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INTRODUCTION

Physical events occurring in nature are tried to be
expressed with mathematical models. Instead of classical
derivatives, fractional derivative operators have been used
in these models. Riemann-Liouville and Caputo fractional
derivatives are the leading fractioanl derivatives. Due to
some limitations of these fractional derivatives and having
a singular nucleus, there are new fractional derivatives to
overcome these disadvantages. Caputo-Fabrizio fractional
derivative without a singular kernel and Atangana-Baleanu
fractional derivative is given as a result of replacing the
kernel of this fractional derivative operator with the more
general Mittag-Leffler function [12,13]. The Mittag-Leffler
function is an important function because it has many
representation properties and types. In this article, linear
differential equations containing Caputo, Caputo-Fabrizio
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and Atangana-Baleanu fractional derivatives are solved and
their graphs are demonstrated [6].

One of the integral transformations, the Sumudu trans-
form will be used to solve equations involving fractional
derivatives. The Sumudu transform is important because it
transforms linear equations without changing the property
of the function [8,14,24].

Preferably Caputo fractional derivative is chosen
because the initial conditions are similar to the classical
derivative. After applying the Sumudu transform to the
samples, exact solutions will be obtained and comparative
graphs will be demonstrated [7,17].

In the second part of the article, fractional derivative
definitions will be given. In the third part, the Sumudu
transformation and the inverse Sumudu transform will
be given. In addition, the relations between the Sumudu
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transform and the Mittag Leffler function will be given.
In the fourth chapter, practical examples will be made and
graphic drawings will be interpreted [9,10,11].

Preliminaries
In this section, definitions of Caputo, Caputo-Fabrizio
and Atangana -Baleanu fractional derivative are given.
Definition 1 The Caputo fractional derivative is given
as [11,24]:
1 m

cpm = [Mm—-0)"""" f™(6)ds, (n-1<w<n).

- r(n-w)

Definition 2 In the sense of Caputo, the fractional
derivative of Caputo-Fabrizio is presented by [15,17]:

M(®) ™ @
gFCD% — %f JHO)) e_ﬁ(m_e)de, O0<wm<1)
- 0

M (@) is the normalization function.
Definition 3 In the sense of Caputo, the fractional
derivative of Atangana-Baleanu is given as [12]:

45Dz =22 [T £10) By (ZZ (m — 6)7) d6, (0 <w < 1),

B(@) is the normalization function.

The reason why we chose the Caputo fractional deriv-
ative in our study is that it has similar initial conditions
to the initial conditions in classical analysis [16,24]. The
Atangana-Baleanu and Caputo-Fabrizio fractional deriva-
tives also were taken in the Caputo sense [20,21].

Sumudu Transform

The Sumudu transform is the dual of the Laplace trans-
form, an important transform defined by Watugala in 1993.
The definition and necessary properties of this integral
transformation will be given over the set [7, 8]:

It
A= {f(m)|EIK,‘L'1,‘L'2 >0,|f(m)| < KeY,if me (—1)) x [0,00)}

the Sumudu transform is defined by

G = SIf(m)] = [ f(98) e"™dm, 9 € (14, 75).

The main features and advantages of the Sumudu
transformation

The Sumudu transform, which has unit conservation,
does not apply to any frequency domain. In addition, the
Sumudu transform is a linear transformation and preserves
the properties of linear equations [2,14, 18]. We consider
the functions f(m) and g(m). The Sumudu transformations
of these functions are defined as:

SIfm)] = 6(),Slg(m)] = H(®)

The Sumudu transform is linear [14, 23]:

Slirf (M) + k,9(M)] = 1, G () + K2 H ()

Sumudu transform of f(m) = X3, a, m™ power series
is obtained as G (9) = Yo_onl a, 9" [14,22].

The Sumudu transformation converts combinations to
permutations [14].

o n a o
o! o!
S[A+m)?]=S E cgm| = E ———nl9" = E ——— 9" = pIY9"
n! (g —n)! (o —n)!
n=0 n=0 n=0

Let S[f(m)] = G(¥),S[g(m)] = H(®). Sumudu transform
of f * g convolution is given as [4, 15]:

SIf(m) x g(m)] = 9G)H ().

Assume that S[f(m)] = G(9), S[g(m)] = H®). Then,
we have [4, 14]:

G 0
stremy) = £ T
G 0 '(0
W) < P
s[rmam) = SN O
k=0

Duality relation of Laplace and Sumudu transforms
Sumudu transform, which draws attention with its simi-
larity to Laplace transform, provides convenience in solving
ordinary, partial and fractional differential equations.
Theorem 1 Let f(m) € A. Then, we have Sumudu
transform of f (t) as:

60) =" () =<8

9 s
We have
Sleos(m)] = Llsin(m)] = 17—
S[sin(m)] = L[cos(m)] = 1702

The relations of Laplace and Sumudu transformations
can be seen in the equations given in the form. While
talking about this relationship in the literature, the Sumudu
transform is also called the dual of the Laplace transfrom.

