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Abstract

This article studies the ring structure arising from products of idempotents and nilpotents.
Thus the argument is concerned essentially with the one-sided IQNN property of rings.
We first prove that if the 2 by 2 full matrix ring over a principal ideal domain F' of
characteristic zero is right IQNN then F contains infinitely many non-integer rational
numbers; and that the concepts of right IQNN and right quasi-Abelian are independent
of each other. We next introduce a ring property, called right IAN, as a generalization
of both right IQNN and right quasi-Abelian; and provide several kinds of methods to
construct right TAN rings. In the procedure, we also show that the right IQNN and right
IAN do not go up to polynomial rings.
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1. Prerequisites

In ring theory we often encounter with products of idempotents and nilpotents. This
occurs, for example, in the study of representing an element as a sum of an idempotent and
a nilpotent element (or a unit), which is a prominent area of recent ring theory (see [1,3,
13]). Especially this article concerns the structure of rings which stems from representing
a product ea by a product bf, where e, f are idempotents and a,b are nilpotents in a
given ring. The results obtained here may provide useful information to the study of
representing elements by idempotents and nilpotents.

Throughout this article, every ring is an associative ring with identity unless otherwise
stated. Let R be a ring. I(R) is used to denote the set of all idempotents of R, and
I(R) = I(R)\{0,1}. We use U(R), N(R), and N*(R) to denote the group of all units,
the set of all nilpotent elements, and upper nilradical (i.e., the sum of all nil ideals) of R,
respectively. It is well-known that N*(R) C N(R). A nilpotent element is also called a
nilpotent for simplicity. Denote the n by n (n > 2) full (resp., upper triangular) matrix

*Corresponding Author.

Email addresses: 1058695917Qqq.com (H. Chen), hj1117@163.com (J. Huang), tkkwak@daejin.ac.kr (T.K.
Kwak)

Received: 04.01.2024; Accepted: 25.07.2024


https:/orcid.org/0000-0002-1925-2158
https:/orcid.org/0000-0003-4447-5174
https:/orcid.org/0000-0001-6316-8650

2 H. Chen, J. Huang, T.K. Kwak

ring over R by Mat, (R) (resp., T,(R)). Write Dy, (R) = {(ai;) € Th(R) | a11 =+ = amn},
I, means the identity matrix in Mat, (R) and use E;; for the matrix with (7, j)-entry 1
and zeros elsewhere. Z (Z,) and Q denote the ring of integers (modulo n) and the field
of rational numbers, respectively. For m,n € Z, gcd(m,n) means the greatest common
divisor of m,n. The characteristic of R is denoted by ch(R).

Recall that R is called a reduced ring if it has no nonzero nilpotents, i.e., N(R) = 0. A
ring is called Abelian if every idempotent is central. Reduced rings are obviously Abelian.
Following [2], a ring R is called right (resp., left) quasi-Abelian provided that either I(R)’
is empty, or else for any (e,a) € I(R)' X R (resp., (a,e) € R x I(R)’) there exists (b, f) €
R x I(R) (resp., (f,b) € I(R) X R) such that ea = bf (resp., ae = fb). A ring R is called
quasi-Abelian if it is both right and left quasi-Abelian. Abelian rings are clearly quasi-
Abelian, but not conversely by [2, Example 1.4]. It is easy to check that if R is a ring with
I(R)" nonempty then R is right quasi-Abelian if and only if for any e € I(R)’ and a € R,
there exists f € I(R) such that ea = eaf ([2, Remark 1.3]). Following [11, Definition
1.2], a ring R is said to be right idempotent-quasi-normalizing on nilpotents (simply, right
IQNN) provided that I(R)’ is empty, or else for every pair (e,a) € I(R)" x N(R) there
exists (b, f) € N(R) x I(R)' such that ea = bf. A left IQNN ring is defined symmetrically.
A ring is called IQNN if it is both right and left IQNN. Abelian rings are clearly IQNN
but not conversely as in [11].

In Section 2, we prove that the principal ideal domain F with ch(F) = 0 contains
infinitely many non-integer rational numbers when Maty(F') is a right IQNN ring, and
and the domain H such that K[x] C H C K(z), where K(z) is the quotient field of the
polynomial ring K[z| over a field K, contains infinitely many non-polynomial fractions
when Mats(H) is a right IQNN ring (Theorem 2.4). In Section 3, we define the concept of
a right (left) IAN ring (Definition 3.1) which unifies both the quasi-Abelian ring property
and the IQNN ring property, and then study under what conditions these three concepts
are interrelated (Proposition 3.9). In addition, it is shown that (i) R is reduced with
I(R) = {0,1} if and only if T,,(R) for n > 2 is IAN (Proposition 3.10); (ii) if D, (R) for
n > 2 is a right IAN ring, then so is R (Proposition 3.14(2)); (iii) some useful examples of
right IAN rings are also provided, including the Dorroh extension (Proposition 3.16) and
polynomial rings (Remark 3.18).

2. Remarks on right IQNN rings

We first observe the IQNN property of Mate(F') over a commutative domain F', showing
that the concepts of right IQNN and right quasi-Abelian are independent of each other.
We need the following information essentially for our purpose.

Lemma 2.1. Let F be a commutative domain and R = Mate(F). Then the following
assertions hold.
(1) I(R) is
{E1, B, E3, Ey, E5, B, E7}
where fort # 0,u # 0

10 0 0 1 ¢ 1 0 0 t 0 0
E1: (0 0>7E2: (O 1)7E3: (0 O>7E4: (U O>7E5: (0 1)7E6: (U 1)7
and

u 1—s

E7:<S t > for s ¢ {0,1} and s(1 — s) = tu;

and N(R) is the union of two sets

(-0 Dm0 5= Y 1es0aro
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and

C

{34: (a —ba> |a#0,b#0,c+#0, anda2:—bc}.

