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The obtained results are set up by employing generalized intervals and piece-wise constant
functions so that the LP() is transformed into the classical Lebesgue spaces. Moreover, the
usual Banach Contraction Principle is utilized, and the Ulam-Hyers (UH) stability is studied.
At the final stage, we provide an example to support the accuracy of the obtained results.

1. Introduction

Lebesgue spaces with variable exponents were originally examined in Orlicz’s work [1] in 1931 and then in Nakano’s papers [2,3]. More
specifically, [2] provides a precise characterization that describes Musielak-Orlicz spaces, however, it appears that Orlicz is mostly focused
on the completeness of the function spaces. Afterward, a Russian researcher named Sharapudinov in [4] individually improved variable
exponent Lebesgue spaces (VELS) on the real line. In the early 1900s, Kovacik and Rékosnik in [5] detailed the essential characteristics of
Lebesgue and Sobolev spaces with variable exponents. Actually, this paper has a major effect on subsequent papers and was accepted as
the norm reference providing the current basic properties. The authors offered a suitable counterpart of the Lebesgue spaces LP and of the
Sobolev spaces WX and proposed the concept of LP@) for functions p accepting the values on [1,e]. They also provide an application of
generalized Sobolev spaces W57 @ to partial differential equations involving Dirichlet conditions with coefficients of a variable growth. A
decade later, Fan and Zhao [6] deduced the same features by applying different techniques.
The basic idea behind the VELS LP() is to substitute a variable exponent measurable function (VEMF) p(.) into the traditional constant
exponent p in classical Lebesgue spaces (CLS). As a result, we naturally expect that LP() becomes a generalization for CLS L”. Though the
concept seems to be complex and challenging, it has substantial effects and implications that perfectly represent several phenomena in image
processing, optimization, electrorheological(ER) fluids, etc. See [7-11] and the references therein.
A lot of papers have been published concerning the existence and uniqueness of solutions of fractional differential equations (FDEs) in the
space of continuous functions C(A, %), whereas relatively fewer articles exist studying the existence and uniqueness of solutions of FDEs in
LP(A, %) space of integrable functions. For example; by using the well-known monotone technique combined with the method of upper
and lower solutions, Derbazi et al. [12] find the existence and uniqueness of maximal and minimal solutions in C(J, %) to an initial value
problem involving y-Caputo fractional derivative:

K(a) =a*.

{ GVk(s) = fs,x(5)), s€J,
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The existence and uniqueness of p-integrable solution in LP (e, B) space has been discussed in [13] for Caputo FDE with a boundary
condition having the form:

{DZ’K() D(s,k(s)), s € [a,B],
yx(a) +px(B) =c.

Agarwal et al. [14] proved the existence of L” solutions of fractional order integral equations with abstract Volterra operators in separable
Banach spaces. Arshad et al. [15] have studied local and global existence results by applying a compactness-type condition for L” solutions
for fractional integral equations in Banach spaces. The existence of the solutions of FDEs in 240 actually has received little attention since
we are aware of several notable challenges in that space. Dongg et al. [16] employed the Riesz-Kolmogorov theorem to get the existence and
uniqueness of solutions for a Cauchy problem involving FDEs in VELS. Some qualitative properties of a boundary value problem in [17] and
a terminal value problem in [18] involving Riemann-Liouville(R-L) fractional operator were discussed in L” ) space with variable exponent.
In a very recent work [19], the results in [17, 18] have been generalized by discussing a multi-term fractional boundary value problem in
VELS. See [20-22] for the most current works regarding the subject.

In this paper, we shall investigate the following problem involving weighted Cauchy type condition in order to obtain some qualitative
properties in LP\) (A, %):

DX < 9 K(y(5). 5 As= 0.1
{ o (v

where 0 < @ < 1, (., k(.)) € L") (Ax Z,%), k € LPV) (A, %) and y : A — A, and DZ denotes the left Riemann Liouville (R-L) FDE of
order @ in L) defined as (see [16,23)):

(OF9)5) = =7 35 Jo =9 “xlp)ap. (12

where I'(.) is the gamma function.
On the other hand, left-sided R-L FDE of order @ for function k(s) in L0 is given by

S

I95(6) = 57 | 6=p)" (p)dp.

The outline of the paper is as follows: Fundamental concepts and helpful lemmas that are necessary for establishing the main results are
introduced in Section 2. Critical results regarding the existence of solutions in the Lebesgue space of variable exponent for the problem (1.1),
under certain conditions are established in the subsequent section. The UH stability of the solution is demonstrated in the following section.
The last section is dedicated to a demonstrative case that supports the obtained results.