An example of the Laplace and Sumudu transform
We consider the following fractional differential
equation:
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ABCDTF(m) =5m, m>0, f(0)=0, (0<w<1) Let’s apply the Sumudu transform to both sides of the
above equation:

We solve the above equation containing the Atangana-

ABC nw —
Balenau fractional derivative with the initial conditions by ~ {8 Dif(m)} = S{5m}

applying the Laplace transform. 4BCDT £(m) = Ii%) i) Ot f'(D)Eg (% (m— r)“) dr, 0 < w<1
Let’s apply the Laplace transform to both sides of B(w) [t o
the equation: S{gEDEf(m)} =S {mj; [ Es (m (m— T)w) dT}

L{ $*°DZf(m)} = L{5m}
45 DZF(m) =22 7 f1(0) B (7% (m — r)w) dr, 0 < w<1

LU 45¢Dgf(m )}—L{ @ f F@) B (1 (m — ™) d } SEPDRFam} = T {f10m) < B (5 m))
SUPEDZF) = 2 95 (F () (B (- @)

LOW [G(ﬁ) f(O)“
1_

According to the convolution theorem, we have;

According to the convolution theorem, we get;

S(§7¢DRS (m)} = w + wﬁm]

L{ 45DgFm)} = 22 L{f (m) « By (FZm”)}

9
(4% D2 F(m >}—B(’”) G()[l ]

L 47DEF ) = 2 L{p )L {Ea (%‘"’me)}
S ABCD.}Z — ﬂa 9
L DR )} = S5 PO — fO) oy EEPRIm) = 5w 60
L{ §7°DEf (m)) =%sF(s) pEmn We know
L §Dgs () =22 L0 S{5m} = 59.
Then, we get
We know
5 S{ 8% DR f(m)} = S{5m}
——G) =59
Th 1-—w+@d®
en, we get e
B(w) F(s)s® _ i G(ﬁ) = W
1-w s+ 52 1—w +fod®
5 5
— GW) =——(1-@)9 +@w9@*!
F(s) = 52 = iy (1 =0+ @07)
B(w) 5@
l-wgwy — If the inverse Sumudu transform is applied, we will
. 5 (1 _ - ) obtain
S
B(@) ' B@)s” STHEW) =5 == S(a-m9+ @971}
If the inverse Laplace transform is applied, we will reach @ w1
fim) = 5o )<(1 w)t+—r( +2)m
- - 1-
LHF(s)} =L { (F; + #)} Lemma 1 The Sumudu transform of Caputo derivative

forn — 1 < @w < n,n € N, can be obtained as [24]:

5 w
fim) = ——= [(1 —w)m+ —m’“”“].
B r + 2 . (n-1)
(@) (@ +2) SISDE £(m)] = 97~ [G;f) B fﬁ(g) _ ,’;ﬂ S (o)].

We consider:
Proof.

0%DFf(m) =5m, m>0, f(0)=0, 0<w<1) If the Sumudu transform is applied
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SEDRFam] = S [E55 fm = 0t @)de| st geeogramt |72 [ riorma (2

By the convolution theorem, we will get

S[EDRfF ()] = S[mm=m=tx fm)]

1
r'n—w)

1

S[§DRf(m)] = mﬁ

Sm™== 1S [ ™ (m)]

G fO £

(n-1)
SI§DEFm)] = o

1 or gn-m-1
=) (n—w) [

SLEDE ()] = 57 a@:) OO

Lemma 2 We have the Sumudu transform of the
Caputo-Fabrizio fractional derivative for 0 < @ < 1las:

1-w

CFC M@) o [6(9) f(O) _1-w
SLiFeDg1 =2 (10 £0][ L g

Proof.
We have

M(w) ™ @
crepg = 1) [ roye T ag
1-—w),

If the Sumudu transform is applied to the above equa-
tion, we will reach

S[§7 PRl =1— (’”) U O ‘”de]

By the convolution theorem, we obtain

(w)

SLETDR) = TS [ 1m) < e 15"

M(w)

SLEDR] = T 9SIf ()]s [eT=a"]

M G 0

Lemma 3 We have Sumudu transform of the Atangana-
Baleanu fractional derivative for 0 < @ < las:

SLEEeDgEm)] =22 [6(9) - F(0)] ——=—

1-w+w@d®’