(2) If E7B4 # 0 then every entry of E7By is nonzero, and this result also holds for the
cases Of B4E7, E4B4, E5B4, B4E3 and B4E6.

0
C = EA for some E € I(R) and A € N(R), then there exist E' € I(R)" and B € N(R)
such that EA = BE’, in fact EA is ByEy or ByEs.
0) € R is

(ii) Let F =7 and p,q be any nonzero integers such that p # 1. If C = (Z 0

such that C = EA for some E € I(R)" and A € N(R), then there exist E' € I(R) and
B € N(R) such that EA = BE'.

Proof. (1) It follows from [11, Lemma 2.3(2, 3)].
(2) Let K be the quotient field of F. Consider E; = (

3)(i) Let FF = 7Z and be any nonzero integers. If C = 0 p € R is such that
(3)() P, q Y g ‘

S t

/ —
u l—s) € I(R) and By =

<i _ba) € N(R)in (1), where s ¢ {0,1},5(1—5) = tu (then t,u # 0) and a # 0,a% = —bc

(then b # 0,c¢ # 0). Then we have

_ sa +tc sb—ta _f(as+bu at+b(1—s)
ErBy= <ua +(1—=s)c ub—(1-— s)a) and By By = <cs —au ct—a(l— s)) '
From the relations s(1 — s) = tu and a? = —bc, we obtain that sb —ta = a~!(sab —ta?) =

a~1(sab+tbc) = g(sa—l—tc), ua+(1-s)c = s~ (sua+s(1—s)c) = s~ (suattuc) = “(sa+tc)
and ub — (1 — s)a = (as) "' (asub — a®s(1 — s)) = (as)~!(asub + bctu) = Z—Z(sa + tc); and
that at + b(1 — s) = s~ !(sat + bs(1 — s)) = s '(sat + btu) = L(as + bu), cs — au =
a Yacs—au) = a”acs+beu) = £(as+bu) and ct—a(l—s) = (as) (asct—a?s(1—s)) =
(as)~!(asct + betu) = < (as + bu), from which we see

sa+tc  Y(sa+tc as + bu Llas+bu)\ .
ErBy = <’;(sa + tc) Z%;((sa + tc))> and ByEy = <g(as + bu) fi((as + bu))) in Matz(K).

Next consider £y = (ZlL 8) ,Es = (8 D € I(R) and By = (CCL _ba) € N(R) in (1),

where a # 0,a? = —bc (then b # 0, ¢ # 0). Then

a b a —%a tc —ta —q —ta
= = = = b
E4By (ua ub) (ua —“Caa> and E5 By <c —a) (—za —a) '

C

In addition, for F3 =

a ta
Baks = <c tc) -

as desired.

),EG = (2 ?) € I(R)’, we have

_ua _a
G ) mdmE = ("0 L) = (Tet e,
—Ea] —?CL —ua —a —ua —a

(3)(i) By (2), we have the cases that A = By = <8 8) € N(R), and F is E; =
P’ m / / / / 1o / .

/ / - = 4 = ) 5

Jd 1—p € I(R) (where p'(1—p') =¢m #0) or E u 0 € I(R)'; that is, EA

. (0 pluy . oy o 0 w . - -
is (O q’v) with p = p'v and ¢ = ¢'v, or 0w with p = v and ¢ = uw.

Case 1. When p divides q.
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, (—a P\ /0 0\ _ [0 p\
o= (5 0) (6 5) =5 7) =
p

noting B = (__qu Z) € N(R) and E' = (8 (1)) € I(R).
p

Case 2. When ¢ divides p.

We have
_p 2
D . 0 1—|—q :(0 p>:EA7
q -p 0 1 0 g¢q

_r 0 142
notinng(p Q>€N(R) andE’z( +‘1>€I(R)’.
q -p 0 1

Case 3. When p and ¢ do not divide each other, and ged(p,q) = 1.

Note that this case arises from FE7Bs with By = Eq9 or By = —Fq9. It suffices to
consider the case of By = Ejg, i.e., v =1. Then p = p' and ¢ = ¢ (hence p(1 — p) = gm).
Evidently |p|, |¢| > 2.

Let p = pi* -+ -p}bf and ¢ = ¢}" - ~q§g (us,v; > 1) be the prime number decompositions
of p,q respectively, where p;’s and ¢;’s are distinct. Then, from the hypothesis that

We have

gcd(p,q) = 1 and p(1 — p) = gm, we see that every qu divides 1 — p and, consequently, ¢
divides 1 — p.
Assume FA = ByFE5. Then

0 0)-C )0 )-6 %)

and so b = p, a = —q. But a® = —bc implies ¢°> = —pc, entailing that every p; divides ¢, a
contradiction. So we must have FA = B4FE5. Then

0 p\ _(a b 0 t\ (0 at+bd
0 g/ \¢ —a/\O 1) \0 ct—a
and so at +b = p, ct — a = ¢q. But a®> = —bc implies

—b
p=at+b=a"'(a’ +ab) = a (bt + ab) = —(ct —a) = —q
a a

and
q=ct—a=a Yact —a®) = a”(act + bc) = E(at +0b) = Ep,
a a

entailing pa = —gb and qa = pc. Then a,c € ¢Z and a,b € pZ by the distinctness of p;’s

and g;’s; hence we can let a = g"ph2a; with a1 € Z and hy, he > 1. It then follows that
b= —%a = —¢Mm~1phetly; and ¢ = %a = ghtliphe=lg,.

From the relation at + b = p, we have

Cp—b  pHghTiphrtle 14 gmTpi2g

t =
a g"ph2a gmpheTlay
Here if hy > 2 (resp., ha > 2) then ¢ (resp., p) divides 1, a contradiction. Thus hy = he =1
and we obtain that a = gpay, b = —p?a1, ¢ = ¢?a;. Then

,_p=b _p+pla  14py
a qpay qar

entailing a1 (qgt—p) = 1 and a; = ﬁ. Since aj € Z, we must have |a1| = 1 and |gt—p| = 1.

