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Abstract

In this paper, by taking %,,—simulation function and Proinov type function into account, we set up a new
contraction mapping called Suzuki—Proinov Z*g*(a)—contraction, including both rational expressions that
possess quadratic terms and E£—type contractions. Furthermore, we demonstrate a common fixed point theorem
through the mappings endowed with triangular a—admissibility in the setting of modular b—metric spaces.
Besides that, we achieve some new outcomes that contribute to the current ones in the literature through the
main theorem, and, as an application, we examine the existence of solutions to a class of functional equations
emerging in dynamic programming.
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1. Introduction and Preliminaries

The symbol N is used throughout the research to represent all positive natural numbers, whereas R™ represents the set of all
non-negative real numbers.

Fixed point theory is a significant mathematical technique that finds applications in various scientific research areas. This
theory has played a crucial role in creating several significant concepts and approaches and is an exciting area of ongoing study
and advancement, which acts as an intermediary connecting topology and analysis and is commonly used in pure and applied
mathematics. For the past several years, researchers in this field have been exploring potential applications of this field to a
wide range of physically relevant engineering challenges. On the other hand, the metric fixed point theory is very attractive on
account of the Banach Fixed Point Theorem or Banach Contraction Principle, which was conferred by S. Banach [1] in 1922.
In this theorem, there is an answer about the existence and uniqueness of fixed point of contraction mappings in the setting
of complete metric space. Further, many studies have been done to enhance this theorem’s impressiveness, and it underwent
several changes and generalizations as time progressed, see [2]-[5]. Simultaneously, in this direction, many authors try to obtain
a more general metric space structure and diverse contractive conditions or both of them. Herewith, many new topological
structures and contraction mappings have emerged. The notation of b-metric is one of the popular generalizations of the metric
function, which was depicted by Bakhtin [6] and mainly, Czerwik [7, 8] in 1993 and 1998, as noted below.
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Definition 1.1. [7] A function p : U X U — R is a b—metric with T > 1 on a non—empty set U provided that the following
axioms hold, forall 1, §,z € U:

(p1) p(1, ) =01 =,
(p2) p(A,8)=p(L,A),
(p3) p(A,8) <tlp(A,2)+p(20)].

Thereupon, we say that the pair (U, p) is a b—metric space, and, by choosing T = 1, b—metric is reduced to ordinary metric.

Also, except for the continuity, other topological features of b—metric can be defined as in metric ones. For continuity, the
subsequent lemma can be a guide in b—metric.

Lemma 1.2. [9] Let (U, p) be a b—metric space with T > 1 and {Ay} and {{,)} be convergent to A and {, respectively. Then
1 . .
L p(2,€) < liminfp (A, &) < limsupp (R, &) < 2 (4, ).
T f—roo Hy—roo

Especially, if A = §, then lim p (Ay), §y) = 0. Also, for z € U, we have
n—eo

lp (A,2) <liminfp (Ay,z) <limsupp (Ay,z) < Tp (A,2).
T f—roo H—roo

On the other hand, in 2010, Chistyakov [10, 11] put forth a novel concept which is known as modular metric space.

Definition 1.3. [10, 11] A function i : (0,00) X U X U — [0,0|, defined by 1t (o,A,8) = g (A,8), is called a modular metric
on a non-void set U if it satisfies the below statements for all A, {,z € U:

(11) s (A,8)=0forallc >0= A=,

(H2) Mo (A,8) = o (C,A) forall o >0,

(3) Moty (4,8) < o (A, 2)+ iy (2,8) forall o, % > 0.
If instead of (1), the condition

(U]) Mo (A,A)=0forallc >0

is fulfilled, then p is said to be a (metric) pseudomodular on U.
By using the constant T > 1, the axiom (u3) is revised with the following one by M. E. Ege and C. Alaca [12], and in this
case, the function u is entitled as modular b—metric:

(,Lté) Ho+y (A’C) <7 [/'LG ()WZ) +“X (57C)] for all o, x> 0.

Consequently, the pair (U, it) is a modular b—metric space, which denotes M, M.
Note that the notation of modular b—metric and modular metric coincide when 7 = 1. Also, considering modular b—metric
W on U, a modular set is specified by

fu“:{Ce fu:Cﬁx},
where & is a binary relation on 7/ identified by A ~ < lim us (A,§)=0for A, € U. Moreover, the set
O—ro0

u, = {A € u: 36 = 6 (1) > 0 such that s (A, A) < oo} (A € U)

is mentioned as M, MS (around Ag).
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Example 1.4. [12] Consider the space

Ep:{(),‘,)cR: |l‘,1’<oo} 0<p<l,
j=1

0 € (0,%) and pis (A,8) = L) sych that

o

1

d(l,C)(i)LUC,,V’) A=A, =0y,
j=1

Eventually, one can conclude that (U, 1) is an M, MS.