Proof.
We have

B m -
#eDg Fam) = 22 f F(O)Eg (7= (m — 0)7) d6

If the Sumudu transform is applied, then we will reach

—(m - e)ﬁT) d@]
By the convolution theorem, we get

SLADEF ()] = 2 [fm) o ()|

SLE"eDRf(m)] = B(w) T 5L em)Is [Ea (7= m)]
B G 0

S gBCsz<m>]=1(_w; -1 )]1—w+w19“'

SLEPDgEf(m)] = ﬂ[f"(ﬁ) f “mﬁ

We define the inverse Sumudu transform as:

1 c+io 1\ ds
_ = stp(Z) 22
f® 2mi fc_iw ¢ F(s) s

Since it is quite troublesome to calculate the inverse
Sumudu transformation, the relations given for the trans-
formation will be used [3,7].

Let’s define the Mittag-Leffler function [24,25]. For
@,0 > 0and m € C with one parameter, we have:

Eo(m) = nZO e + 1)

and with two parameters, we define

E,,(m) =YY% _mt
w,o\M) = Zin=0 r(nw+o)’
The relationship of the Mittag-Leffler function with the
inverse Sumudu transform is given as [1,15]:

1‘90'—13'
-1 — o—1 _ a
« S [ﬁl-mwb] =m°1E, ;(=bm%), @, 0>0 1)
k
-1 9t — o(n+1)-1 (-a) ( ) k(w—0o)
e S [(e-maa-ﬂ)nﬂ] =m Xi= =0 (k(w— a)+(n+1)w)m
w=>0>0beER. 2)
R L MO s
s [19’“’+u19"’+b] m Lm0 Lie O rk(@-a)+rD@—1) T 0)
© 57 gs] = Ea-bm™) @
—1 [ b9 _ ,bm _
5 =em -1 5)
s S] = e )
1-b9.
Examples

We consider the following examples in this section
[23,27].
Example 4.1 We consider [19]
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D2f(m) +D%f(m) +fm)y=1+m

f(0)=£1(0) =1

If the Sumudu transform is applied, the following result
will be obtained:

5 [p2Gm) + D2 Gm) + £Gm)] = 11+ m]
S am] +5[D2rm)| + stram)

= S[1] + S[m]

1 1 1.,
7260 = 5z f(0) —5 (0

1 1 1
ﬁG(ﬂ)—ﬁf(O)—Ef(0)+ T +6W)=1+9
93
1 1 1 1 1 L
G(ﬁ)[§+—l+1] =(§+—1+1)+(1 + 2+ 2)
92 92
(02+—1+1) (19+%+v%)
Goy=—ort 7
l92+ 1+1
92
1 2 é
19+§+192 gr1vdm
G@W) =1+ T =1+ -
192+ = +1 92 +1+92
92 92
3
92 +1+92 9?2
GO =1+ 3 -
92 4+ 1492
GO =1+79
STUGW)] = S~ [1 + 9]
fm)=14+m
Example 4.2

We take into consideration the following problem:
2-w ml—m
+
F(3 w) I'2-®)
f(0)=0, 0<w<1

§Dmf(m) + f(m) =

m-—m

If the Sumudu transform is applied, then the following
result is obtained

2-w 1-w

=S [r(z —®)

SLEDEfm)] + SIF(m)] = s[ 2m

G- ]+S[m2]—5‘[m]

If the sumudu transform is applied to the expression
S[§$DE £ (m)], we will obtain:

SLEDZF ] = 155 [ [y £1(0)(z — 6)~2ap |

r(1

By the convolution theorem, we have

S[6DRfm)] = SIf'(m) « m™]

F(l @)

S[EDRf(m)] = IS[f'(m)]S[m™]

1
rl1—-w)

@

S[EDGF(m)] = ¢

_ro _ -z
r(1 @) B )F(l @)m

S[§DRfM] =977[GW) - f(O] (7

Substituting the results in the equation yields:

9-76(9) - FO)] + G(ﬁ)=;_m)r (3-w)o* -

r(3 I (2-w)
97[G(9) — F(0)] + G) = 20277 =97 +29% - ¥

I (2-w)0™+T (3)8°-T (2)9

GO +1] = [977 + 1][20% - 9]

G@®) =29 -9
STUG(W)] = S~1[29% — ]

fm)=m?-m

Example 4.3

We consider the following problem:
f(m)—§D5f (m) — bf(m) = 8
fO)=£'(0)=0 1<w <2

If the Sumudu transform is applied, then the following

result is obtained:

S[f"m)] = S[ §D7f(m)] — S[bf (m)] = S[8]