1-p

Letting a; = —1, we obtain that a = —gp, b=p? ¢ = —¢?> and t = — 7
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Since ¢ divides 1 — p as above, we have that t = —% € 7Z and

— 2 _1-p
BE’:( P p) 0 =3 :(O p):EA,
—q° gp) \O 1 0 ¢q

2 1-p
. —qp P (0 = /
t B = € N(R d B = q cI(R).
noting (_qg qp> (R) an <O ) ) (R)

/ /

0 O) € N(R), and E is (1 ;,p g,) € I(R) (where p'(1 —p') =

(ii) Then 0 # A = (5 0

/
g'm’ # 0 (hence p’ # 0,1)) or (8 215) € I(R)' (where t # 0); that is, FEA = (Z,Z 8) with

p=p'sand ¢=¢'s,or EA = (it 8

(i)-

Case 1. When p divides gq.

) with p = s and ¢ = st. We apply the argument of

We have
BE’:q_%loqu:EA
: q e ' 10 /
noting B = p | € N(R) and E' = e I(R).
P —q 00

Case 2. When g divides p.

We have
;[ 7P 4 1 0\ /g 0\ _ 0
<_p: p> (1 + % 0) <p 0 ’

. P q 1 0
noting B = (_1;2 p) € N(R) and E' = (1 +r 0) e I(R)'.
Case 3. When p and ¢ do not divide each other, and ged(p, q) = 1.

Note |p|, |¢| > 2, and we have

—q? 1 0
BE’:(qé’ q> - =(q O):EA,
p° —qp) \—— O p 0
noting B = (qp _q2> € N(R) and E' = L% e I(R). O
p* —ap -2 0

In [11], it is proved that Mata(K) is IQNN over a field K, and a question “Is Mato(F')
also right IQNN when F' is a commutative domain?" is raised. The following example
answers this question negatively.

Example 2.2. We follow the notation of Lemma 2.1(1).

(1) Let R = Mate(Z) and we will show that R is not right IQNN. Note that Z is

a principal ideal domain. Let p be any prime integer. Take F = (;2 8) and A =

the contrary that there exist B € N(R) and E’ € I(R)’ such that EA = BE'. By Lemma
2.1(2), BE' must be one of the following cases:

p p p
< ) € R. Then F € I(R) and A € N(R) such that FA = <p3 p4)' Assume on

B4E3, B4E6, or B4E7.
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(Case 1) EA = ByE3 = (a b > <1 t> = ( “ _tg ) by Lemma 2.1(2), where

¢ —a)\0 O —3a 5a
a’> = —bc # 0 and t # 0. Thena:pandp3:—%a:—%. Sob:—% € 7Z, a
contradiction.
a b 00 —Yq —Lq
(Case 2) EA = ByFEg = (c —a) (u 1) = (_fm —Ca> by Lemma 2.1(2), where

a’?> = —bc # 0 and v # 0. Then a = —p* and p? = —ua = up?, entailing u = % €7, a

contradiction.
B fa b S t _fas+bu at+b(1—-s)\ [« %O‘
(Case3) EA = ByFr = (C ) ( > - ( 1—5)) B (20‘ ia)
tu # 0. Then a = p,
2 _

—a)\u 1—s cs—au ct—a
by Lemma 2.1(2), where a = as + bu, a®> = —bc # 0 and s(1 — s) =

o= p? and éa = p?, from which we see ¢ = p?a and t = ps. From a —bc, we obtain
a’® = —p?ab and a = —p?b.

—~~

Now, by the results above, we have

p> =at +b(1 —s) = (—p®b)(ps) + b(1 — s) = —p>bs + b(1 — 5) = b(1 — (1 + p?)s),

from which we see b = ﬁipg)s € Z. Since s # 0,1 and |1 — (1+p?®)s| > p?, there cannot
exist b, s € Z that satisfy the equation b = ﬁjpg)s.

Consequently EA ¢ N(R) x I(R)’, and therefore R is not right IQNN.

(2) Let R = Maty(F), where F = Z[\/3 i] = {a+ b3 i | a,b € Z} and i> = —1. Note
that Z[v/3 ] is not a unique factorization domain (hence it is not a principal ideal domain)
as can be seen by the two distinct factorizations into irreducible elements: 4 = 2 -2 =
(1++v/3i)(1—+/34). We claim that R is not right IQNN. We will use Lemma 2.1(1) freely.

Let £ = <0 0> € I(R) and A = (—(1—\/31') 9 ) € N(R). Then EA =
3 ! +8/§ “]. Assume on the contrary that there exist B € N(R) and E’ € I(R) such

that FA = BE’. Then BE' must be one of the following:

By FEg, BoE7, B4E3, B4Eg, and ByFry.

(Case 1) FA = (8 (t)) (2 (1)) = ByEg implies tu = 2 and t = 1 + /3 i, entailing

o 1-—4¢
implies tu’ = 2 and t(1—s') = 14++/3 i. Since 2 is irreducible and the only units of Z[v/3 1]
are 1, —1, we have that

/ /
(Case 2) EA = (0 t) (S, t ) = ByFE7 (where s’ ¢ {0,1} and §'(1 — §') = t'u/)

(tvu,) € {(17 2)’ (*17 *2)7 (27 1)7 (*2’ *1)}'

Letting (t,u’) = (1,2), we have s’ = —/3iand 2t' = t'u/ = s/(1—5') = (=3 i) (1+V3 i) =
3—+/3 . From this, we obtain ¢’ = 3 —=1/3i ¢ Z[v/3 i]. When (t,u’) = (—1,-2), we have
t'=—143V3i¢Z[V3i. When (t,u') = (2,1),(-2,-1), we have s',1 — s’ ¢ Z[/3 i].
In any case, we have a contradiction.