2. Mathematical Preliminaries

Definition 2.1 ( [24], [23]). By LP([a,B],Z), 1 < p < oo, we express the classical space of measurable functions ® : (o, B] — %, provided
with the norm

ol = ([ @(w)ras)” <o

and

||<I>H°°=esssupa§s§ﬁ |D(s)| if r=co.

Lemma 2.2 ([23]). Let ®,D; € LP([or, B],Z), 1 < p < oo and @, > 0 then the following properties of the left RL fractional integral and
R-L FDE are demonstrated.

(DIZ 1 fi(s) = 17TF @ (s)

(2) IZ [@1(s) + P2 (s)] = 1%, P (5) +12 D2 (s)

(3)Daj Iw " Py (s )*‘I’l( )

(4) |12 @ || < rw“ 71 -
Lemma 2.3 ([23]). [f® € LP([a,B], %), 1 < p <o, @ >0, thenI® ® € LP([a, B, Z).
Lemma 2.4 ([23]). Let @ > 0, then the differential equation
5:&=0

has a unique solution

E)=ci(s—a)® Tt er(s—a)® 2+ .. Hep(s—a)® "
co €Z,1<w<n, heren=[®]+1.
Lemma 2.5 ([23]). Let o >0, £ € L'(A, %), DY E e LY(A, %), then

19.D8 E(s) =E(s) +e1(s—a)® T rea(s— )P 2+t en(s—a)® "

where c € #,1 < ® <n, here n=[@]+ 1.
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We now recall the known Hoélder inequality for integrals.

Lemma 2.6 ( [25]). Let p and { satisfy 1 < p < oo,1 < £ < oo, and % + b =1.If®, € LP(A, %) and ; € L*(A,R), then 1, P belongs
to LY(A, %) and satisfies

1 1

P 7
/\q>1<1>2|dx§ [/ |d>1|1’dx}' [/ |d>2\[dx} .
JA JA JA

Definition 2.7 ( [26]). Let Q C %" be an open set in #£". By LP ) (Q) we denote all space of measurable functions ® on Q such that

1) (@) = [ 19(s)"Vds <,

where p(s) is a VEMF on Q with values in [1,0). This is a Banach space given with the norm
@) =inf{n >0:1,,(®/n) < 1}.

We use the following notation:

p— = inf p(s), p+ =supp(s)
SEQ s€Q

£(.) the conjugate exponent of p(.):

2 (Q) is defined as the set of bounded measurable functions p(s) : Q — [1,0) while 2/°¢(Q) designates the set of exponents p € Z(Q)
satisfying the local Log condition:

Ay
s)— < —— s —
p(5) = plp)| < = ks

1
|<§7 sapegv

where A, > 0 is independent of 7 and p.

S10g(Q) is the set off bounded exponents @ : Q — Z satisfying the local log condition.

P28 (Q) is a set consisting of exponents p € Z21°8(Q) with 1 < p_ < py < co.

The following lemma is related to Holder inequality in the variable exponent Lebesgue space L” o (Q).

Lemma 2.8 ( [27]). Let Q C %" be an open set in Z" and p(s),L(s) are two VEMF on Q with values in [1 o) where 1 < p(s) < co and

ﬁ + Wl‘v) = 1. If®; € LPV)(A) and d, € L) (A), we have

[ 191 ©0@2(5)1ds < pl@1 11821 )

where p = supyca -k + supsea .

Theorem 2.9 ([16]). Let p(.) € 2[0,M] and 0 < p% <@ < 1, then 10“3 is bounded in LP") ([0, M), %).

Definition 2.10 ( [28]). Let A C %, A is named as a generalized interval if it is either an interval or {a; } or 0.
A finite set & is called a partition of A if each x inn A lies in exactly one of the generalized intervals E in .
A function p : A — Z is named by piece-wise constant as regards to partition & of A if for any E € &, p is constant on E.

Definition 2.11 ( [29]). The problem (1.1) is Ulam-Hyers(UH) stable if there exists ¢y > 0, such that for any € > 0 and for each solution
y € LP (A, Z) of the following inequality

IDZ.y(s) — B (s,y(s))| < &, sEA 2.1
there exists a solution x € LP (A, %) of problem (1.1) with

[¥(s) = K(s)| < cpe, s € A,

3. Existence and Uniqueness of Solutions

Let us begin with the following assumption:

(H1) Let the finite sequence of points {Ma,}’c'():0 satisfy 0 = My < My < M, = 1, and A be defined as Ay = (Mp—_1, Mgp], ®=1,2,...,n,
n € N. Then & = |J;,_, Ao Would be a partition of the interval A.
For each 0 = 1,2, ..., n, the notation Y, = LP? (A, Z) denotes the Banach space of VEMF from Ay, into Z equipped with the norm:

1

I, = ([ Ixiredx) ™ <o
JA,

®

where 1 < 0w < n.
Let p(s) : A — [1,e0) be a piece-wise constant function with regard to &, i.e., p(s) = Xo _| Polo(s), where 1 < pg < oo are constants
and [ is the indicator of the interval Ay, @ =1,2,....n
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[ 1, forse€ Ay,
lo(s) = { 0, for elsewhere.