Example 1.5. [13] Consider the equality g (1,8) = (06 (A,§))’, where (U, ®) is a modular metric space and s > 1.
Thereupon, take into Jensen inequality account, together with the convexity of the function P (L) = A* for A > 0, we get

(a+6) <257 (a* + 5°)
for a,6 € RT. Hence, (U, 1) is an M,MS with T =251
Definition 1.6. [12] Let Uy, be an M, MS and { Ay}, .y € Uj; be a sequence.
(c1) The sequence {Ay}, is L—convergent to A € Uy < lig (Ay,A) = 0, asy — e for all 6 > 0.

(¢c2) The {AU}UEN in Uy, is a ji—Cauchy sequence if‘)lirg Uo (Ay, Ap) =0 for all 6 > 0.

(¢3) The space Uy, is called u—complete provided that any L—Cauchy sequence in Uy, is l—convergent to the point of Uj,.
(ca) P: Uy — Uy is a pL—continuous mapping if e (Ay, A) — 0, provided to i (PAy, PA) — 0 as ) — oo.

Further, for more detail on modular b—metric, see [14]-[17].
As an auxiliary function, the class of simulation functions (briefly, S¥) was identified by Khojasteh et al. [18] in 2015, as
noted below.

Definition 1.7. [18] Let = : [O,oo) X [O’oo) S Rbea mapping. Ifthe axioms
(E’l) E(0,0) = O;
(B2) E(L,k) < k—Lforallt k>0,

(B3) if {Ly}, {ky} are sequences in (0,0) such that Ulglgo by = lim Ky >0, then limsup ZE (£y, k) <0

P—roo f)—>oo

are fulfilled, then, E is an $7, and Z represents the set of all SF. Also, note that, from (Z;), we have E (¢, ¢) < 0 for all
£>0.

Definition 1.8. [18] A self-mapping P : U — U on a metric space (U,d) is called Z-contraction with respect to E € Z provided
that, for all A, { € U, the subsequent inequality hold.:

E(d(?A,2C),d(4,8)) = 0.

Moreover, Banach contraction mapping can be expressed via SF E € z for which E (¢,£) = yk — £ for all £,k € [0,0) and
Y€ [0,1).

The following expression was used for the first time by Fulga and Proca [19] in 2017 and subsequently referred to as
E—contraction or E type contraction:

‘E(A,C):d()L,C)+|d(A,T)L)7d(C,IPC)|, (L.1)

whenever (U, d) is a complete metric space and A, € U. Also, some studies involve such contraction; see [20]-[22]. One of
them was presented by A. Fulga and E. Karapinar [23] via S in 2018, as indicated below:
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Theorem 1.9. [23] Let P be a self-mapping on a complete metric space (U,d). If there exists E € Z satisfying, for all L, { € U,
E(d(PA,2C),E(A,{)) =0,
where E (A, §) is defined as in (1.1), then P owns a fixed point.
In 2014, A.H. Ansari [24] proposed C—class functions as characterized in the subsequent definition.

Definition 1.10. [24] A continuous function < : [0,00) X [0,00) — R is entitled C—class function if, for all £,k € [0,0), the
below statements hold:

() o (6,R) <L
(o) o (£, k) =L implies that either { =0 or K. = 0.
Let C—class functions symbolize as € .
In 2018, Radenovic et al. [25] identified the idea of €, —SF by means of the C—class functions and S¥.
Definition 1.11. [25] A mapping Q : [0,00)> — R is referred to as €.y —S¥ if the conditions
(Q1) Q¢ k) <o (kL) forall £,k > 0, where of : [0,) x [0,00) = R is a C—class functions,

(Q2) if {ly},{ky} € (0,00) are sequences such that Ulgrgo by = Ulgrgo Ky > 0 and Ky < £y, then li;njup Q(ly,ky) < Coy

are provided.
Presume that 27 symbolizes the family of all €, —S¥F.
Definition 1.12. [25] A mapping </ : [0,) x [0,00) — R has the property €y, if €.y > 0 exists such that
(1) & (£,K) > Coy implies £ > K,
(2) A (£,0) < Co forall £ € [0,00).