(Case 3) FA = (Z _ba) ((1] é) = By FEs5 implies ¢ = 0, a contradiction.

—a u 1

(Case 4) FA = (CCL b ) (0 O) = B,Eg implies a = 0, a contradiction.
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(Case 5) FA = (i _ba) <Z 1 i s> = ByE7 (where a # 0,b # 0,c # 0,a? = —bc and

s ¢ {0,1}, s(1 — s) = tu) gives the following equations: as + bu = 2 and ¢s — au = 0.
Multiplying ¢s — au = 0 by a, we obtain

0 = cas — a*u = cas + beu = c(as + bu)

2 = —be, from which we see as + bu = 0 since ¢ # 0, contrary to

from the relation a
as +bu = 2.
Summarizing, FA cannot be contained in the set {BE' | B € N(R) and E’ € I(R)'},

and therefore R is not right IQNN.

By help of Example 2.2, we can show that the concepts of right IQNN and right quasi-
Abelian are independent of each other.

Example 2.3. (1) Let R = Mats(Z). Then R is quasi-Abelian by [8, Theorem 3.4], but
R cannot be right IQNN by Example 2.2.

(2) Recall that for a domain R and n > 2, T,,(R) is right quasi-Abelian if and only if
R is a division ring if and only if 7,,(R) is left quasi-Abelian, by [2, Theorem 2.1] and
its proof. Let I’ be a domain that is not a division ring. Then T5(F) is right IQNN by
[11, Theorem 3.1], but it is not right quasi-Abelian by the preceding argument.

It is evident that if R is a right quasi-Abelian ring with N*(R) = N(R) then R is right
IQNN. Note that R = Mat, (A) cannot satisfy the condition N*(R) = N(R), where n > 2
and A is any ring. The degree of a polynomial f is denoted by deg(f).

Theorem 2.4. Let K be a field, K(x) be the quotient field of K|x], and H be a domain
with K[z] € H C K(z). If Mate(H) is right IQNN then H contains infinitely many
non-polynomial fractions.

Proof. Let p be any non-constant polynomial that is prime in K|z|, and ¢ € K[z]| be any

polynomial satisfying deg(q) > deg(p). Let R = Mats(H) and consider E = (3 8) €

2
I(R) and A = (p p ) € N(R). Then E € I(R) and A € N(R) such that EA =

Suppose that R is right IQNN. Then there exist B € N(R) and E’ € I(R)" such that
EA = BE'. By Lemma 2.1(2), BE' must be one of the following cases:

B4E3, B4E6, or B4E7.

2% T
a’> = —bc #0 and t # 0. Then a = p and pg = —a = —%, from which H contains
b= —-L € K(2)\K|[z] since deg(q) > deg(p).

(Case 1) EA = ByFE3 = (CCL _ba> (é é) = < C(Ll tgba) by Lemma 2.1(2), where

a

a b 0 0 —*a —%a
(Case 2) EA = ByEg = (c —a) (u 1) = (—ua —a) by Lemma 2.1(2), where

—bc # 0 and u # 0. Then a = —p?q and pq = —ua = up?q, entailing that H contains

Z ::% € K(z)\K]|x].
)= (o o)

B ~fa b s t _ (as+bu at+b(l —s
(Case 3) EA = ByE7 = (c —a) (u 1—3) a <cs—au ct—a(l—s
tu # 0. Then o = p,
= —bc, we obtain

2

»

u
2

by Lemma 2.1(2), where a = as + bu, a®> = —bc # 0 and s(1 — s) =

“a = pq and éa = p?, from which we see ¢ = qa and t = ps. From a

a’® = —qab and a = —qgb.
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Now, by the results above, we have
P’ =at +b(1 —5) = (—gb)(ps) +b(1 — 5) = b(1 — (1 + qp)s),
p2
I-(1+pg)s”
p? + (pm + 1)|s| — 1 > p?> + pm > p?, H contains b =
deg(1 — (14 pq)s) > deg(p?).
Summarizing, H contains a non-polynomial fraction in any case and, consequently, H
contains infinitely many non-polynomial fractions since p and g are taken arbitrarily. [

Since s # 0,1 and |1 — (1 + pg)s| = |[(1 + p* + pm)s — 1| >
€ K(z)\K]|z| since

and so b =

p2
1-(1+pq)s

The Abelian property goes up to polynomials by [10, Lemma 8], but the right quasi-
Abelian property does not by [2, Proposition 2.5(1)]. Theorem 2.4 is applicable to show
that the right IQNN property is not preserved by polynomial rings. In fact, Mat2(Q)
is IQNN by [11, Theorem 2.4] but Mat2(Q)[z] is not right IQNN, since Mat2(Q)[z] =
Mats(Q[z]) and, by Theorem 2.4, Mat2(Q[z]) is not right IQNN.

3. Right IAN rings

As noted earlier, if R is a ring with I(R)" nonempty then R is right quasi-Abelian if
and only if for any e € I(R) and a € R, there exists f € I(R) such that ea = eaf.
Motivated by the arguments of the preceding section, we next consider a class of rings
which generalizes both the quasi-Abelian property and the IQNN property, and will show
that this new class is quite large.

Definition 3.1. A ring R is said to be right (resp., left) idempotent-attaching on nilpotents
(simply, right (resp., left) TAN) provided that I(R)’ is empty, or else for every pair (e, a) €
I(R) x N(R) (resp., (a,e) € N(R) x I(R)" ) there exists f € I(R)" such that ea = eaf
(resp., ae = fae). A ring is IAN if it is both right and left TAN.

The following shows that the IAN property is not right-left symmetric.

