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Abstract

In this study, it is introduced the regular Mersenne matrix operator which is obtained by using Mersenne numbers
and examined sequence spaces described as the domain of this matrix in the space of p-summable sequences
for 1 < p < co. After that, it investigated some properties and inclusion relations, established the Schauder basis,
and stated a—, B—, and y—duals of the aforementioned spaces. Additionally, it is characterized by the matrix
classes from newly described spaces to classical sequence spaces. Finally, we studied the compactness of
matrix operators on related sequence spaces.
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1. Introduction

Mersenne numbers, named after the French theologian, philosopher, mathematician, music theorist and priest Marin
Mersenne, who is known as the father of acoustics, in the first half of the 17th century, have an important place in number
theory and computer science. rth Mersenne number m;, is stated by m, = 2" — 1 with r € Nand N = {1,2,3,...} and this is
called as the Binet formula of the Mersenne sequence.

The Mersenne numbers m, can be described by the recurrence relations

r
Myyo =3mp41 —2m, and Z my =2m, —r.
s=1

The first 10 terms of the Mersenne sequence are as follows:
1,3,7,15,31,63,127,255,511,1023... ..

There are prime and non-prime Mersenne numbers, and studies on Mersenne primes have held an important place in the
fields of number theory and computer science until today. It is known that if m, is prime, then r must be a prime, but the its
reverse is not true.

Now, we may give basic information about sequence spaces and summability theory. ® represents all real or complex
sequence’s space and each I' C @ named as sequence space. The spaces (e, ¢, co and £, (1 < p < ) express the set
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of all bounded, convergent, null and convergent p-absolutely summable sequences’ well known spaces, respectively. The

spaces mentioned above are Banach spaces with |[ul|s,, = [[ul|c = ||ullcy = sup,cy [u,| and [[ull¢, = (¥, [u,P) 7, where ¥, [u,| =
Y, |ur]. Moreover, every finite sequences’ space is represented by Q and by cs, ¢so and bs, we mean the spaces of all
convergent, null and bounded series, respectively.

Banach spaces in which all coordinate functionals #, described with #;(u) = u, are continuous are called BK-spaces.
Additionally, metric vector spaces in which all coordinate functionals are continuous are called FK-spaces.

Let e() = (1,0,0,...), e® = (0,1,0,...), ¢® = (0,0,1,0,...)..... If each u = (u,) € I C ® can be expressed uniquely
as u =Y, ure’, in that case, it is said that the BK-space I" holds the AK-property. The spaces £, (1 < p < ) and co hold
AK-property however the spaces ¢ and /. do not hold.

For an infinite matrix B = (b,,) with real entries, B, represent the rth row for each r € N. The B-transform of u = (i) € ®
is described by (Bu), = ¥.; brsuts provided that the series is convergent for each » € N. If Bu € ¥, in that case it is said that B
is a matrix transformation from I" to W for all u € I'. The class of every matrices transform I to ¥ is represented by (I : ).
Matrix domain of B in I" is described as

I'p={ucw:Bucl}. (1.1

If " and P are two sequence spaces, then the multiplier set D(I" : W) is described as
DI:¥)= {x: (x) € 0:xu= (xur) €V forall (u,)e€ F}.

In that case, o-, 8- and y-duals of I are described as [* = D(I': £;),T® = D(I": ¢s) and IV = D(T": bs).

Sequences, their spaces and matrix domains have been seen as interesting topics in mathematics by the authors, and in recent
years, many studies have been done in this area. Researchers who want to get more detailed information about summability
theory, infinite matrices, sequences and their spaces, matrix domains and other related subjects can benefit from the studies
[1]-[10] and textbooks [11]-[13].

Special integer sequences have been used extensively in sequence space studies in recent years. In this context, the first
study done is the study with a tag [14] made by Basarir and Kara. After this study, some special integer sequences such as
Lucas, Padovan, Pell, Leanardo, Catalan, Bell, Schroder and Motzkin were used to define new sequence spaces in summability
theory. Researchers who want to get more detailed information about literature can benefit from the studies [15]-[25].

In parallel with the studies mentioned above, this article aims to construct a novel regular matrix operator L obtained by the
aid of Mersenne sequence and examine sequence spaces described as the domain of u in £, (1 < p <o), Itis investigated
algebraic and topological properties, established Schauder basis and stated @¢—, f— and y—duals of the aforementioned spaces
and additionally, it is featured the matrix classes from new sequence spaces to the classical sequence spaces. At the end, it is
studied the compactness of matrix operators on related sequence spaces.