The following theorem has a new precondition added to a contractive mapping and was proved by Suzuki [26] in 2009.
Herewith, many authors have mentioned this notation as a Suzuki-type contraction.

Theorem 1.13. [26] Let P : U — U be a self-mapping on a compact metric space (U,d). If, for all distinc A,{ € U, the
statement

%d(l,f?/l) <d(A,0) = d(#h,20) < d(A,0)

is hold, then, P owns a unique fixed point.

Very recently, Proinov [27] demonstrated a novel fixed point theorem by introducing some auxiliary functions, and
subsequently, via this theorem, many significant results were obtained.

Definition 1.14. [27] Let P : U — U be a self mapping on a metric space (U,d) and F,Q : (0,00) — R are two functions that
provide the following features:

(i) ¥ is non-decreasing,
(ii) Q(s) < ¥ (s) foralls >0,

(iii) limsup Q (s) < F (so+) for any so > 0.

s—850+

If, forall A,§ € U and d (PA,PE) > 0, the inequality

F(d(PA,2C)) < Q(d(A,6))

is fulfilled, then P is called Proinov type contraction.
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Theorem 1.15. [27] Let P : U — U be a Proinov type contraction on a complete metric space (U, m). Then, P admits a unique
fixed point.

Various fixed point results involving Proinov type contraction appear in the literature. Some examples are in [28]-[35].
In 2012, Samet et al. [36] introduced the class of @ —admissible mappings, and subsequently, many new notations appear
via this mapping.
Definition 1.16. Let P, S : U — U be two mappings and & : U X U — R be a function. Then, we have the following ideas.
o) [36]If o (A,8) > 1implies & (PA,PE) > 1, then P is a—admissible,
o) [371if (A, PA) > limplies o (PA,P>() > 1, then, P is ot—orbital admissible,

Oy

(o)
(02)
(03) [37] together with (o), if & (A, &) > land ot (§,P8) > limply o (A, PE) > 1, then, P is triangular a—orbital admissible,
(au) [38] together with (o), if @ (A,z) > 1and ot (z,§) > 1 imply o (A,§) > 1, then P is triangular a— admissible,

(05)

o5) [39] together with (o), if ot (A,&) > 1 implies ot (PA,58) > 1 and a (SPA, BSE) > 1, then, the pair (P,S) is triangular

a—admissible.

Lemma 1.17. [37] Let P : U — U be a triangular o,—orbital admissible mapping. Assume that a Ay € U exists such that
o (Ao, PAy) > 1. Construct a sequence {Ay} by Ayy1 = PAy. Then we have o (Ay, Ay) > 1 for all y,m € N with ) < m.

2. Main Results

Primarily, it is necessary to mention the below conditions to guarantee the existence and uniqueness of fixed points in
M, MS owing to not having to be finite.

(€1) po(A,PA) <ooforallo >0and A € Uy,
(€2) po(A,8) <ooforallo >0and A,{ € Uy,

Next, we establish a new contraction mapping by defining Suzuki—Proinov Z* i’m}* (a)—contraction w.r.t Q in the sense of
M, MS, as follows.

Definition 2.1. Let 1, be an M, MS with constant T > 1 and let P, 5 : Uy — Uy and o : Uy X Uy, — R be mappings. Then,
we say that P and S are Suzuki—Proinov Z* %, () —contraction if there exists a €., —SF Q € Z* such that

o= min {116 (2,22, o (£,50)) < o (A,€)
implies

@ (a(2,0) 7 (¢uo(#1,5¢) . E" (1.0 R(2,0))) = €, @1
where the functions F,Q : (0,00) — R are hold the below requirement:
(c1) ¥ is lower semi-continuous and non-decreasing;

(c2) Qs) < F(s)foralls>0;
(c3) limsup Q(s) < F (so+) for any so > 0,

s—s0+

and also,

£°(4,8) = to (A, 8) +|ts (A, PA) — o (6, 58)|

and

to(A, PA) o (A, 5) + (o (A, §)I* + o (A, PA) s (A, §)
to (A, PA) + o (A, ) + o (A, 5E)

Sor all distinct A, § € U, us(PA,SE) > 0 and for all ¢ > 0.

R(%,8) =
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Theorem 2.2. Let Uy, be a [L—complete M, MS with constant T > 1 and P and S be a Suzuki—Proinov Z*;(* (a)—contraction
w.r.t. Q. Assume that the following conditions hold:

(i) the pair (P,S) is triangular o.—admissible,
(ii) there exists Ay € ‘UZ such that o (Ay, PAo) > 1,
(iii) P,S are UL—continuous,
(iv) there exists A, € Criy(P,S), where Crix (P, S) represents set of common fixed points of P and S, such that a (A,§) > 1.