If the Sumudu transform is applied to the expression

S[§DE f(m)] then we will get:

S[§DE] = SIS £ — 0)1-do|

r (2 w)
By the convolution theorem, we get

SLEDRf )] = o SIf"(m) + m'~™]

1
-

SL§DRfm)] = 195[f (COINI

1m]

r(z

SLEDRF(m)] = 57600 = 53 /0) = 3 /O] @~ wor=

re- zzr)

SLEDRfm)] = 97"G(®)

If we substitute the result, we will obtain:
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1 1 1 . B
5760 =55 £(0) =5 £(0) — a9™7G(8) ~ bG(9) = 8

G(ﬁ)[——aﬂ w b]=8

8
CO) =g———
m—aﬁ’" b

If the property given in (3) is applied, the we will acquire:

8
G =57 |
G7—ad™® —b

w © pngh n+k) 2-w)k+2n
famy=8m* ) > (2 - @k +2(n+1) +1)

n=0 k=

Example 4.4
We consider the following problem:

EDZf(m) —mcosm+ f(m) —(1+m)sinm=0, 0<w<1, f(0)=1

If the Sumudu transform is applied, we will get

S[ §DZf(m)| — S[m cosm] + S[f(m)] — S[(1 + m) sinm] = S[0],0<w < 1

Substituting the result in (7) into the equation yields:

9(1 —92) 202 9
_ —w _ " 7 == - _
(@) = 1] a+ooz ' 6E) 1+9%)? 1492
—9 + 93— 292 —9 — 93
— - =
[6(9) — 1197 + G() + DL 0
29% + 29
G(‘L9)[19 w+1] m+ﬁ_w
2
29 +2|;+19_1p B
G(ﬂ) _ (1+92) _ 29%  (1+9) 9z
9~ ¥+1 1497 (1_,_,92)2 9P +1

If the properties in (1) and (3) are applied, then we will
obtain

20 (1+9)
Trom@+o02) "

mmir+1

r(n+ 1w+ 2k +3)

© 0 n+k
F(m) = 2m@*+1 Z Z(—n ke + 1)m2k<

n=0k=0

mnw
* r((n+ Do + 2k + 2)

> + Ex(—m®@)

Examples with solutions and comparisons over graphs
The derivatives of the examples in this section are taken

respectively by Caputo, Atangana-Baleanu and Caputo-

Fabrizio derivatives. Obtained solutions are interpreted on

graphs by takingw = 0.5, = 0.7, = 0.9andw = 1.
Example 4.1.1 We consider

EDZf(m)— f(m) =0, f(0) =1, 0<w < 1
If the Sumudu transform is applied, we will get

S[ §DZf(m)] = S[f(m)] =0
Substituting the result in (7) into the equation yields
—f(0)]-6(®) =0

G —

9®[G(I)

1]=9"7

R
6®) = 3%

_1[ [ ]
v"7-1

f(m) = E5(m®)

6] =

Example 4.1.2
We consider

If the Sumudu transform is applied, the following result
is obtained

S[ 4BCDZ f(m)] — S[f (m)] = S[0]

If the Sumudu transform is applied to the expression
S[ 8B DE £ (m)], we will get

SL4EeDRFm)] = 225 [ F(O)Em (75 (m — 6)7) o]
By the convolution theorem, we have

SLAE DR ()] = 228 [f1(m) * By (ZZm™ )]

( )

SLEPeDRF(m)] = 1= @SIF IS [Ey (1= m®)]

S ABCDwf(m)] B(w)ﬂ [6(19) f(O)] — (8)

If we substitute the result, we will get
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B (W)

T 3 —T——S[f(m)]=5[0]

1-@ GW) =0
1—w@+wv?

B(w) [GW) 1
T—w T_E]
B(w) G9) l1—-w

1-w 9 l-w+wd?

B(w) 1 l—-w
l-w 91—-—w+ @@

-G =0

B(w)
1-wl

B(w) l1-w
1-wl—w+oi?

1-@
— @ + wI¥

G() — -G =0

G() [@ _B@ 1w

1-w ]
1-w 1-w+wI® 1-w 1-w+@wI9?