So, for any s € Agp, 1 < ® < n, the left R-L FDE for the function defined by (1.2), can be written as

(O 9)5) = =gy 45 Jp (=P) x(o)dp
o—1 M, s
= rl_a,) ( ; %/MH (S_p)fm'c(p)d”%/m,, (s—p)*“"c(p)dp)- (3.1

Thus, the problem (1.1) can be explained for any s € Ay, 1 < @ < n in the form:

1 (“”1 d

i) ,Ia,/M' (s=p) Ox(p)p+ 5 [ (s=p) Ox(p)dp) = B(s. k(W (s)) (32)

M, dS My

Let the function k € LP»(Ag) with Kk =0 on s € [0,M_1] and it solves integral equation (3.2).
Then, (3.2) is reduced to

(D, ¥)(s) = B(s,K(¥(5))), s € Ao.
For any 1 < w < n, we look at the following auxiliary weighted Cauchy type problem of constant order :

{ D K(s) =0(s,x(y(s))), s € A,

SO s, =b. (33)

Lemma 3.1. Let 1 < 0 < n be a natural number, 0 < @ < 1, & € LPo (A X #,X). A function Ky € Y is a solution of (3.3) if and only if
Ko € Y solves the integral equation

Kols) = %t o [ (5=) 000, Ko (v(p) o (3.4)

Proof. To show the necessity, we can write from (3.3)
slfwicw(s) =b Jrsl*’zjlf,;ml B (s, Ko (W(s))).
which implies
sUP ko (5)1=p,,_, = b-

Also, applying 11{4;?] on both sides of (3.4), then

1—
IM

[}

f’] Ko ($) = bo +1Im, , O (s, Ko (¥(s))).
Differentiating both sides of order one, we achieve
D, Ka(s) = O(s, Ko (¥(s)))
Inversely, let K be a solution of (3.3), by integrating both sides, then
1" ko (s) = 1" Ko (5)|i=0 = Iy, , O(s, Ko (W(9)))-
Operating by IA"ZWI on both sides of the last equation, we have
Iy (s) —1%C = 11{,1:2 B (s, Kp(W(s))).
taking the ordinary derivative of the first order, it follows that
Ko(s) —Cis® 1 =15, 3 (s, Ko(¥(5))),

By recalling the initial condition, we find that C; = b, then we obtain (3.4), i.e., problem (3.3) and equation (3.4) are equivalent to each
other. O

Banach Contraction Principle (BCP) is implemented to atrive at the conclusion of the following result.

Theorem 3.2. Suppose that Lemma 3.1 is satisfied and we have a constant M > 0 such that |9 (s, k1) — 9 (s, k)| < M|k — k2|, for any
K1, K3 € LPo(Ag) s € A and moreover the inequality

W M.poMo_1,Mo < 1, (3.5)

holds where

rolle(@-)+1) |y

M )pw My —Mg_1) (o o

T (@1 11)
(Ew(wf 1)+ 1) “I'(o) e +1

WwaM-,[’w-Mw—l My =

Then, for every 1 < @ < n there exists a unique solution on Ay for the problem (3.3).
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Proof. We use a transformation for the problem (3.4) so that it returns to a fixed point problem. Let the operator
S:LP?(Ap, Z) — LP* (Ao, %)

which is given by

(S0 () =057 o [ (6= )90, Ko w(p) M.