In case of satisfying (€), there there exists A* € U}, such that 1* € Crix(®,S). Also, additionally, if (€2) is hold, then
Crix (T,S) = {/l*}

Proof. Let Ay € U be a specified point such that ot (A9, PAg) > 1. Construct an iterative sequence {Ay}, o in 7" such that
;\,QU+] = len and A«QU+2 = S;LG+], forally € N.
On the other hand, regarding that (?,.) is triangular o —admissible, we derive
o (P, A1) = o (A1, 42) > 1
o (Ao, 1) = a0 (Ao, PA9) = 1 = ¢ and
a (SPAo, PSA1) = @ (SA1,Phy) = ot (A2, A3) > 1.

Likewise, we get

o (P2, 543) = (A3, A4) > 1
o (A2,43) >1 = < and
06(5?12,?5)‘3) = (X(Sl3,?)~4) = Ot(lz,)@) >1.
Thereby, recursively, we conclude that

o (Aay, Aany1) > 1. (2.2)

Also, if there is some g € N such that Ay, = Ay, 11, then Crix (?,S5) = {9o}. Thereupon, we presume that A; # A for all
k € N, which indicates that Ug (A, Ax+1) > 0 for all ¢ > 0. Next, we assume that k = 2 for some t) € N. Because

% min { g (A2y, PA2y), o (A2y+1,8A2y 1)} = TIT min { g (A2y, A2y +1), Ho (A2g+1, A2y +2) }
< Uo(A2y, Aayt1),

from (2.1) and (@), we have

Cor <0 (0 (Rag, Aai1) 7 (FHo (PR, Ao 1)), QUE" (Ray, A 1) R (A2, hai1)) )
= Q@ (hay, A1) F (PHo(Rags1, A2 12)’ ) QUE (Ao, Aoy s1) R (Rgs Do)

< (QUE (Ray, Aoy 1) & (Ao Aoy 1)) @ Oz A2y ) F (P o (R 1, A2012)°) )

and by (c3), (2.2) and the properties €., we yield

7 (o (a1, 22942)”) < & (o, Aoy 1) F (PHo(Ragi,Aan+2)’) < QUE (A2, Aayin) R (R, Aa1)
(2.3)

< F(E" (Aay, Aoy+1) R (A2, A2y11))
where

E* (A, A2y +1) = Ho (A2y, A2n+1) + o (A2y, PA2y) — Uo (A2g+1,5A2n+1)

= Uo (A2y, A2n11) + |l (A2, A2y 1) — Mo (A2n 41, A2y 12)]
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and

Ho (12\) aTQLZ\))HG(AZ\; Shog+1)+ [.UG (1213 A2y +1 )}szllG ()LZn \Phay ).UU (1213 A2y 1 )

Ao, A =
R (A2y, A2y1) tio (Ao Py )+ Ho (Ao Aoy +1) o Aoy S Aoy 1)

Ho (P29, 229 11) Ho (Aay Aoy 12)+ [Ho (g A2y 11 )]zﬂia (R2y A2p11)to Aoy Aan 1)
tio (A2, A2g+1) o (A2y Aoy +1) o (Aay Aoy 42)

to (Aay Aoy 1) (o (Ray Aoy 12)+Ho (Aay Aoy 1) +ito (A2 A2g 1)
tto (A2y A2yt )+l (A Aoy s1 ) Hilo (Aay A2y 42)

= Uo (AZmAZ\)—H)-

Denote g (Ay, Ay+1) by &y. Now, if max {Kay, Koy+1} = Koy41, then, we get £ (Ao, Adoy+1) = Kay41 and R (Aay, Aoys1) =
K2y . Thereupon, (2.3) turns into

T (K22t]+l) <F <T6K22n+1) < Q(K‘zn+1.K‘2‘)) < f]'—(KZt)+1oK2n)7

such that, by utilizing the function #’s characteristics, we conclude that x| < k2. However, this contradicts our assumptions.
Thereby, we achieve max { Ky, Kay+1} = Koy, Which implies that £* (21, A2y11) = 2K2y — Kay41. Then, (2.3) becomes

T (KZZUH) < F (TGKZZUH) < Q((ZK‘ZU — Kop+1 ) KQU) <¥F ((ZKZU — Koy+1 ) KQU), 2.4)

by (c1), we obtain that

2 _ 2 2 2 2
K < (210y — Koyt1.) K2y & Ky < ZKZU K2y Koy 1 < 21(2\] Kot
&2K2 < 2K?
2p+1 2y

< Kap+1 < Kzy.