Example 3.2. We recall the rings in [11, Example 2.6]. Let K = Zg be a field and
A = K {(a,b) be the free algebra with noncommuting indeterminates a, b over K.

Consider the ideal I of A generated by ba,a®? — a,b® and set Ry = A/I. Identify the
elements in A with their images in R; for simplicity. By the argument of [11, Exam-
ple 2.6(1)], N(Ry) = {aab+ b | a,8 € K} and I(R1) = {y+a+dab|~,6 € K}, from
which we see that

N(Rl) 2 I(Rl)/N(Rl) = {0, ab,ab + b} = I(Rl)/N(Rl)[(Rl)/
and
N(R)I(Ry) = {0,ab,b,ab+ b} = N(Ry) 2 I(R1)'N(R1)I(Ry)'.

Thus R is right IAN but not left TAN.

We see below a condition under which the TAN property is right-left symmetric. Let
R be a ring. Recall that an involution on R is a function * : R — R which satisfies the
properties that (z + y)* = * + y*, (xy)* = y*z*, 1* =1, and (z*)* =« for all z,y € R.
It is well-known that 0* = 0, a* € N(R) for a € N(R), and e* € I(R) for e € I(R). We
use these facts without referring.

Proposition 3.3. Let R be a ring with an involution x. Then R is right IAN if and only
if R is left IAN.

Proof. Let R be right IAN and a € N(R), e € I(R)'. Then a* € N(R) and e* € I(R)'.
So there exists f € I(R)’ such that e*a* = e*a* f. Thus we have

ae = ((ae)*)* = (e*a™)" = (e*a”™ f)* = fae.

But f* € I(R)’, so R is left TAN. The converse can be proved analogously. O
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Following [7], a ring R is said to be von Neumann regular if for each a € R there exists
b € R such that a = aba. A a ring R is called unit-regular [5] if for each a € R there exists
a unit u € R such that a = aua. Every unit-regular ring is clearly regular.

Proposition 3.4. (1) Every von Neumann regular ring is IAN.
(2) Every semisimple Artinian ring is IAN.

Proof. (1) Let R be a von Neumann regular ring. Suppose I(R)" # 0, and e € I(R)’,
a € N(R). If ea = 0 then ea = 0 = eae. So assume ea # 0. Since R is von Neumann
regular, ea = eabea for some b € R. Then bea € I(R), and ea # 0 implies bea # 0.
Moreover bea € I(R)" because a € N(R). So R is right IAN. The proof of left IAN is done
symmetrically.

(2) It directly follows from (1). O

The following, which shows that the class of right IAN rings is not closed under subrings,
is an example of practical application of the preceding proposition.

Remark 3.5. (1) The Abelian property passes the extension D, (A) (n > 2) of a ring A,
i.e., A is Abelian if and only if so is D,,(A), by [9, Lemma 2]. But this is not valid for the
right IAN property as follows. Let R = Da(Ry) where Ry = T2(Q). Then Ry is both quasi-
Abelian and IQNN (hence TAN) by [2, Theorem 2.1] and [11, Theorem 3.1], respectively.

(1 0) (0 1) (0 1) (1 0)
i _ | \0 0/ \0 0 , ~{\o o) Vo1
Consider F = 0 0 1 0o € I(R) and A = 0 0 0 1 € N(R). Then
0 0 0 0 00 0 0
(0 1) (1 O)
~[\o0o) oo e /
EFA = (0 0) (O 1) . Assume that there exists F' = (0 f) € I(R)" such that
0 0 0 0

EA = FAF, where f = (fij),c = (¢;j) € R. Since F € I(R)', either f = (é ‘%2) or

/= (8 fiQ) ( f= ( ) implies f = (8 ff), hence we have (8 [1)) c+

(é 8) f= (8 €22 jg f12> = ((1] 8), which is impossible. Thus R is not right TAN.

(2) Mats(Q) is von Neumann regular by [7, Lemma 1.6], hence Mat4(Q) is IAN by
Proposition 3.4(1). The ring R in (1) is a subring of Mat4(Q). So the class of right IAN
rings is not closed under subrings.

Recall that a ring R is called directly finite (or Dedekind finite) if ab = 1 implies ba = 1
for a,b € R. Right quasi-Abelian rings are directly finite by [2, Theorem 1.9(1)], hence
so are Abelian rings. Thus one may naturally ask whether right IAN rings are directly
finite. However the answer is negative by part (1) of the next example, providing another
example of an TAN ring which is not that one-sided quasi-Abelian. Furthermore, part (2)
shows that the converse of Proposition 3.4(1) need not hold.

Example 3.6. (1) Consider the column finite infinite matrix ring over a field, R say. Then
R is von Neumann regular but not directly finite. So R is IAN by Proposition 3.4(1), but
neither right nor left quasi-Abelian because one-sided quasi-Abelian rings are directly finite
by [2, Theorem 1.9(1)]. This also illuminates that von Neumann regular rings need not
right quasi-Abelian, even if unit-regular rings are quasi-Abelian by [2, Theorem 1.9(3)].

(2) There exists an IAN ring that is not von Neumann regular. Let K be a field and
A = K{a,b) be the free algebra with noncommuting indeterminates a,b over K. Let K
be the ideal of A generated by ab,ba,a® — a,b?; and set R = A/K. Identify the elements
in A with their images in R for simplicity. Then a? = a and ab = ba = b*> = 0 in R.
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Every element in R is expressed by kg + k1a+ kob with k1, ko, ks € K. So, we can obtain
N(R)={kb| k € K} and I(R) = {a}.

This yields I(R)N(R) = {0} = N(R)I(R), so R is IAN.

Now we claim that R is not von Neumann regular. Consider b € R and assume on the
contrary that b = beb for some ¢ = kg + k1a + kob € R with k; € K. But beb = 0 because
ab = ba = b?> = 0, contrary to b # 0. Thus R is not von Neumann regular.