B(w) — B(@)

=1—w+w19w

G(ﬁ)[ 1+w—zm9w]

—w+ @wI®

B(w) 1-—ow+@9®
l-o+@9°B(w) — 1+ @ — @d®

GW) =

B(w)
_ Bw)—1+w
" B(w) -1+ w—w@wd®
B(w)-1+w

B(w)
-1+ —@I®

) =5

B(w) 1
Bw)—1+w _ wi®
B(w)—1+w@

GW) =
1—

If the property given (4) is applied, then we will obtain

1 _ B@) -1 1
S [G(ﬁ)] - B(w)—1+ws L_ﬂ]
B(w)-1+w
_ B B(w) @
fm) = B(w)-1+w Ew (B(w)—1+w )

Example 4.1.3

We consider
SFEDZfm) — f(m) =0, f(0) =1, 0<w <1

If the Sumudu transform is applied, then we will get

S[ §F*DZ £ (m)] — S[f (m)] = S[0]

If the Sumudu transform is applied to the expression
S[SFEDZ f (m)], we will obtain

[CFCD ]_M [f £1(0)e” T=(m— e)de]

By the convolution theorem, we have

M (zzr)

SL§7Dg] =12 s[f(m) + e 770"

M (@)

SLEFeDR] = T 0SIf ()]s [e717o™]

S[ ¢F¢p@] = M(zv)19 [6(19) f(O)

1-@w Y 1-w+wd (9)

If we substitute the result, we will find

M@) 4 [60®)  fO]_ 1-=

o VT T | arme — SU I =SI0]
Mw) GW) 1-w M@) f(0) 1-w _
1-w 9 1-w+@d 1-w 0 1—w+w19_6(19)_0
M(w) M (w) _
1—w+wﬁ6(19)_1—w+zm9_c(19)_0
M(w) _ M@)
G(ﬁ)[l—w+wﬂ_1]_1—w+wﬁ
[t - e,
_ M(w) 1-w+wd
G(ﬁ)_l—w+wﬂM(w)—(1—w)—wﬁ
M(w)
() = M) -1-w) M(w) 1
TM@-(1-o) -9 Mwm) -(1-2) 1— @9
M) —(1-o) M) - (1-w)

If the property given (6) is applied, then we will reach

. _ M (@) -1 1
6O =y a=s <1—#1<91-w>>
fm) = —1@__ i
M(w)-(1-)

The graphs of the results obtained in Example 4.1.1,
4.1.2 and 4.1.3 are given as:

Comparison of classical derivatives and fractional derivatives of C, CFC, ABC
T T T T T

0.0 0.2 04 0.6 0.8 10

Figure 1. Analysis for @ = 0.90.
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Comparisen of classical derivatives and fractional derivatives C, CFC, ABC

30T T T T T =

0.0 0.2 0.4 0.6 0.8 10

Figure 2. Analysis for ® = 0.92.

Comparison of classical derivatives and fractional derivatives C, CFC, ABC
T T T

Graphical comparison of different fractional Caputo derivative
T

T T
4.0 S

—w=0.65
|- @=075 .
—w =0.85 N
3.0 . T=1 q

25

2.0

15

02 04 0.6 0.8 Lo

Figure 5. Analysis for Caputo derivative.

Graphical comparison of different fractional Caputo — Fabrizio derivative
T T

— @ =0.65
=ee@w=0.75
—@=0.85

40

3.5

3.0

25

20
L5 “u‘—“ *
‘\““/“‘ T
0 -I“““‘ ]
0.0 0.2 0.4 0.6 08 10 0.0 0.2 0.4 0.6 0.8 L0

Figure 3. Analysis for @ = 0.95.

Comparasion of classical derivatives and fractional derivatives of C, CFC, ABC
T T T

Figure 6. Analysis for Caputo-Fabrizio derivative.

Graphical comparison of different fractional g — Bal derivative
T T T T T
—@=0.65
25 —
=== @g=0.75
wl|— @ =085 y
. o=1
15 -

10

0.0 0.2 04 0.6 0.8 10

Figure 4. Analysis for ® = 0.98.

0.0 0.2 04 0.6 0.8 10

Figure 7. Analysis for Atangana-Baleanu derivative.
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Graphical demonstrations are given for the different @
values of the examples containing the fractional deriv-
ative operator.

Figure 1 (@ = 0.90) gives a detailed demonstrations of
the behavior of the fractional derivative operators. For
Figure 2, @ = 0.92, for Figure 3 ® = 0.95 and for Figure
4®=0.98.

In the graphical demonstrations, it is observed which
derivative operator is closer to the classical derivative
operator.

As @ gets closer to 1, it is seen that the solution graphs
get closer to each other and resemble the classical
derivative.

Figure 5 contains the graphical representations of the
solution ® = 0.65, ® = 0.75, ® = 0.85, ® = 1 in Example
4.1.1, which includes the Caputo derivative operator. As
the value of @ gets closer to 1, it is seen that the result
gets closer to the classical derivative operator.