Likewise, one concludes that k»;, < Koy 1. So, we say that that {xy }, eN = {Uus (A,?,),H 1)}:) ey isa non—increasing.sequence
of non-negative real numbers. Also, a similar consequence can be obtained when k is an odd number. Then, there exists p > 0
such that lim Ky = p. Assume on the contrary, we aim to show that p > 0. Then, by (2.4), we have

§—reo

F(p*) < Ulgrgof (Kzzw) < ,}E}I}o Q((2K2y — Kapt1.) Kay) < nli_1>1307((21<29 — Koyi1.) Kay) = F (p?),

which emerges a contradiction, which means that, for all o > 0,
,}E&“ﬁ (A, Ay41) =0. 2.5)

Now, it is required to indicate {)"7}0 ¢ is a p—Cauchy sequence. Rather, presume that {A, } yen is not a 1—Cauchy sequence.
Then, for at least a € > 0 and vy; > m; > 4 whenever £ € NU{0} and let y; be the smallest index such that the following
expressions are provided:

Uo ()meﬁ,)Qnﬁ) >¢ and Ug (lgmﬁ,lznﬁ_z) <e¢g, forallo >0. (2.6)

By using (2.5), (2.6) and (u}), we yield
& < Mao (Aamg, Aay,) < Thoo (Aamgs Aamg+1) + T o (Aamg 41, A2y, 42)

+3 U2 (May,+2, Aoy, 41) + T2 lopa (A2y,+1, Aoy,

such that

. )
limsup o (Aamg+1, A2y, 42) > =

. 2.7
fi—yo0 72 ( )
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Also, we get

to (Aomg, Aoy, 41) < Thop (Aamg, Aag,—2) + T toja (Ao, —2, Aoy, —1)

2.8)
+T3“0/8 ()LZUﬁfl 712%) + 73“0/8 ()LZUH)LZUH‘) :
Thereby, by taking the limit superior in (2.8) and using (2.5), we obtain that
limsup g (Aam,, Aoy, +1) < TE. (2.9)
h—ro0
Also, from the (2.5) and (2.6), we achieve that
Ho (l2mﬁﬁkznﬁ+2) < Tlop (AmelanZ) + 72”0/4 (12%*27&2%*1)
+73 Uoss (A2y,—1, A2y, ) + T los16 (Aan, Aan 1) + T oo (A2n 41, A2y ,+2)
and letting # — oo, we attain
limsup Ug (lzmﬁ,lzgﬁz) < TE. (2.10)
h—ro0
Furthermore, if 1y, > my; > f for sufficiently large # € N, we assert
|
- min {IJ'G (A’zl)fﬂ LPA’ZU&) 7”(7 (AZmﬁfl ’52’2}1’!&7]) } S IJ“G (A’Zl)ﬁalzmﬁfl) . (2'1 1)

2T

Given the fact that, y; > my and {ls (Ay, Ay+1 )}‘7>1 is non-decreasing, we acquire

o (Aay, Phay,) = to (Aay,, Ay, +1) < to (Aamg, Aamg+1) < Mo (Aamg—1,A2m,) = Mo (Aamy—1,SAom,—1) -

Hence,

1 . 1 1
Emm{ﬂd (lznﬁvfpxﬁ)ﬁ) 1Ho (12’"5*175}’2"15*1)} = E”G ()“ZUA’TA'ZY)A) = E“G (lﬁjmlzwﬂ) :

According to (2.5), there exists f; € N such that for any £ > #,

e

Ho ()LZUH)LZ‘MH) < 2

Also, there exists Ay € N such that for any # > f,

Ho ()vaﬁ—h)LZmﬁ) < %

Hence, for any A > max {1, } and v, > m; > h, we get
€ < oo (Ao, Ao, ) < Tho Aoy, Aamg—1) + Tho (Aomy—1, Aam;) < Tho (A2y, s Aomy—1) + TZ%'
So, one can conclude that
2% < Uo (Aay,, Azm,—1) -
Thus, we deduce that for any £ > max {f;, s} and y; > m; > A,
Uo (Azy, s Aoy, +1) < % < Uo (Aay,, Aam,—1)

which implies that (2.11) is hold. Also, by using that (?,S) is triangular oc—admissible pair, we can write o (/lgmﬁ , )“leﬁ-ﬁ-l) > 1.
Therefore, from (2.1), we conclude that

