter of the Smarandache curve ;.
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Now, we investigate the Frenet apparatus of the Smarandache curve §; obtained from the curve «. Taking the
differential of the equation (3.1) according to s, we get

/_dﬁlds*_i

— — T/ N/
Bi= G s = 75 T+ N)
and s ) ,
as _ 2 (_,2 s
58 (e (1) o on)
where
ds* 1 K\ 2
= - 4 1 . 2
ds \/E\/K +< + K) +7
or

dst _ 1 P 2+ 2 (3.2)
— = = = - T . .
ds \/§P1, P1 P

So, the tangent vector of the Smarandache curve §; is written as follows:

- (—nzT + (1 : %) N+ TB) | .
1

By differentiating the equation (3.3) with respect to s, we obtain

dT‘g1 ds* o >\1T+7]1N+,LtlB

- = 3.4
ds* ds Kp12 (34)
where
M=% (=p1 (k+3K") + rpy)
m=—r*pr = K'p'y =k (7? +p'1) + o1 (K + K",
p =2p17R + K (=7p'y + p1 (T + 7).
Substituting the equation (3.2) into the equation (3.4), we get
V2
Tél = @ (MT +mN+ uB).
Then, the curvature and the normal vector of the Smarandache curve 3, are
/ \/2 (M2 +m? + m?)
kg, = HT 51” = leg
and MT +mN + B
Ng _ 14+ U + M1 (35)

VAT

respectively. From the equations (3.3) and (3.5), the binormal vector of the Smarandache curve 5, is found as

1 / /
B, = — ((‘7717+M1 (1 + KJ)) T+ (M7 + mr®) N — <>\1 (1 + Ii) +771/<52> B) ,
P1q1 K K

where ¢1 = V\? + m? + p12. To calculate the torsion of the curve, we differentiate the curve ]

"o 191T+01N+wlB
1 \/5/{

where
V1 = —k%(k +3K'),

o1=—k (K +7) + Kk + £,

wi =27k + k(T +7')
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and similarly

1
= NP (T +&N+GB)

where
G =k (n4 + 1272 =367 — k(3K + 4&")) ,

G=—rT+K 2r+37)+ 315" + 5 (-7 + 7 +17),
G =— (K +6K°K +37°K + k7 (14 37) — K" — K?).

As a result, we get the torsion of the Smarandache curve /3 as follows:

V2 ((wl (1 + %) — 017) ¢+ (wm2 — 1917') & — (O’ll€2 + (1 + %)) Cl)

(w1 (14 %) —017)° + (@ik? — h7)? + (o162 + 01 (1+ =)

1

Definition 3.2. Let « be a space curve with modified orthogonal frame {T', N, B}, then the Smarandache curve
obtained from the unit vectors 7" and B of the curve « can be defined as
1

Ba2(s™) = 7 (T(s)+ B(s)). (3.6)

Here s* is the arc-length parameter of the Smarandache curve .

We research the Frenet apparatus of the Smarandache /5, obtained from the curve «. Taking the differential of
the equation (3.6) according to s, we get

, dfadst 1

e a4 /
/82 - ds* ds - \/i (T (S) + B (S))
and e ) ,
s K
where
ds* 1 9 K\ 2
ds 2 (A=m)"+ </$)
or
ds* 1 B 9 K\ 2
ds EP% p2 = \/(1 —-7) + (H) : (37)

So, the tangent vector of the Smarandache curve 3, is written as follows

Iy — ((1 —7)N+ %B) | 69
P2

By differentiating the equation (3.8) with respect to s, we obtain

dTﬂz ds* )\2T + T]QN + ,ugB
— = (3.9)
ds* ds K p2?

where )
Ao = pgmd(fl +7),

e = p2(k’ — K7') + K(=1+7)p,
w2 = K pa' — pa(k(=1+ 7)1 + K".
Substituting the equation (3.7) into the equation (3.9), we get
V2
TéQ = — (/\2T + 2N + peB) .

Kp23
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Then, the curvature and the normal vector of the Smarandache curve 3, are

\/2 (A2® +m2% + p2?)