BCP is used as the main tool to determine that S has a unique fixed point. To do that, let kg, xe € L2 (Ag), then we have

I5(k0(6) = SCrD1™ = i [ (5-)2 (9(p.Kalp)) - 9(p.xolp))dp "
" Ier o 5=212 (200, kulp)) - 0(palo)) o as

/I‘:w,l (s—p)@1 (19(0, Ko(P)) — ﬂ(p,xw(p))>dp‘ﬂmds

< #/M‘”
= T @)r Ju,.
S%/M{D ([ =0 xa(p))—xalp))|dp) " ds

My My

MPo My
< @ b, [

Observe that we have utilized the Holder Inequality. If we proceed with calculations

1

(/ (s—p)‘f‘"(“’“)dp)iX(/x \Kw(p)—xw(p)\pwdp)”“’rmds-

Ma)—l - Mw—l

rolo(@—=1)+1)

Y MPo Mo (s—Mgy_1) o S .
150509 = S0P < sy, (ew<w_11>+1)?“m’ Uy, [roter=xotp

o Mo rollo(@-1)+1) s
[(Ew(a)'_l)ﬂj_l)dur(m)]p /Mw,l(LviMwil) o0 L )>< (/qu )Kw(P)*xw(p)

Po

dp)ds

Po

<

dp)d&
After rearranging the integrals, we reach at

"My po(lo(@-1)+1) S Po "My 0
[ 6=o) 5 ([ |kolp) —xalp)|“dp)ds = [ ™ (s = Mo-1)%0(s)ds 1.

My My My
where
lo(@—1 +1 'S Po
0= L2 @00 o= [* [xalp)—xalp)| " ap.
® Mgy
Integrating by parts formula yields
(Ma)*Ma)—l)ewH /M“ (S*A’[co—l)em—1
=~ "9  &5.(My)— o, d
(Mo —Mg—1)%*! /Mm (s—Mg_1)%*!
=" 0p(Myp)— G (s)ds
8011 o(Mo) Py o(s)
Since the integral
Mo (s — M., 1)00t1
/M %og,(s)dpo
. -1
then,
rollo@-D+D) 4
M po(My—My_1)" o 1% L
I5(k0(s)) ~ Stra() < [ ) el |7 [ow(Ma)) s
(to(@-1)+1) " (@) R ==+ 1
pollo(@-1)+1)
M Po (Mg —Mg1) "t 1 7
- ) Polle(@—1)11) 7 o —salr..
(fw(wfl)H)"‘"F(w) 7o +1

As a result, by (3.5), the operator S is a contraction. Therefore, by BCP, S has a unique fixed point &; € L (Ag), that yields the unique
solution of the problem (3.3). O

We are now ready to prove the existence result for (1.1).
Let us consider the following condition:

(H2) There exist a constant M > 0 such that,
|9 (s, k1) — O(s, )| < M|K| — K|, for any &, &y € LP)(A) and s € A.
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Theorem 3.3. Assume that (H1), (H2) and inequality (3.5) fulfill for all 1 < @ < n. Then, problem (1.1) has at most a solution in LP(')(A)

Proof. As mentioned in Theorem 3.2, for each 1 < @ < n, (3.3) possesses a unique solution K€ Yp.
For any 1 < @w < n we give the function as follow;

B ) if s€[0 My_1],
7 K, if sE€Ag.

Therefore, kg € LP([0, M_1], %) is a solution for the integral equation (3.2) for s € A meaning that it solves (3.3) for s € Ag.
Then the function:

ki (s) € L (A1, %),
K2(s) € LP2 (A9, %),

o (5) € LP (An, ).

is a unique solution of the problem (1.1) in L") (A). O

4. Ulam-Hyers Stability
Theorem 4.1. Assume that (H1),(H2), and inequality (3.5) hold. Then, (1.1) is UH stable .
Proof. Take € as an arbitrary positive number and the function y(s) from y € LPo (A, ) satisfy inequality (2.1).
For any o € {1,2,...,n} we define the functions y; (s) = y(s),s € [0,M;] and for ® =2,3,...,n
07 NS [O7Mm,1],

Yo(s) = 4.1
¥(s), s€Ap.

According to equality (3.1) for any @ € {1,2,...,n} and 7 € Ay, we get

(DG-yo)(s) = F(%ID)%/AL,, (s—p)~%y(p)dp.

Taking 11% of both sides of the inequality (2.1), we get

(M(u—M(ufl)w
[(@+1)

’yw(S) h % /1&/;7l (s—p)? '8 (p,yo(w(p))dp| <& (sl:(g[a—:_—ll))m <e

According to Theorem 3.3, (1.1) has a unique solution k € L()(A) defined by k(s) = kg (s) for s € Ag, @ = 1,2, ...,n, where

_ 0, s e [O,wal],
Ko = { %ah NS Aa), (4‘2)

and Ky € Y is a unique solution of problem (3.3).
In view of Lemma 3.1, the integral equation

Rols) = s+ [ (5-p)7 00, Rulw(p)))dp @3)

holds.
Fort € Ay, ®=1,2,...,n, by (4.1), (4.2) we have,

() = k()| = [¥(5) = Ka (s)| = [ya(s) = Ko(s)]
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Then, by (4.3) we get
Iy =112 = Iy = Kal1£2 = o~ Rollf2
1 s ~
-1 -1 0
= lols) =" — g [ (5=p) 0o Ro(p))dpIf
1