%Q{ S Q (a (A'ZMﬁaklethl) :7: (1-6“0' (lemhatslznhﬁ’] )2) 9 Q,(f* (Atha)LZmﬁl) R ()LZMﬁalzthrl )))
=Q (06 (Aamg> Azg,41) F (Tﬁuc (?lzmﬁ,Slzgﬁl)z) L Q(E* (Aamy» A2y ,41) R (Ao, lznﬁl)))

< % (Q(E* (lZmﬁa/’LZn;lJr] ) K (12n15a12\35+1)) aa (A‘ZM/NA'Z\)H#»]) .‘7: (1’-6“0 (LPA‘Zinﬁ7~SA'2\)ﬁ+1 )2)> )
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and by the properties of €, and (¢ ), we deduce that
2 2
9: (Tﬁ.uG(Q)AZmHSAQUﬁ-Q—l) ) S o (A'Zmﬁazlejg-'rl) ,’F (Té.u'cf (TAme512ng+l) )

< Q(‘E* (AZmW)“ZUﬁ-H) K. <12m37121jﬁ+1)) (212)

<¥F (f* (12111&;&2\)&-5—1) R,(AZmﬁ,)“Znﬁ-H)) )

where
" (A'Zmﬁ7a’zl)g+l) = Uo (AZmWAZt)ﬁ—H) + ‘:uo' (AZWLﬁaTa’ZMﬁ) — Us ()‘2Uﬁ+1751’20ﬁ+1)|
2.13)
= Uo (AZmﬁ712nﬁ+l) + ‘HG (l2m57)"2mﬁ+1) —Ho ()"leﬁ+17)‘2ljﬁ+2>‘
and
K(A 2 ) _ Ho (AZmﬁvTAZmﬁ)IJG(Ath7512t)ﬁ+l)+{”O‘ (AZmﬁvl2|)ﬁ+l>]2+ﬂ0‘ (AZmﬁ-?AZmﬁ)IJO' (l2mﬁal2t)ﬁ+l)
2 M2ostl) = Ha(Mmﬁ’lemﬁ>+ﬂo<lzmﬁAlznﬁH)Hlo(lzmwﬁznﬁl)
(2.14)

Ko (lzmﬁ Mo 41 ) lo (/lzmﬁ 12'20ﬁ+2) + {Hc <12mﬁ ﬂznﬁlﬂ 2+ua (AZmﬁ Ao 41 ) o (lzmﬁ ,lzuﬁﬂ)
B Ho (lzmﬁ -,/12mﬁ+1)+,uo (lzmﬁ vlznﬁﬂ)ﬂlo (lzmﬁ -ﬂznﬁz) .

Next, letting £ — oo in (2.12), (2.13) and (2.14), and also, by using (2.5), (2.7), (2.9) and (2.10), we acquire that

2
F(1°e?) =7 (16<182) ) <limsup ¥ (1:6115 (fl’kzmﬁ,.skz.,ﬁ,)z)

n—roe

< limsup Q(E* (A'ZMﬁalZ\jh+l) K, (Azmﬁ712t)ﬁ+l))

n—poo

<limsup F (E* (Aomg. Aan,+1) R (Aamg, Aoy, 11))

n—poo

< (regsl) - (%),

This causes a contradictory, that is, {AU}UEN is a u—Cauchy sequence on a —complete M, MS. Thereby, a point A* exists in
1, such that

lim A, = A*. (2.15)

n—reo

Considering the continuity of the mappings and (2.15), we get

PA* = (lim 2,2‘)> = lim T}{Q‘) = lim A'Zrﬂ»l =A*
p—oo p—roo

n—reo

= lim A = lim SA
am Az 2 = Im SAzg-1

:5 (hm )‘2U+1> :51*
f—roo

Thereupon, we conclude that A* is a common fixed point of P and S. Finally, we prove that the point A* is unique. For this,
there is jL which is another common fixed point, such that A* # 2. So, from the condition (iv), we deduce that o (l*,i) > 1.
Hence, since

0= %min{ug (A" 20 o (A,50) } <o (272)),
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by using (2.1) and (®1), we gain

o0 (a(ar 1) (no(on 1)) o () 32)
(i) (o)) oo (322) 2 ()
<o (afe (1) 5 1)) (1) (R o-2)))

and by Definition 1.12 and (¢, ), we get

F <f6ua (A*,i)2> <a (l*,i) 7 (TGIJG (1*7502) < Q<f* (A*’i) R(”’i))