2. Mersenne Matrix Operator and Mersenne Sequence Spaces

It is described the Mersenne matrix operator generated with the help of the Mersenne numbers and it is observed that this
aforementioned matrix is regular. After that, we introduced the normed spaces ¢,(u) and £, (1) and shown that these are
complete and linearly isomorphic to £, and /., respectively, for 1 < p < oo, Then, it is shown that except for the case p =2,
£,(1) is not a Hilbert space, it is established Schauder basis and to determine the location of the newly defined spaces among
the other spaces, it is given the inclusion relations at the end.

Now, we construct the Mersenne matrix operator U = (U,s) with the help of Mersenne numbers as follows:

ifl1<s<rv,

0 , ifs>r

for all r,s € N. The Mersenne matrix i can be expressed more clearly in the following form:

M1 o 0 o0 o0 -1

1 3

s =2 0 0 O

1t 1 3
S
=1 % % % 2 O

B A A 1

57 57 57 57 57
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From its definition, we can understand that u is a triangle. Moreover, u-transform of a sequence u = (uy) is stated as

= (uu), stus (reN). 2.1

2mr

It is known that, an infinite matrix is named as regular if it maps any convergent sequence into a convergent sequence with
the same limit.

Lemma 2.1. An infinite matrix B is regular if and only if the following conditions hold:
(1) Sup,en L [brs| < oo,

(i) limy o) bps =1,

(iii) lim, 0 bys =0.

Theorem 2.2. The Mersenne matrix (L is regular.

Proof. From the equality

Z|.urs|—z.urs—z s —1,

1 2mp —r

it is easily seen that the conditions (i) and (ii) hold. It is reached the validity of the condition (iii) from the equality

my .
lim y,s = lim = my. lim
fmresy r—e 2m, —r r—e0 2m, —r
= 5. im ——— =0.

Troe 2rtl —p 2
O

Now, let us introduce the sets £, (1) and £o. (i) of all Mersenne p-absolutely convergent and Mersenne bounded sequences
by

Y

S

G = {u:ws)ew )

r=

<°°} (1<p<e)

stus < 00}

In that case, the sets £, (i) can be rewritten as £, (1) = (¢,)y for 1 < p < o with the notation (1.1). If I' C @ is normed, in that
case I'() is called as a Mersenne sequence space.

Unless otherwise stated in the following parts of the study, 1 < p < oo will be assumed.

Wilansky [26] proved that, if B is triangle and I" is BK-space, in that case the domain I'p is BK-space too, with ||u||r, =
||Bu||r. Therefore, we are ready to give the theorem without proof regarding the BK-spaceness of the sets we just defined.

2m,

and

loo(pt) = {u—(us) € o :sup

reN

Zm,

Theorem 2.3. /,(u) and Lo (1) are BK-spaces with

>,t

Z mstt

Zm,—r

llulle, ) = (Z

r=1

and

Z mstt

el ) = sup |5
(1) — el

)

respectively.

Theorem 2.4. ¢,(11) and L () are linearly isomorphic to the spaces £, and L, respectively.
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Proof. Since, it can be shown similarly for the other spaces, the theorem will be proven only for the spaces £e. (1) and £e.
For the proof, it must be shown that there is a norm-preserving bijection between the aforementioned spaces. The linearity
of the function described for this purpose as & : fu(lt) — lw, &7 (u) = {u can be seen immediately. Besides this, from the
proposition o7 (1) = 0= u = 0, &/ is decided to be an injection.
By taking into account the sequences v = (V;) € e, and u = (u;) € @ whose terms are

K} dm — i
= Y (—pmimiiy,

m

with u; = vy for all s > 2, we reach the surjectivity of ./ from the expression

(Hu), = 2mr_ ;i Zm u
4 J ;2mi —i
= N —1) Ty
2m,—rsz‘1 i:g_’l( ) my
= V.
Additionally, since the relation |[u||,_,) = | ttu|l,., holds, then <7 keeps the norm. O

Theorem 2.5. Except for the case p =2, {,(lL) is not a Hilbert space.