Kpo3

KBy = HTIB2|| =

and
_ )\2T + 772N + ,ugB
’ \/)\22-1-7722—|',U227

respectively. From the equations (3.8) and (3.10), the binormal vector of the Smarandache curve 3, is found as

Ng

(3.10)

/

1 !
Bgz = — (<—772H+/142(1—T)>T+)\2F;N+)\2(T—1)B>
P292 K K

where g5 = / Ao + 122 + p22. To calculate the torsion of the curve, we differentiate the curve /) and we get

"o 192T—|—0'2N—|—LUQB
2 \/2%

where
Vg = K3 (=14 7),
o9 =K' — KT,
wo =k(—1+7T)T+k

"

and similarly

111 1
— — (@T+&N +GB
2 = 7, (s2 &2 (2B)

where
G2 = K2R (=3 +27) + 27,

L=r(-1+47) =T+ 1+ 1) +r((-1+7)r>=7"),
G =rT"(1=37)+ (=2+71)76" + £").

As a result, we get the torsion of the Smarandache curve $; as follows

V2 (Q (W2 (1-7)- 02%) + 52192% + V2 (T — 1))
(WQ (177')*0'2%’)2+(192%)2+(192 (771))2 :

T2 =

Definition 3.3. Let « be a space curve with modified orthogonal frame {7, N, B}, then the Smarandache curve
obtained from the unit vectors N and B of the curve « can be defined as
1

P3(s*) = 7 (N(s) + B(s)) (3.11)

such that s* is the arc-length parameter of the Smarandache curve fs.

We investigate the Frenet apparatus of the Smarandache curve 33 obtained from the curve «. Taking the
differential of the equation (3.11) according to s, we get

dpPs ds* 1
= R (V) B ()

ds* 1 9 K K
TBSE—% (_K, T+ (/{_T)N+ (Kj—i_T) B)

ds* 1 A
= 4 . 2

B

and

where
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or

ds* 1 4 K 2 5
E:EP& p3 = ,|K*+2 " +7°]. (3.12)

So, the tangent vector of the Smarandache curve f5 is written as follows:

o LT (1))
3

By differentiating the equation (3.13) with respect to s, we obtain

dTs, ds* AT+ 13N + i3

—_—= 3.14
ds* ds Kp3? (314
where
A3 = —3Kpsk’ + K° (p3' + Tp3),
s = —2k'Tp3 — ps' + w(—p3(T> + ') + 7p3") — ps (v° + £")
ps =K' (27p3 — p3’) + k(ps(—7> +7') — 7p3’) + psr”.
Substituting the equation (3.12) into the equation (3.14), we get
V2
T, = —— (\T N B).
B3 np33(3 +n3N + pzB)
Then, the curvature and the normal vector of the Smarandache curve 33 are
) \/2 (As? + 132 + p13?)
Kpg = HT ,33” = /<;p33
and AT N B
N, = 34 + 3N + s (3.15)

’ \//\32+7732+,u327

respectively. From the equations (3.13) and (3.15), the binormal vector of the Smarandache curve 33 is found as

1 !/ ! ! /
ool o) () e ) o))
P343 K K K K

where g3 = /3% + 132 + p32. To calculate the torsion of the curve, we differentiate the equation of the curve 34

" 3T + 03N + w3 B
3 \/ili

where

93 = K37 — 3K2K/

o3 =~k =216 — k(T2 +7') + K’

wy = 4276 + k(=12 + 1) + K
and similarly

7 ]‘
= — (3T + &N+ (3B
3 \/in(?’ &3 (3B)

where )
63 = K>+ K3 (12 +277) + 4% (TR — K") — 3kK"",

&3 = k3T — 6k%K + k(T3 =377 —1") + (=3K' (7% + 7') = 37K" + K"),

G=—r3T+ 36 (=72 + 1)+ 376" + k(=72 = 377" +7") + K.
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As a result, we get the torsion of the Smarandache curve (3 as follows

V([ (F o) o () st (0 (5 1)) 6 (o0 00 (5 7)) )

a (ws (£ = 7) 403 (£ +7))° + (wsn2 — U5 (2 +7))° + (0362 + 05 (2 — 7))°

3

Definition 3.4. Let o be a space curve with modified orthogonal frame {7, NV, B}, then the Smarandache curve
obtained from the unit vectors T, N and B of the curve « can be defined as
1

Ba(s™) = % (T(s)+ N(s)+ B(9)). (3.16)

s* is the arc-length parameter of the Smarandache curve f;.