(2.16)

where
" (z*,i) . (z*,i) n \ua (A%, PA%) — g (?1,5?1) ] — o (A*,i)

and

~

g e PA o (A752) + o (x*,i)]2+ua (22 o (A1) po (A7.2)
K( ’ )_ ug(z*,@x*)wa(x*,i)+uG(A*,5i) 2

Consequently, considering the above equalities, the inequality (2.16) turns into
R A\ 2
.y o)) ()
7 (a2 < (o () 2 G ) o (AL

which causes a contradiction. In turn, we achieve that A* = 4, which means that Crix (?,5) = {A*}. This ends the proof. [J

3. Consequences

In this part of the study, we discuss some of the implications of the fundamental observation. Primarily, if the restriction

o min 1o, 2A), 16(¢. 50)} < 1o(A,0)

is ignored, Theorem 2.2 yields the subsequent consequence.

Corollary 3.1. Let Uj; be a L—complete MyMS with T > 1, a : U x U — R be a function and P, S : Uy — Uy, be two
self-mappings. Assume that the following assertions are true:

(i) there exists Coy—SF Q € Z* such that

Q(@(@.0)F (uo(#1.50)° ), QUE (1O R(A.L))) 2 Cur,

where F,Q, E(A,§) and R (A,{) are defined as in Definition 2.1 for all distinct A, § € U, us(PA,8&) > 0 and for all
>0,

(ii) the pair (?,S) is triangular ot—admissible and there exists Ay € Uy, such that o (Ao, PAo) > 1,

(iii) P,S are L—continuous,



On Suzuki—Proinov Type Contractions in Modular »—Metric Spaces with an Application — 37/41

(iv) there exist A, € Crix(P,S) such that o (1,8) > 1.
Under the conditions (&) and (€2), A* € Uj; exists such that Crix (P, 5) = {1*}.
Moreover, take into ¢ (A, ) = 1 account in Corollary 3.1, the next result is determined.

Corollary 3.2. Let U}, be a ji—complete M, MS with T > 1 and P, S : Uy — Uy, be two self-mappings there exists €.y —SF
Q € Z* such that

Q(7 (P o(#1,50)°) QE" (MO R(A,0)) = oy,

where F,Q, E(A,§) and R (A,§) are defined as in Definition 2.1 for all distinct A,§ € U, Us(PA,S5E) > 0 and for all 6 > 0.
Thereupon, together with (€1) and (€3), we conclude that Crix (?,5) = {A*}.

Corollary 3.3. Let Uy, be a p—complete M, MS with a constant T > 1, o : Uy X Uy — R be a function and P : Uy — Uy, be a
self-mapping. Assume that the below requirements are met:

(i) there exists Coy—SF Q € Z* such that
1
o P2) < o (4,)
implies
0 (a(1,0) 7 (o (P2, 2)°), Q(E" (A, 0)R(2,0))) = E.r,
where the functions F,Q are as indicated in Definition 2.1 and also, E(A,§) as in (1.1) and

R (1) — Bl Ao (1 20) + 1o (RO + Ho (A PA ) o (1.8)
o= Ho (2, PA) + o (2, ) + fia (4, 2T)

for all distinct A, § € U, Us(PA,PE) > 0 and for all ¢ > 0,

(ii) P is a triangular a—orbital admissible mapping and there exists Ay € U}, such that & (Ao, PAo) > 1,
(iii) P is L—continuous,
(iv) there exist A,{ € Fix(®P) such that ot (A,{) > 1.
So, under the conditions (&) and (&3), P has a unique fixed point.
Proof. Letting P = S in Theorem 2.2, and by Lemma 1.17, we achieve the desired results. O

Corollary 3.4. Let U be a jl—complete M, MS with a constant T > 1, & : Uy x Uy — R be a function and P, S : Uy — Uy,
be two self-mappings. Assume that the following assertions are true:

(i) there exists € —SF Q € Z* such that

S min (1o (4, 22), o (£, 50)} < Ho(A,0)

implies
o(2,8) 7 (+uo(#4,50)) < QE* (A, R (1,0),

where F,Q, (A,§) and R (A, {) are defined as in Definition 2.1 for all distinct ,§ € Uj;, o (PA,S5E) > 0 and for all
c>0;

(ii) the pair (?,S) is triangular ot—admissible and there exists Ay € Uy, such that o (Ao, PAg) > 1,
(iii) P,S are L—continuous,
(iv) there exists A, { € Crix(P,S) such that a(A,8) > 1.
Thereupon, Crix (P,S) = {A*} provided that (€) and (&) are met.
Proof. Letting €y —SF Q € Z* with the properties 4, in Definition 1.12. O