Proof. If we consider that x = (1,1,—%,0,0,...) and y = (1,—3,3,0,0,...), in that case it is obtain that px = (1,1,0,0,...)
and uy = (1,—1,0,0,...) and

2 2 242 2 2
31,y o= 312,y = 8 #2545 =2 (2 )+ 191, ) -
Hence, the norm associated with the space £, (1) for p # 2 doesn’t hold the parallelogram equality, which is desired result. [

Consider the normed sequence space (I, ||.||) and (1,) € I'. In that case, (7)) is Schauder basis for I" if for any u € T, there
is a unique scalars’ sequence (0;) as

r
u—Y on;
s=1

as r — oo and it is written as u = Y 0;1;.

Now, it will be given the result that determines the Schauder basis of £, (u). It is concluded that the inverse image of the
basis (e!")),en of £, composes the basis of £, (1) because the function <7 : £,(u) — £, described above is an isomorphism. In
this way, we can present the following theorem about the Schauder basis without proof.

Theorem 2.6. Let us consider the sequences 6, = (fu), and n'®) = (’r]r(s)) € {,(u) described as

2mg —§
_1 r—s &) . _1 < o<
(). (=1) my ’ g =i=h

0 , otherwise.

In that case; the set 17(5> is a basis for the space £, (1) and the unique representation of any u € £,(1) is stated as u =Y Gsnm
for1 < p <eo

Theorem 2.7. The inclusion £,(u) C £5(u) strictly holds for 1 < p < p < oo,

Proof. Consider the sequence u = (us) € £,(ut) such that uu € £,,. Furthermore, it is known that £, C {5 for 1 <p < p < oo
and thus pu € £5. Consequently, we can write u = (us) € £5().
The strictness of inclusion can be easily seen when V = pii € £\ £, is taken. O

Theorem 2.8. The inclusion le C loo(LL) holds.
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Proof. By taking a sequence u = (i) € {., from the inequality

1 r
u = sup msu
H ”éw(u) N 2mr—’”£"1 sths
r
< ¢l sup m
el sp| 5t Y m
= lull.e <o,
it is reached that u € £.,(1t), which is desired result. O

Theorem 2.9. The inclusion £, C £,(1) holds.

Proof. By taking a sequence u = (uy) € £, for 1 < p < oo, from the inequality

- p

Y 5 ul

~ 2m,—r

=

p—1
r r
mg » my

(; 2mr*rlus| ) <\z‘1 2mrr>

r ms p
(Z’l 2mr—rlus| )

S=

2m,—r)’

r=s

=

Z |(uu),|? <

r=1

1™

IN
s

‘
I

|
[ agk

‘
Il

I
aok
B
=

©
Il
—_

we reach that H””?p(u) < N||u||fp for N = sup,.y { iy %} This implies that u € £,(1) and £, C £,,(11). It can be shown
that £; C ¢;(p) similarly. O

3. Dual Spaces

It will be calculated duals of the spaces £, (i) in the current part. Since, the following results related the duals can be seen
similar to the case 1 < p < oo, the proofs of results involving the case p = 1 will be omitted. In the rest of the paper, unless
otherwise stated, g = %] will be assumed and .% will represented the family of all finite subsets of N.

For the determination of duals, it may be given the following lemmas collected from the study [27] to characterize some
classical matrix classes:

Lemma 3.1. For 1 < p <oo, B=(by) € (£, : {1) if and only if

oo

sup Z Z by

E€T s=1|reE

q
< oo,

Lemma 3.2. For1 < p <oo, B= (by) € (¢ : ¢) if and only if

liﬁm by exists for all s € N, 3.1
sup Y |bys|? < oo. (3.2)

reNg=1
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Lemma 3.3. B = (b,) € (¢ : ¢) if and only if the conditions (3.1),

sup Z |bys| < oo,
reNg—1

fim =0

brs — lim brs
r—o0

hold.
Lemma 3.4. B = (b)) € (£ : L) ifand only if (3.2) holds for 1 < p < o,

Theorem 3.5. Let us consider the set @) and the infinite matrix G = (g,5) described by

- q
o :{T:(rs)ew: sup Z Zgrs <oo}

E€F s=1|reE
and
_2mg—s .
(-~ =—""r ifr—1<s<r,
my
8rs =
0 , otherwise.