We will provide methods to construct right IAN rings from given right TAN rings. We
use [[,er Ry (vesp., @,er 1) to denote the direct product (resp., direct sum) of rings
R,

Proposition 3.7. (1) Let {R; | i = 1,...,n} be a finite family of rings, and R = [[}_; R;.
Suppose that R; is right IAN for all i. Then R is right IAN.

(2) Let {R, | v € T'} be an infinite family of rings, and R be the subring of [[ cr R,

generated by D, cp Ry and 11—[ R, Suppose that R is right IAN for all v € I'. Then
er
R is right TAN. !

Proof. (1) Note that N(R) = [[7; N(R;) and let I' = {1,...,n}. Let R; be right IAN
for all 4. Consider e = (e;) € I(R)" and r = (r;) € N(R). Then r; € N(R;) for all 7. If e is
central then er = ere. So assume that e is not central. Then there exists o € I' such that
ea € I(Ry)'. Since R, is right TAN, there exists g, € I(Ry) such that earo = €arada-
Let f = (fi) € I(R) be such that f, = go and fz = 15 for all § € I'\{a}. Then er = erf
because eqrq = €qTafa and egrg = egralp = egrafs. Clearly f € I(R)’. Therefore R is
right TAN. The proof of (2) can be done by adapting the proof of (1) slightly. O

By applying the proof of Proposition 3.7(1), we can also prove that for {R, | v € I'},
an infinite family of rings, and the subring R of [[,cp Ry generated by . cp By and
1H R, if R, is right quasi-Abelian for all v € I" then R is right quasi-Abelian.

~yeDl

Both right quasi-Abelian rings and right IQNN rings are right IAN clearly, but Example
2.3 shows that each of the preceding implications is proper. The following example shows
that there exists a right TAN ring that is neither right IQNN nor right quasi-Abelian.

Example 3.8. Let Ry = Mate(Z) and Ry be the column finite infinite matrix ring over a
field. Then R; is quasi-Abelian by [8, Theorem 3.4], Ry is IAN by Propositions 3.4(1), and
Rs is neither right nor left quasi-Abelian by Example 3.6(1). Set next R = R; X Ry. Then
R is right TAN by Proposition 3.7(1). But R is not right quasi-Abelian by [2, Theorem
2.2(2)].
We claim that R is not right IQNN, either. Let e = (e1,ba + (1 — ba)a),c = (¢1,b(1 —
2
ba)) € R where e; = (; 8> 01 = <_p1 fp) (as in the proof of Theorem 2.4) and
a:E12+E23+---+Ei,i+1+~-, b:E21+E32+--'+Ei+17i+”-. TheneeI(R)/ and
2 2
. p P p P
c € N(R) with ec = ,(1=>ba)+b(1—ba .Notethat( ) N(R;) and
(Rywithee= (2 1 ).(1-ba) +5(1-ba) 2oL )¢ N(m)
(1 —ba)+b(1 —ba) € I(R)".

Assume on the contrary that there exist d = (dy,d2) € N(R) and f = (f1, f2) € I(R)
such that ec = df. Since dif1 = ejc; ¢ N(R1) and dafo = (1 — ba) + b(1 — ba) ¢ N(R2),
(dy,d2) € N(R) implies that f; # 1g, and fo # 1g,. This forces f1 € I(Ry) and
f2 € I(R2)'. But there cannot exist d; € N(R;y) and f1 € I(R;1)" such that ejc; = dj f1, by
the proof of Theorem 2.4. This contradicts the assumption, and therefore R is not right
IQNN.

The arguments above give us the following diagram.



On products of idempotents and nilpotents 11

right quasi-Abelian ring
/ pY
e Abelian ring ‘right TAN ring

N\ /
right IQNN ring

We see some conditions under which the concepts above are equivalent.

Proposition 3.9. Let R be a ring with I(R)" nonempty.
(1) Let R be a ring with I(R)'N(R) € N(R) (resp., N(R)I(R)' C N(R)). Then R is
right (resp., left) IAN if and only if R is right (resp., left) IQNN.
(2) Let R be a ring with N*(R) = N(R). Then we have the following.
(i) R is right (resp., left) IQNN if and only if R is right (resp., left) IAN.
(ii) If R is right quasi-Abelian, then R is right IQNN.

Proof. (1) Let (e,a) € I(R)' x N(R). If R is right ITAN, then ea = eaf for some f € I(R)’.
But ea € N(R) by hypothesis, and so R is right IQNN. The converse is obvious. The proof
for the left case is similar.

(2) (i) follows from (1), and (ii) follows from (i). O

The following characterizes the right IAN property of the upper triangular matrix rings
under a specific condition.

Proposition 3.10. Let R be a ring and n > 2.
(1) If R is reduced then T, (R) is IAN.
(2) Let I(R) = {0,1}. If T),(R) is right IAN then R is reduced.

Proof. Write T' =T, (R). (1) This comes from [11, Theorem 3.1].

(2) The proof is almost the same as one of [11, Theorem 3.4], but we write it for
completeness. Let T be right IAN. Assume on the contrary that a? = 0 for some 0 # a € R.
Consider two matrices E = > ' Ej; and A = a(37} Eii)+E(n—1), n T. Then E € I(T)’
and A € N(T) such that EA = A. Since T is right IAN, there exists F' = (f;;) € I(T)’
such that FA = FAF = AF. Then f;; € I(R) such that af;; =aforalli=1,2,...,n—1.
Since I(R) = {0,1} and a # 0, fi; = 1 foralli =1,2,...,n—1. But F € I(T), and
F? = F implies that f,, = 0 and f;; = 0 for all i,j € {1,2,...,n — 1} with i # j;
that is, F' = En + Es + -+ + Eg1)(n-1) + finErn + fonEon + - + fa—1)nEn—1)n-
Thus 1 = af(,,—1)n, and so we get 0 # a = azf(n_l)n = 0, a contradiction. Hence R is
reduced. (|

|S| denotes the cardinality of a given set S.