Remark 3.5. Note that all of the results can be again evaluated with respect to E € Z in place of €.y—SF Q € Z*. Besides,
as in Corollary 3.3, different results can be obtained when P = S.
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4. An Application to Dynamic Programming

We assume that A and ® are Banach spaces, £ C A and Y C & such that X and Y are state space and decision space,
respectively. Consider the system of functional equations:

q(2) Z?gg{f(hC)JrG(LC,q(é (4,0}, Aex

where f:2xYT —-Rand G: X x Y xR — R are bounded, § : £ x Y — . Let U, = B(X) denotes the space of all bounded
real-valued functions on X. Consider the metric defined by

o (¢, @) = lmax|g(x) —@(A)|?, forall¢,m € Aand 6 > 0.
O iex

Then, Uy, is a yt—complete M, MS with T = 2. Moreover, let ? : U, — Uy be given by

PG (A) =sup{f(4,8)+G(4,8,6(5(%,8))}, .0

gex
where A € X and ¢ € U,,. If the functions f and G are bounded, then A and & are well-defined.
Theorem 4.1. Let P : Uy — Uy be an operator defined by (4.1) and suppose that the following conditions are hold:
(i) f and G are bounded;
(ii) forVg,®@ € Uy, VA € X,V €T, there exists 6 € (0,1) such that

G(2.£.6(2)~G(A. L, (1)) <8 (A)~@(2)].

Then, the function equation (4.1) has a bounded solution; that is, P has a fixed point.

Proof. Let € € RT be arbitrary, A € X and ¢ € Uy. Assume that ¢ # g. Then, {;,{, € Y exist such that

Pg(A) <f(A,6)+G(A,8,6(6 (A, 61))) +e, (4.2)
@A) <f(A,8)+G(A,6,@(5(2,61))) +e, 4.3)
Pg(A) 2 f (A, &) +G (A, 8,6 (5 (2, 8))), “.4)
@A) = f(A,8)+G(A,6,@(5(2,61)))- (4.5)

Then, from (4.2) and (4.5), we yield that
Pg(A)—@(A) <G(A,81,6(8(4,8)) —G(A,6,@(8(R,8))) +¢€
<IG(A4.01,6(8(2,6)) -G, &6,@(E(A,81)))|+¢
<84 c(A) —B Q)| +e.
Likewise, from (4.3) and (4.4), we get
BA)-2¢(A) <G, 5,0(5(4,8))—G(A,8,6(8(R,5))) +¢€
<G4, 8,@(8(4,8)) -G (4,5,6(E(A,5)))|+¢

<84 M) —@(A)| +e.
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Hence, by considering the above inequalities, we conclude that
1P6(A) @ (A)| <84 g ()~ @ (2)| +e,
and, for an arbitrary €
|25 (1) —@ (1) <8 g (M) - @ (1)
So, we have
o (26 (1), B (A)) = |2 (1) - B < 26" Ic(A) - BA) = 5" ho (5 (1), B (1)). @6

Now, in Theorem 2.2, we take Q (¢, k) = yk — £ with y€ (0,1), €,y =0and & ({,k) =¢— K, and also, & (A, §) =1, F (s) =,
Q(s) = 5 and lastly § = I, which means that

£ (¢(4),®(A)) = s ((A), @ (1)) + Us (¢ (1), PG (1))
and

_Ho(6(A),®(4)) 286 ($(4),P5(A)) + Ho (6 (4), B (A))]
Ho (6 (4),P6(R)) +2Us (5 (4), @ (1)) '

Thereby, by a simple calculation, Theorem 2.2 turns into
Ho (26 (2),0 (1))’ < FE* (6(2), B (1) R (5 (1), B (1))

< 15 o (6 (A), @ (A)) + o (6 (A), 25 (A)) s (6 (A) , @ (2))]-

Consequently, from the inequality (4.6), we deduce that
Ho (26 (2),@ (1))* < 8us(s(4), @ (A))?

<S[uo(s(4), @A)+ ko (5 (4),P5(4)) o (5 (A), @ (1))],

which means that, by taking 6 = % € (0,1), (4.7) is satisfied, that is, all the conditions of Theorem 2.2 are met. Thus, we gain
that © has a fixed point, i.e., the functional equation (4.1) has a bounded solution.

R(s(1),@ (1))

—|
o0

%))

O
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