Figure 6 contains the graphical representations of the
solution ® = 0.65, ® = 0.75, @ = 0.85, ® = 1 in Example
4.1.2, which includes the Caputo-Fabrizio derivative
operator. As the value of @ gets closer to 1, it is seen that
the result gets closer to the classical derivative operator.
Figure 7 contains the graphical representations of the
solution ® = 0.65, ® = 0.75, ® = 0.85, ® = 1 in Example
4.1.3, which includes the Atangana-Baleanu derivative
operator. As the value of @ gets closer to 1, it is seen that
the result gets closer to the classical derivative operator.
When the graphical representations of Caputo, Caputo-
Fabrizio and Atangana-Baleanu fractional derivative
operators are examined, it is seen that the Caputo and
Caputo Fabrizio derivative operators behave more
similarly.

Example 4.1.4

We consider

§DZf(m) =f(m)+1, f(0)=0, 0<w <1

If the Sumudu transform is applied, we will get
S[ §Dmf(m)] = S[f(m)] + S[1]

Substituting the result in (7) into the equation yields

976G - f(O)]=G(9) +1
GOV ™ —-1]=1
GO =g7—7
9 1 9
CO)=35=_1 " piv_9

If the property in (1) is applied, then we will reach:

e =57 [
f(m) = mew,w+1(mw)
Example 4.1.5

We consider

oEDEf(m) = f(m) + 1, f(0)=0, 0<w < 1
If the Sumudu transform is applied, we will get

S[6%°DR f(m)] = S[f ()] + S[1]
Substituting the result in (8) yields:

B(w) 0{5;19) f(O)] [m] G +1

1-w

B(w) @ 1-w

-5’ 9 I—o+age (D=1
ot L2 -,
G(ﬁ)[B(m) — :‘Z_,)ﬁwmw]:l
1-o+ @d®
IS0l 7oes gy e pupes y
GO = 1-@ wd®
()_B(w)—(1—w)—zm9_B(w)—(1—w)—zm9
1-w wo¥
o). F@—U=—m) __ B@-(=a)
"B@-(1-w)—wd Bl -(1-w)—aod
B(w)— (1 —w) B(w)— (1 —o)
9) = 1-w@ 1
G()_B(m)—(l—w) 71— [orvkd
B(w)—-(1-o)
[0] 9%
+B(w)—(1—w)l @ w}
1_13’(zzr)—(1—w)19

If the properties in (1) and (4) are applied, we will get

S = s !
B -G-o)° |[___@07
B(w) - (1-w)
+ z s o ]
—(1- @ -
B(@) - (1-w) 1_—B(w)—(1—w)19

_ 1-w @ me @ @ @) _
f(m) B(w)-(1-w) w(B(w) (1- w) )+B(m)f(1fw) Ew (B(ﬁr)f(lfw)m ) 1

Example 4.1.6
We consider

CFEpzf(m) = f(m) + 1, f(0)=0, 0<wm < 1
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If the Sumudu transform is applied, we will get

S[§FDZ f(m)] = S[fF(m)] + S[1]

Substituting the result in (9) into the equation

M(m) GW  f(0) . .

1-w [ ]1 —— = S[f(m)] + S[1] yields:
M@) GW 1-@
1-@ Tm=6(ﬁ)+1

M (w) B
T—otasl@-6®=1
M
6@ [ﬁ—l] =1
GW) = 1-w+wd 1-w w0

M@ ()-8 M@ -1 -o) -9 M@) -1 -a) =

_ l1-@ 1
"M@ -(1-w) 1_7M(w) —w(l—w)ﬂ

_ — w
M@ ==\ - ==

G®)

If the property in (5) is applied, we will get

1- 1
N ECE — S =
+ (o) g1 9
M) - (1-w) 1— @

M@ A=)
1_

@
M@) - (1-@)

w w
eM@-0-@) " 4 eM@)-(1-@) " — 1

f(m) =

The graphs of the results obtained in Example 4.1.4,
4.1.5 and 4.1.6 are given as:

Comparison of classical derivatives and fractional derivatives of C, CFC, ABC
T

15¢

10F

0.5

Comparison of classical derivatives and fractional derivatives C, CFC, ABC
I T T

0.0 02 04 0.6 0.8 pa

Figure 9. Analysis for @ = 0.92

Comparison of classical derivatives and fractional derivatives of C, CFC, ABC
T T T

0.0 02 04 0.6 0.8 Lo

Figure 10. Analysis for ® = 0.95

Comparison of classical derivatives and fractional derivatives of C, CFC, ABC

0.0 0.2 04 0.6 (X3 10

Figure 8. Analysis for @ = 0.90

0.0 0.2 04 0.6 0.8 Lo

Figure 11. Analysis for @ = 0.98
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Figure 12. Analysis for Caputo derivative.