Corollary 3.11. Suppose that R is a noncommutative right IAN ring of minimal cardi-
nality. Then R is isomorphic to Ty(Zs).

Proof. If |R| has a cube free factorization then R is commutative by [6, Theorem]. So
|R| > 23 because R is noncommutative. If |R| = 23 then R is isomorphic to T»(Z3) by
[6, Proposition]. But T5(Zs) is right IAN by Proposition 3.10, from which we see that R
is isomorphic to T5(Zsa) because R is a right IAN ring of minimal cardinality. O

Notice that, in Proposition 3.10(2), the condition “I(R) = {0,1}" is not superfluous by
help of [11, Example 3.6], and that the condition “R is reduced" in Proposition 3.10(1)
cannot be weakened to the condition “R is Abelian" as follows.

Example 3.12. Consider the non-reduced commutative ring R = Z4 with I(R) = {0, 1}.
Let T'= T»(R) and use the argument of [11, Example 3.2(2)]. Then

I(T)’:{(g ?)(é 8>ybez4} andN(T)z{@ g)]m,z€{0,2},y624}.
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For E = (é g) € I(T) and A = <g é) € N(T), assume that there exists F' € I(T)’

1 b
0 0

such that FA = (3 (1)> = FAF. Then F = (

impossible. Thus T is not right TAN.

), and it implies 2b = 1, which is

The following shows an application of Theorem 3.10.

Remark 3.13. A ring R is called m-regular if for each a € R there exist a positive integer
n and b € R such that a” = a"ba™. Every von Neumann regular ring is clearly n-regular.
The ring below shows that the condition “von Neumann regular' in Proposition 3.4(1)
cannot be weakened by the condition “m-regular".

Let Ry = Do(F') where F' is a field. Then I(Ry) = {0,1} clearly. Thus R = T»(Rp)
is not right IAN by Theorem 3.10(2), since Ry is not reduced. Now we claim that R is
m-regular. Let A = (f(l)l ﬁ;’) € R with A1 = (8 Z) and Ay = (8 g) We handle each

computation case by case.

(Case 1) If a # 0 and ¢ # 0 then A € U(R).
-2
(Case2) Ifa # 0 and ¢ = 0 then A; € U(Ry) and A3 = 0, and so A? = A? (Aé 8) A2,

ase a=0andc then =0and Ay € 0), and so = 9 .
Case 3) Ifa = 0 and ¢ # 0 then A2 =0 and Ay € U(R dso A% = A2 8 AO A?
2

(Case 4) If a = 0 and ¢ = 0 then A* = 0.
Therefore R is m-regular.

Recall that an ideal I of a ring R is said to be idempotent-lifting if idempotents in R/I
can be lifted to R. Nil ideals are idempotent-lifting by [12, Proposition 3.6.1].

Proposition 3.14. For a ring R with I(R)" nonempty, we have the following results.
(1) If R is right IAN and I is a nil ideal of R, then so is R/I.
(2) If Dp(R) for n > 2 is a right IAN ring, then so is R.

Proof. (1) Suppose that R is right IAN and I is a nil ideal of R. Let 7 = r + I with
r € Rand R = R/I. Since I is nil, I is idempotent-lifting by [12, Proposition 3.6.1] and
N(R) ={a|a € N(R)}. Note INI(R) = 0.

Let z € I(R)" and @ € N(R). Then a € N(R), and there exists e € I(R) such that
€ = . Here # € I(R) implies e € I(R)'. Since R is right IAN, ea = eaf for some
f € I(R)'. Then f € I(R) implies f # 0 because I N I(R)" = (. Furthermore, f # 1
(otherwise, 0 # 1 — f € I, contrary to I N I(R) = (). Thus f € I(R)" such that
Ta = éa = ea = eaf = eaf, showing that R is right TAN.

(2) It comes from (1) and the fact that D, (R)/I = R for the nilpotent ideal

I = {(ai]’) € Dn(R) | a;; = 0 for all Z}
of D, (R). O

Example 3.15. (1) The condition “/ is nil" in Proposition 3.14(1) cannot be dropped
as we see in the following. Let R = T5(Z). Then R is right IAN by Theorem 3.10(1).
Consider the ideal I = T»(4Z) of R. Then R/I = T5(Z4), and I(Z4) = {0,1}. But T5(Z4)
is not right TAN by Theorem 3.10(2) (because Zj4 is not reduced) or Example 3.12. Note
that I is not nil. This example also shows that the class of right IAN rings is not closed
under homomorphic images.

(2) The converse of Proposition 3.14(1) need not hold. Consider the nil ideal I = Z4E2
of R =T5(Z4). Then R/I = 7Z4 @ Z4 that is Abelian, but R is not right IAN as above.
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(3) The converse of Proposition 3.14(2) need not hold by Remark 3.5(1).

Let A be an algebra (with or without identity) over a commutative ring S. Due to
Dorroh [4], the Dorroh extension of A by S is the Abelian group A x S with multiplication
given by (r1,s1)(ra, s2) = (rire + 172 + s2r1, s182) for r; € A and s; € S. We use A X 4o S
to denote the Dorroh extension of A by S.

Proposition 3.16. Let S be a commutative ring and A be an algebra with identity over
S. Write D = A X4, S.
(1) Let S be a reduced ring. Then N(D) = (N(A),0) and D is IAN.
(2) Let ch(A) = 2. Then we have the following.
(i) I(D) =1(A) x I(S) and I(A) ={e+ s | (e,s) € I(D)}.
(ii) I(D) = {(e1,0), (e2,1) | e1,e2 € I(R)\{0}} when I(S) = 0.
) (iii) I(D)" = {(e1,0), (e2,1), (e3,s) | e1,e2 € I(R)\{0},e3 € I(R),s € I(S)'} when I(S) #
(3) Let ch(A) = 2 and suppose that whenever e € I1(A) and a € N(A), ea = ae’ for
some ¢ € I(A)'. Then D is right IAN.