In that case; [(,(1)]% = @) for 1 < p < oo,

Proof. By using the equality (2.1), we obtain that

r 2 _
TrlUy = T ( Z (_l)rslnssvs>
s

=r—1 nmy

— i ((1)f—52m"_sn> vs = (Gv),

s=r—1 my

(3.3)

for all » € N. Hence, it is obtained by the relation (3.3) that tu = (7,u,) € ¢; when u € ,,(u) if and only if Gv € £; when v € £,,.
In that case, it is reached the biconditional statement T € [£,( w)]% if and only if G € (¢ » 1 £1). By taking into consideration the
condition of Lemma 3.1 with together G = (g,y) in place of B = (b,s), it is seen that [¢,(u)]* = @y for 1 < p < oo, which is

desired result.

Theorem 3.6. Let us consider the sets sz(q), O3 and @4 by

T, T q
uw—w(S—ﬂ“)|<w}
ny Mgy

wz(q) _

Wy =

o3 = {’L‘—(‘L’S)Ga):sup
2m, —
{r:(rs)ea):lim n r'cr: }

In that case; [Kp(,u)]ﬁ = wz(q) N@s for 1 < p < e and [&Q(,u)]ﬁ = sz(l) N @y.

O

Proof. Let us choose two sequences T = (T,) € @ and u € £, (1) such that v € £, with the relation (2.1). Then, we reach that

Y, = Zr”’:sus = i Ts ( i (_1)S_i2mi_ivi>
s=1

s=1  \i=s—1 ms
r—1
T T, 2m, —r
= Y @2m—ys) (S _ ol ) Vi+ ——— 1V,
s—1 mg - Mgy my
= (0v),

34)
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where the matrix O = (0,y) is described as

T T
(2mg — ) <S—S+l> , 1<s<n
ms Mgy
Ops = 2mr - rTr . s=r, (35)
my
0 , otherwise.
It can be checked that
T T
lim 0,5 = (2mg —s) <5 - ”1) . (3.6)
r—reo ms  Mgiq

In that case, from the relation (3.4), it is infered that tu € cs whenever u = (u,) € £, (i) if and only if y = (y,) € ¢ when

vel, Thus, T € [ép(,u.)][3 if and only if O € (¢, : ¢) for 1 < p < eo. Hence, in view of (3.4), (3.6) and the conditions of Lemma
3.2, it is reached that

d T, a 2m, —
Y |@mg—s) ( Hl)‘ <o and sup M7l | < oo
s—1 ms Mg reN my
which is desired result.
It can be shown similarly for the case p = o by the aid of Lemma 3.3 and the relations (3.4) and (3.6). ]

Theorem 3.7. For 1 < p <o, [(,(u)]" = (Dz(Q) N @3-

Proof. It can be obtained with similar approach in the proof of the Theorem 3.6 by considering with together the Lemma 3.4
with the matrix O = (o,,) described by (3.5). O

4. Matrix Transformations
Current part aims to present the matrix classes (£, (i) : ¥), where ¥ € (£, ¢, o) and 1 < p < oo, For brevity, we take

Ors = (2my —s) <b”—b’*"“> 4.1)

m ms1q

in the rest for infinite matrices ® = (@) and B = (b,5) and r,s € N.
Consider that # and v with the relation (2.1). In that case, it is reached that

Z br& Us = Z ¢rs Vs + brn V. (42)

Now, it may be given the following conditions to characterize new matrix classes:

e — o

( s sbm) €l forall r € N, 4.3)
ms s=1

sup || < oo, 4.4)

rseN

sup Z |91 < oo, (4.5)

reN g—=

2ms —§ “

( bm> €coforallr e N, (4.6)
mg s=1

lim ¢, exists for all s € N, 4.7

r—voo

rlg{’l"s:zi |¢s — ps| = 0 for all s € N and (p;) € o, (4.8)

li_>rn |¢s| =0 for all s € N. 4.9)

=300

In that case; from the conditions of the matrix classes in [27] with together Theorem 3.6 and the relation (4.2), it may be given
the following results:
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Theorem 4.1. The following statements hold:

() B=(bys) € (l1(1) : beo) if and only if (4.3) and (4.4) hold.

(ii) B=(bys) € (¢1(u) : ¢) if and only if (4.3), (4.4) and (4.7) hold.

(iii) B = (bys) € (£1(1) : co) if and only if (4.3), (4.4) and (4.9) hold.

Theorem 4.2. For 1 < p < oo, the following statements hold:

(i) B= (b)) € ({p(1) : Le) if and only if (4.3) and (4.5) hold.

(i) B= (bss) € ({,(1) : ¢) if and only if (4.3), (4.5) and (4.7) hold.