Graphical comparison of different fractional Caputo — Fabrigio derivative

=@ —0.65
=== w@=0.75
— @ =085

3.0

2.5

2.0

15

10

0.5

0.0 @

0.0 0.2 0.4 0.6 0.8 10

Figure 13. Analysis for Caputo-Fabrizio derivative.

Graphical comparison of different fractional Atangana — Baleanu

s [—@-065

e @=075
“—a=08s5 ]
st|... w=1

1L
Illllll
IIIlllIIIlIlIIIIIIIIIllllIII

0.0 0.2 04 0.6 0.8 10

Figure 14. Analysis for Atangana — Baleanu derivative.

o Graphical demonstrations are given for the different ®
values of the examples containing the fractional deriva-
tive operator.

o Figure 8 (@ = 0.90) gives a detailed demonstrations of
the behavior of the fractional derivative operators for
Figure 9 ® = 0.92, for Figure 10 @ = 0.95 and for Figure
11 @ =0.98.

o As @ gets closer to 1, it is seen that the solution graphs
get closer to each other and resemble the classical
derivative.

« Figure 12 contains the graphical representations of the
solution ® = 0.65, ® = 0.75, ® = 0.85, ® = 1 in Example
4.1.4, which includes the Caputo derivative operator. As
the value of @ gets closer to 1, it is seen that the result
gets closer to the classical derivative operator.

o Figure 13 contains the graphical representations of the
solution @ = 0.65, ® = 0.75, ® = 0.85, ® = 1 in Example
4.1.5, which includes the Caputo-Fabrizio derivative
operator. As the value of @ gets closer to 1, it is seen that
the result gets closer to the classical derivative operator.

o Figure 14 contains the graphical representations of the
solution ® = 0.65, ® = 0.75, ® = 0.85, ® = 1 in Example
4.1.6, which includes the Atangana-Baleanu derivative
operator. As the value of @ gets closer to 1, it is seen that
the result gets closer to the classical derivative operator.

o When the graphical representations of Caputo, Caputo-
Fabrizio and Atangana-Baleanu fractional derivative
operators are examined, it is seen that the Caputo and
Caputo Fabrizio derivative operators behave more
similarly.

CONCLUSIONS

Sumudu transform is an effective transform for find-
ing analytical solutions of linear equations. In this arti-
cle, homogeneous and inhomogeneous linear equations
including Caputo, Caputo-Fabrizio and Atangana-Baleanu
fractional derivatives are investigated. By referring to
the relationship between the Sumudu transform and the
Mittag-Leffler function and making use of this relationship,
the solutions of these equations have been obtained. When
the solution graphs are examined, it is seen that Caputo and
Caputo-Fabrizio give close solutions. It is also seen that
they produce solutions similar to the classical derivative
when the order of derivative gets closer to 1.

REFERENCES

[1] Acay B, Bas E, Abdeljawad T. Fractional economic
models based on market equilibrium in the frame
of different type kernels. Chaos, Solit Fractals
2020,130109438 [CrossRef]

[2] Ahmed SA. Applications of New Double Integral
Transform  (Laplace-Sumudu  Transform) in
Mathematical Physics. In Abstract and Applied
Analysis. 2021;2021. Hindawi. [CrossRef]


https://doi.org/10.1016/j.chaos.2019.109438
https://doi.org/10.1155/2021/6625247

Sigma J Eng Nat Sci, Vol. 41, No. 6, pp. 1132-1143, December, 2023

1143

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

Al-Humedi HO, Kadhim SAH. Solution of lin-
ear fuzzy fractional differential equations using
fuzzy natural transform. Earthline ] Math Sci
2022;8:41—65. [CrossRef]

Aibinu MO, Moyo SC, Moyo S. Analyzing pop-
ulation dynamics models via Sumudu trans-
form. arXiv [Epub ahead of print]. doi: 10.48550/
arXiv.2112.07126

Aibinu MO, Colin SC, Moyo S. Solving delay differ-
ential equations via Sumudu transform. arXiv [Epub
ahead of print]. doi: 10.22075/ijnaa.2021.22682.2402
Akgiil A. A novel method for a fractional derivative
with non-local and non-singular kernel. Chaos Solit
Fractals 2018;114:478—482. [CrossRef]

Akgiil EK, Akgiil A, Yavuz M. New illustrative appli-
cations of integral transforms to financial models
with different fractional derivatives. Chaos Solit
Fractals 2021;146:110877. [CrossRef]