< Iyols) =" = [ (5=0)™ 3(pol)p IR + Iy [ (5=P)T (9(p.v0(p)) — 3(p-Fu(p))dp I

_ Opy+1 Mgy s
<ere Bt o U =PI 9(p.30(p)) — 0(p. Rup))ldp)ds

(Mw*Mw—l)wMH 1 /M“’ § Ly(@—1 iy 'S ~ Po =1 po
< gPo [(/ —p)"@Vap) / El —¥(p, dp)™]"a
<e To@r ) @)y, P p)" x ( o [2(PY0(P)) = B(p. Ka(p))| - dp s
po (Mo =M )PPt 1 Mo (s—My )BT s < ol
e e o) Jy w ([ [00v0(p))—3(p.Rulp))| dp)ds
-1 (gw(ZDI* 1)+ 1) 20} -1
rollo@-D+D) 4
< gPo (Mg *1‘4@71)&5“’+1 n [ MPo (Mp —Mg_1) lo M } Iye — ,}w”Pm
- Po 423 o0 (lp(@—1)+1 o
IPo(@+1) FPw((D)(ﬂw(w—l)+l)‘“’ Pol <lm ) )+1
(Mg —Mqgy_1)®Pot!
< gbo _ Po
S e
where
ro(lo(@-1)+1)
MPo My —Mgy_,) @ !
= w:nl’]%.)?..n ’Zf“’ ( ° Pw([:(wlf)lwfl) 1
o rpm(w)(ém(af—l)Jrl) © N e
Then,
(M M )mp(oﬂ
— 1 PO
||y_ KHT&) < = Lw
(1—1)w (@ +1)
We obtain,
| o=n (M M )lU[Jw+1
— — Po
ly—xll, < ( o= Po-l £ 1= cye.
INo+1) a)Z::I (171)% )
Therefore, the (1.1) is UH stable. O
5. Example
Consider the flowing fractional weighted Cauchy type problem:
0.5 _ | (s)] —
D K‘(S)—m7 SEA— [O,IL (51)
50k (s) = 0.
Let
|1e(s)]
¥ =— 0,1].
50D = Gy < 0
Then, we have
1 X K
[0 - = _
9065 9(0) = 9w (0 = s s el
B |x — x|
T 2+e)(1+x)(1+k)
x— K|
2+¢eS
< —|x—x]
Thus the condition (H2) is satisfied with M = %
Let
| p1=4, if s€][0,0.5],
P(s) *{ pr=5, if s€]0.5,1]. (5:2)
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According to (3.3), we consider two auxiliary 3.3, the problem (5.1) is equivalent to the followings problems:

0.5 — |x(s)] —
D™ (s) = mrayawny & € A= [0,0.5]; (5.3)
593k (s) =0,
and
0.5 _ |x(s)] .
D%k (s) = e (1+x@) S € Ay :=]0.5,1], (5.4)
s99K(s) =0.

Next, we demonstrate that (3.5) is satisfied for @ = 1, p; = 4. Indeed,
Wa M. p mom, = 0,172681927 < 1.

As a consequence, the inequality (3.5) is satisfied.
Thus, in light of Theorem (3.2), the (5.3) has a unique solution kK| € L*(A1,%).
We have revealed that the inequality (3.5) is valid for @ =2, pp = 5. Indeed,

Wao M, p,.m M, = 0,202489255 < 1.

Then, the inequality (3.5) is fulfilled.
Taking into account Theorem 3.2, the (5.4) provides a unique solution. & € L>(Ay, Z).
Hence, in view of Theorem (3.3), the (5.1) possesses a unique solution.

Ki(s) € LY (A1, %),
k(s) ‘{ o(s) € L3(An, ),

where

K (S)_ 0, seAy,
2 B 1?'2(5), SEN;.

Clearly, one can show that by Theorem 4.1, solution of problem (5.1) is UH stable.
6. Conclusion

We investigate some qualitative properties of a weighted Cauchy problem (1.1) in Lebesgue spaces with variable exponent LPL). Our main
proofs are based on exploiting the generalized intervals and piece-wise constant functions that transform LP0) to the classical Lebesgue
spaces. Additionally, we support the theoretical results by constructing a numerical example.

There have been only a few investigations conducted in this area due to the complex structure of the variable exponent Lebesgue spaces. As a
result, the fundamental results provided in this paper offer several opportunities for further investigations.
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