(iii) B = (brs) € (£p(1) : co) if and only if (4.3), (4.5) and (4.9) hold.

Theorem 4.3. The following statements hold:

(i) B=(bys) € (b(t) : Lss) if and only if (4.5) and (4.6) hold with g = 1.

(ii) B=(bys) € (bu(l) : ¢) if and only if (4.5), (4.6), (4.7) and (4.8) hold with g = 1.
(iii) B = (bys) € (bu(l) : co) if and only if (4.6) and (4.8) hold for p; =0 and s € N.

5. Compactness by Hausdorff Measure of Non-compactness

This part aims to acquire the necessary and sufficient conditions for an operator to be compact from £, () to the space ¥,
where 1 < p <ooand ¥ € {cy, ¢, lw,{1,cs0,CS,bs}.
For a normed space I', Zr represents the unit sphere in I'. It is used the notation

Lusws

N

[[ullr = sup
xXeIr

for a BK-space I' D Q and u = (uy) € , where Q represents all finite sequences’s space and it is assumed that the series above
is exists and then it is reached that u € T'F.

Lemma 5.1. [28] The following statements hold:

() £ =ch= cg = {1 and ||u||} = ||ul|¢, for allu € £y and T € {lw,c,co}.
(i) ff = Lo and |[ul|7, = ||ull¢.. for all u € L.

(iii) Eﬁ =/{, and ||“H<e>,, = ||ulle, for all u € £4.

The set B(I": W) represents all bounded (continuous) linear operators’ set from I to .

Lemma 5.2. [28] Let T and ¥ are the BK-spaces. In that case, for all B € (I : V), there exists a linear operator £ € B(I' : ¥)
as £p(u) = Bu for every u € T..

Lemma 5.3. [28] Consider that " O Q is a BK-space. If B € (I : \¥), in that case || Zp|| = ||B|| (r:-w) = sup,ey ||Br[|f- < .

Let us consider a metric space I" and A C I" is bounded. The Hausdorff measure of non-compactness of A is represented
with ¥ (A) and it is described by

x(A) :inf{s >0:ACUjA(uj,nj),uj €L,n; <£,r€N},

where A(uj,n;) is the open ball centred at u; and radius n; for each j = 1,2,...,r. Researchers who want to get more detailed
information about Hausdorff measure of non-compactness can benefit from [28] and its references.

Theorem 5.4. [29] Let A C £, is bounded and the operator A, : £, — {,, described as Ay(u) = (uy,u2,u3,...,u,,0,0,...) for
every u= (us) € £, 1 < p <eoand each n € N. In that case, for the identity operator I on £, it is reached that

%(4) = lim (igna—an)(unup) .

n—o0
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For the Banach spaces I" and W, a linear operator . : I' — ¥ is named as compact operator if domain of .# is whole of
I" and Z(A) is totally bounded set in ¥ for all u = (u,) € o NT. Equivalently, .# is compact if (£ (u)) has a convergent
subsequence in ¥ for all u = (u;) € L NT.

Let ||.Z||x represents Hausdorff measure of non-compactness of . and it is described by ||.Z|x = x(-£L(Zr)). The
notions Hausdorff measure of non-compactness and compact operators have a distinct relationship of ”.Z is compact if and
only if ||.Z||x =0".

Readers can use the studies [30, 31, 32, 33, 34, 35] for sequence space studies where Hausdorff measure of non-compactness
is used to determine compact operators between BK-spaces.

Lemma 5.5. [30] Let T" D Q is BK-space. In that case:
() IfBe (I':cp), then || £, = limsup, ||B,||}- and ZLp is compact if and only if lim, || B, ||} = 0.

(ii) IfT has AK property orTU =l and B € (I : ¢), then

1. .
5 limsup |[B, — k|[p- < |||l < limsup B, — ]|y
r r

and £ is compact if

lim|B, — «||& =0
r

where ¥ = (k) and ks = lim, by.

(i) IfB € (I': {w), then 0 < || L3, < limsup, ||B,||}> and ZLp is compact if lim, ||B,||3- = 0.

)

and L is compact if and only if lim; (suPEeg?,- IX,ce B,||f~) =0, where .F represents the family of all finite subsets of

@iv) IfBe (T': ¢y), then

<

e

rek

e

rekE

) <||-Z%

x < 4.lijm ( sup

lim [ sup
J EcT; r EcT;

N and 7 is the subcollection of F consisting of subsets of N with elements that are greater than j.