Akgiil EK, Akgtil A, Alqahtani RT. A new applica-
tion of the sumudu transform for the falling body
problem. J Funct Spaces 2021;2021:9702569. [CrossRef]
Akgiill EK, Jamshed W, Sooppy N, Elagan SK,
Alshehri NA. On solutions of gross domestic prod-
uct model with different kernels. Alexandria Eng ]
2022;61:1289—-1295. [CrossRef]

Asiru MA. Sumudu transform and the solution of
integral equations of convolution type. Int ] Math
Educ Sci Technol 2001;32:906—910. [CrossRef]

Aslam M, Farman M, Ahmad H, Gia TN, Ahmad
A, Askar S. Fractal fractional derivative on
chemistry kinetics hires problem. AIMS Math
2022;7:1155-1184. [CrossRef]

Atangana A, Koca I. Chaos in a simple nonlinear sys-
tem with Atangana-Baleanu derivatives with frac-
tional order. Chaos Solit Fractals 2016;89:447—-454.
[CrossRef]

Baleanu D, Fernandez A, Akgiil A. On a fractional
operator combining proportional and classical dif-
ferintegrals. Mathematics 2020;8:360. [CrossRef]
Belgacem FBM, Karaballi AA. Sumudu transform
fundamental properties investigations and applica-
tions. Int J Stoch Anal 2006;2006:091083. [CrossRef]
Belgacem R, Baleanu D, Bokhari A. Shehu transform
and applications to Caputo-fractional differential
equations. Equations Int ] Anal Appl 2019;17:917-927.

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

Belgacem FBM, Karaballi AA, et al. Analytical inves-
tigations of the Sumudu transform and applications
to integral production equations. Math Problems
Eng 2003;2003:103—118. [CrossRef]

Bhargava A, Jain RK, et al. A Comparative Study
of Laplace Transform and Sumudu Transform
on-Function. In IOP Conference Series: Materials
Science and Engineering. 2021;1099(1):012024. IOP
Publlshlng [CrossRef]

Bokhari A. Application of Shehu transform to
Atangana-Baleanu derivatives. ] Math Computer
Sci. 2019;20:101-107. [CrossRef]

Diethelm K, Ford J. Numerical solution of the Bagley-
Torvik equation. BIT Numerical Mathematics
2002;42:490-507. [CrossRef]

Ghanbari B, Atangana A. A new application of
fractional Atangana-Baleanu derivatives: designing
ABC-fractional masks in image processing. Phys A
Stat Mech Appl 2020;542:123516. [CrossRef]

Gorenflo R, Kilbas AA, Mainardi E Rogosin S.
Mittag-Leffler functions, related topics and applica-
tions. Berlin: Springer; 2014;Vol. 2. [CrossRef]
Haubold HJ, Mathai AM, Saxena S. Mittag-Leffler
functions and their applications. Journal of applied
mathematics. 2011;2011:298628. [CrossRef]

Kazem S. Exact solution of some linear fractional
differential equations by Laplace transform. Int J
Nonlinear Sci 2013;16:3—11.

Luchko Y, Gorenflo R. The initial value problem
for some fractional differential equations with the
Caputo derivatives.

Nanware JA, Patil NG. On Properties of Sumudu
Transform and Applications. Punjab University
Journal of Mathematics. 2021;53(9).

Shaikh A, Tassaddiq A, Nisar KS, Baleanu Analysis
of differential
Fabrizio fractional operator and its applications
to reaction-diffusion equations. Adv Differ Equ
2019;2019:178. [CrossRef]

Zada L, Aziz 1. The numerical solution of frac-
tional Korteweg-de Vries and Burgers' equa-
tions via Haar wavelet. Math Methods Appl Sci
2021;44:10564—10577. [CrossRef]

equations involving Caputo-


https://doi.org/10.34198/ejms.8122.4165
https://doi.org/10.1016/j.chaos.2018.07.032
https://doi.org/10.1016/j.chaos.2021.110877
https://doi.org/10.1155/2021/9702569
https://doi.org/10.1016/j.aej.2021.06.067
https://doi.org/10.1080/002073901317147870
https://doi.org/10.3934/math.2022068
https://doi.org/10.1016/j.chaos.2016.02.012
https://doi.org/10.3390/math8030360
https://doi.org/10.1155/JAMSA/2006/91083
https://doi.org/10.1155/S1024123X03207018
https://doi.org/10.1088/1757-899X/1099/1/012024
https://doi.org/10.22436/jmcs.020.02.03
https://doi.org/10.1023/A:1021973025166
https://doi.org/10.1016/j.physa.2019.123516
https://doi.org/10.1007/978-3-662-43930-2
https://doi.org/10.1155/2011/298628
https://doi.org/10.1186/s13662-019-2115-3
https://doi.org/10.1002/mma.7430