Proof. Note that s € S is identified with s-14 € A, and so A= {a+ s | (a,s) € D}.

(1) Evidently N(D) = (N(A),0). Let E = (e,s) € I(D)" and B = (b,0) € N(D). Then
EB = (eb+sb,0) = (eb+sb,0)(1,0) = EB(1,0) and BE = (be+sb,0) = (1,0)(be+sb,0) =
(1,0)BE, noting (1,0) € I(D)’. Thus D is TAN.

(2) If (a,s) € I(D) then (a,s)? = (r,s) implies a®> = a,s? = s because ch(A) = 2, and
hence a € I(A) and s € I(S), showing that I(D) C I(A) x I(S). Conversely, if (e,t) €
I(A) x I(S) then (e,t)? = (e,t) and so I(A) x I(S) C I(D). Thus I(D) = I(A) x I(S).

Next, if e € I(A) then (e,0) € I(D), noting e = e+ 0 with 0 € S. Conversely, if
(e,s) € I(D) then e € I(A) and s € I(S) as above, from which we see e + s € I(A). This
gives (i), from which we obtain (ii) and (iii) since 1p = (0, 1).

(3) Let (e, f) € I(D)" and (a,m) € N(D). Then since ch(A) =2, e € I(A) by (2). If e
is central in A then (e, f) is central in D. So assume that e is not central. Then e € I(A)’.
Since (a,m) € N(D), a+m € N(A) (in fact, (a,m)¥ = 0 for some k > 1 implies that
(a +m)* = 0 and m* = 0). By hypothesis, e(a +m) = (a + m)e’ for some ¢’ € I(A)".
Note that (¢/, f) € I(D)’ by (2). Now we have

(e, f)(a,m) = (e, f)(a,m) = (e(a + m) + fa, fm) = ((a +m)e' + fa,mf) = (a,m)(¢, f)
and this yields that
(e, f)(a,m) = (e, F)((e, f)(a,m)) = (e, f)((a,m) (€, f)) = ((e; f)(a,m))(€", f).
Therefore D is right IAN. O

Let B be a commutative domain with ch(B) = 2 and A = T»(B). Let S = Z3 and
set D = A Xg4or S. Then D is an example of Proposition 3.16(3). In fact, I[(A) = {e =

1 a 0 b 0 B
(0 0) = <0 1) | a,b € B} and N(A) = (0 0) and for every ¢ € N(A), ec = cE
and fc=0=cFE;.

Next we show that the right IAN property does not go up to polynomial rings.
Example 3.17. Let Ry = Maty(Z). Then Ry is quasi-Abelian (hence IAN) by [8, The-
orem 3.4]. Next set R = Rp[z] and note R = Matq(Z[x]). We will show that Mats(Z[x])
is not right TAN.

. (10
Consider F = (1 0

and A € N(Mate(Z]z])) with EA = (

) and A = (i”” :;i) in Maty(Z[z]). Then E € I(Maty(Z[z])’

2 —22

o _22). Assume on the contrary that FA =
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EAF for some F € I(Maty(Z[z])). Note that EAF is one of EAE3, EAFEs, EAE; by
Lemma2.1(2), where we follow the notation of Lemma 2.1(1).

52
@%M)HWMM:EA&:(% 2><1t>:€x2m>mmmmpa%ﬂm

20 —22)\0 0 2z 2tz
and t = —¢ € Z[z], a contradiction.
20 —2%\ (0 0 —2%y  —2? .
(Case 2) From EA = FAEs = (230 _22) (u 1) = (_QQU _22>, we obtain 2x =
—2%y and u = —% € Z[z], a contradiction.

20 =22\ (st 225 — 2%u  2xt — 22(1 — )
(Case 3) From EA = EAE; = <2x —22> <u 1-— s) - <2xs — 22y 2zt —22%(1 — s))’

we obtain that 2zs — 2%u = 22 and 22t — 22(1 — s) = —22, entailing 22(1 — s) = —2%u and
xt = —2s, and hence —2%u = 2z + z%t. Letting u = ag + a1z + - - - + a,2” with a; € Z,
we get —22(ag + a1z + - - + apz™) = 22 + 2%t and this yields ag = 0, —22a; = 2. Hence
a = —%, a contradiction.

Summarizing, such F cannot exist in I(Matz(Z[z]))" in any case and, consequently,
Maty(Z[x]) is not right IAN. Thus R is also not right IAN, as desired.

The following provides simple information for polynomial rings to be right TAN.

Remark 3.18. (1) Let R be a ring and suppose that R[z] is right IAN. We claim that R
is also right IAN. Let e € I(R)" and a € N(R) be such that ea # 0. Since R[] is right
TAN, there exists f(z) = Y1 fix* € I(R[z]) such that ea = eaf(z). Then 0 # fo € I(R)
and ea = eafy. Here if fy = 1 then f(x) = 1 by a simple computation (see the proof of
[10, Lemma 8] for details). Thus fy € I(R)" and R is right IAN.

(2) Let R be a reduced ring with I(R) = {0,1}. We claim that 7},(R)[z] is an IAN ring
for every n > 2. Since R is reduced and I(R) = {0,1}, we have that I(R[z]) = {0,1} by
[10, Lemma 8]. Then T;,(R[x]) is IAN by Theorem 3.10(1) since R]x] is reduced. Moreover
since T, (R)[x] = T,,(R[x]), we have that T, (R)[x] is TAN.
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