We investigate the Frenet apparatus of the Smarandache curve (4 obtained from the curve «. Taking the
differential of the equation (3.16) according to s, we get

dpy ds* 1
bi=geas = 7 TO+TN G +B ()
and d* 1 / !
as 2 (2 A ~
des_ﬁ( ﬁn(ﬂ T+1)N+(H+T)B>
where
L S PR P S A
ds /3 " P P
or

ds” _ 1 w5 i (5 : (3.17)
—_—=— = — =7 —+7]) . .
ds \/§p4, P4 K K

So, the tangent vector of the Smarandache curve 8, is written as follows:

(—ﬁ2T+(%—T+1)N+<%+T>B)

Ts = 3.18
Ba 1 ( )
By differentiating the equation (3.18) with respect to s, we obtain
dTg, ds* _ MT +mN + B (3.19)
ds* ds Kp4?
where .
Mg = —3K%par’ + K2 (=14 T)pa + pd'),
=K ((1=27)ps = pa’) + K(=pa(r® +7') = (1 = 7)ps") — pa (k* = &") ,
pa = &'(21ps — pa') + £(pa(T(1 = 7) + 7') = 7ps’) + par”.
Substituting the equation (3.17) into the equation (3.19), we get
V3
r_
T, = o~ (AT +naN + paB) .
Then, the curvature and the normal vector of the Smarandache curve 3, are
, \/3 (Ma® + na® + 114?)
Kpy = HT ﬁ4|| = Kpa®
and AT N B
N, = ALV (3.20)

! v>\42+n42+u427
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respectively. From the equations (3.18) and (3.20), the binormal vector of the Smarandache curve 3, is found as

K K K
() )
B, = p4q4 K

— ()\4 (/{ —T+1) —&—774/@2) B

where ¢4 = V4% + 142 + 1142 To calculate the torsion of the curve, we differentiate the curve B4

6” - 194T+ 04N +W4B
4 \/gﬂ

where
9y = K31 — 1) — 3r%K/,
1

o4 = —k>+ K1 =27) = k(T>+7) + K",
ws =27+ K(T(L—7) +7") + K"
and similarly

" ]‘
= — (UT+ &N+ 4B
1= g, T HaN TG

where
o =K+ 3% +27) + K2((=3 + 47)K — 4K") — 3kK'%,
€a=r(=14+7) =65 + k(T((=1+7)7 =37") = 7"+ (=3x' (72 + 1) + K" = 37x" + K""),
Co=—K3T+ (—73 +7 =317+ 1"+ K (2= 37)7 + 37") + 37x" + K.

As a result, we get the torsion of the Smarandache curve j, as follows:

V(o (5 +r) 4 (5 —r 1)) et Qu (54 7) +a) & - (0 (5 -7 +1) +m?) )
(—na (B 47)+pa (B -7+ 1))2 + (M (E+7) +,u4/$2)2 + (M (E—-7+1) +774Ii2)2

Ty =

Example 3.1. Let’s plot the graphics of the Smarandache curves based on the modified orthogonal frame of the
eight curve which is known as Gerono lemniscate curve [18]. The parametric equation of this curve is given by

a(s) = (sin(s),sin (s) cos(s),s).

The elements of the Frenet trihedron of the curve « (s) are obtained as

-1.0 =

0.5

0.0 .
0.5

Figure 1. The Gerono lemniscate curve
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(V2cos (s),v2cos (25),v2)

t(s) =
/4 + cos (2s) + cos (4s)
n(s) = ((—1 + 4 cos (2s) + cos (4s)) sin (s) , — sin (25) (6 + cos (25)) , sin (2s) + 2sin (4s)) ’
V/4+ cos (2s) + cos (4s) \/(27 + 24 cos (2s) + cos (45)) sin (s)*
b(s) = (4sin (2s),—2sin (s), —3sin (s) — sin (3s)) .

\/5\/(27 + 24 cos (2s) + cos (45)) sin (s)?

The curvature of the curve « (s) is found as

2\/(27 + 24 cos (2s) + cos (4s)) sin (s)?
3/2

K(s) =

(4 + cos (2s) + cos (4s))

24/(27+24 cos(2s)+cos(4s)) sin (s)>
(4+cos(2s)+cos(4s))3/?
vectors are discontinuous at s = 0 since ny # n_ and by # b_ for ny

Besides the curvature  (s) =

is not differentiable, the principal normal and binormal

= lim n(s), n_ =
s—0+ ( )’

lim n(s) and
s—0~

by = lirgr)lJr b(s), b = lirgl b (s). Looking for a solution to this problem, Sasai has defined the modified orthogonal
S—r s—0~

frame as an alternative to the Frenet frame. The elements of the modified orthogonal frame of the curve « (s) are
obtained as

V2 (cos (s) , cos (25), 1)

T(s) = ,
\/4 + cos (2s) + cos (4s)
N (s) = 2 (sin (s) (—1 + 4 cos (2s) + cos (4s)) , —sin (2s) (6 + cos (2s)) , (sin (2s) + 2sin (4s)))
(4 + cos (25) + cos (4s)) ’
B(s) = V2 (4sin (2s), —2sin (s), — (3sin (s) + sin (35)))

(4 + cos (2s) + cos (45))3/2

The Smarandache curves 81, 52, 83 and 84 obtained from the curve « are given as

V2 cos (s) —6sin (s) + 3sin (3s) + sin (5s) V2 cos (2s)
5 = /4 + cos (2s) + cos (4s) (4+ cos (25) + cos (4s))> /4 + cos (25) + cos (4s)
 2sin(2s) (6 + cos (2s)) V2 2 (sin (2s) + 2sin (4s)) ’
(4 + cos (25) + cos (45)) " \/4 + cos (25) + cos (4s) (4 + cos (2s) + cos (4s))?
9cos (s) + 2cos (3s) + cos (5s) + 8sin (2s) 1+ 9cos (2s) + cos (4s) + cos (6s) — 4 sin (s)
By = V2(4 + cos (2s) + cos (45))3/2 V2(4 + cos (2s) + cos (45))3/2 ’

2 (4 + cos (2s) + cos (4s) — 3sin (s) — sin (3s)) ’
V2(4 + cos (2s) + cos (48))3/2

25sin (s) (4 cos (2s) + cos (4s) — 1) 4+/2sin (25)
(4 4 cos (2s) + cos (4s))* (4 + cos (2s) + cos (45))*/?
—2sin (s) (13 cos (s) + cos (3s)) 2v/2sin (s)

Ps = (4 + cos (2s) + cos (45))?

(4 4 cos (2s) + cos (43))3/2 7

V2 (3sin (s) + sin (3s))

2 (sin (2s) + 25sin (4s))
2

(4 + cos (2s) + cos (4s)

(4 4 cos (2s) + cos (4s))

3/2
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V2 cos (s) 2sin (s) (4 cos (2s) + cos (4s) — 1) 4+/2 sin (2s)
/4 + cos (2s) + cos (4s) (4 + cos (2s) + cos (45))? (4 + cos (2s) + cos (45))3/2 ’
B, = V2 cos (2s) ~ 2sin (s) (13 cos (s) 4 cos (3s)) 2v/2sin (s)
\/4 + cos (2s) + cos (4s) (4 4 cos (2s) + cos (45))° (4 + cos (2s) + cos (43))3/2 ’
V2 2 (sin (2s) + 2sin (4s)) V2 (3sin (s) 4 sin (3s))

/4 + cos (2s) + cos (4s) (4 + cos (2s) + cos (45))°

10

(a) The Smarandache curve /31

(c) The Smarandache curve 83

(4 + cos (2s) + cos (45))3/2

~
SV -10

(b) The Smarandache curve B2

(d) The Smarandache curve 34

Figure 2. The Smarandache curves for s € [—2, 2]

4. Conclusion

In this paper, we investigate the geometric properties of the Smarandache curves with respect to the modified
orthogonal frame. Sasai presented the modified orthogonal frame as an alternative to the Frenet frame. Because the
principal normal and binormal vectors of the Frenet frame of a space curve become discontinuous at the points
where the curvature is zero, However, the Smarandache curves have not been examined under these conditions yet.

For this reason, this research is a new study in the geometry field.
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