In the sequel of the study, it is used the matrices ® = (¢,,) and B = (b,) connected with the relation (4.1).
Lemma 5.6. Let ¥ C 0. If B€ ({,(1) :'¥), then ® € (£, : ¥) and Bu = ®V hold for all u € £,,(1t) and 1 < p < oo,
Theorem 5.7. Let 1 < p < oo. In that case:

() IfBe (£y(1):co), then ||Lp|, = limsup, (¥, |¢,S|4)5 and L3 is compact if and only if lim, (¥ |¢rs|‘1)$ =0.
(i) IfBe (€,(u):c), then
1 g i
timsup (10 —al’) " < sl < timsup (L0~
and £ is compact if and only if lim, (¥, |@ps — as\q)% =0, where ag = lim, .
(i) IfB € (£,(1) : L), then O < || L3l < limsup, (L, |6,s]9)7 and Ly is compact if lim, (X, |9ys]4)7 =0,
(iv) IfBe (£,(1):¢1), thenlim; ||B||Ej) o S | -LB|; < 4.1im; HBHE;) and £p is compact if and only if lim; ||BHE;) =

) Cp(p): 1 (p(1):01) p():lr)
0, where ”BHEZ(M):EI) = SUPgeg; (X5 1XreE ¢rS|q)6-
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Proof. (i) Let B € ({,() : co). It is seen that

1
q
1B 117, (u) = 12+ ll7, = 1@l = <Z|¢m|‘7)

Thus, in view of Lemma 5.5-(i), it is reached that
1

. . q
|l = timsup 131, = timsp (o)
r r s

1
and .%} is compact if lim, (Y |@rs|7) 4.
(ii) Let B € (¢,(u) : c). In that case, @ € (¢, : ¢) by Lemma 5.6. From Lemma 5.1-(iii) it is concluded that

1
q
I, alf, = 1@ ~ali, = (T lon—at')" 5.1
s

By the aid of the Lemma 5.5-(ii), it is reached that

1. .

EhmsupHCIDr—aHZp < [|-Z5lly <limsup ||, —all7 . (5.2)

r r

Then, considering (5.1) and (5.2) together, it is obtained that

1 1

1. q . q
3 limsup <Z|¢rs _as|q> < [|-ZBlly <limsup (Z |Brs _asq)
r s r s

Moreover, it is seen by Lemma 5.5-(ii) that %5 is compact if and only if

1

lim (): 195 — axq) "o

(iii) This proof can be made analogous to that of (i) and (ii) considering Lemma 5.5-(iii).
(iv) It is reached that

q> q
Let B ({,(u) : £1), then by Lemma 5.6, ® € (¢, : £;) holds. In that case, by taking account the Lemma 5.5-(iv), it is
concluded that
,,) !

Z ¢rs

rek

I X Bl =1 X @, =1 X @1, = (Z

rek rekE N

Z (Prs

rekE

1
N
um<supz Y 6. ) <||xB||x<4nm<supz

J EcF; s |reE EcT; s

and % is compact if and only if

llm(supz Z%q):o.

J EEQ, s |reE

Lemma 5.8. [30] Let T" D Q is BK-space and

IBII{L,

In that case:

() IfB € (I':cso), then ||.£p||,, = limsup, ”B”Erllb and £y is compact if and only if lim, ||B||(F bs) = 0-
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(ii) IfT has AK and B € (T : cs), in that case

< <

Y B¢

n=1

< || -Zs||; < limsup
F r

1
i
5 1mrsup

Y B
n=1

T
and Ly is compact if and only if lim, || Y1 B, — & ||t = 0, where § = & with § =1im, 00 Y.}, by for each s € N.

(iii) IfB € (T : bs), then 0 < ||.Z||,, < limsup, HB|| (Tbs) And Zp is compact if lim, HBH (Tbs) = O-

Iy <

Theorem 5.9. Let 1 < p < oo. In that case:

() IfBe ({y(1):cso), then || LB, =limsup, (L] X, ¢,S\q)$ and L is compact if and only if lim, (Y| Y _, ¢,S|q)é =
(i) IfBe (€,(u):cs), then
q>:,

=0, where a = (ds) and dg = 1im, Y., _ | @ps.

r

Y Ous

n=1

1
a\ g .
711msup (Z ds > < |||y < limsup (Z Y ns—a
s r s |n=1

Q=

and L is compact if and only if lim, (¥ |Y0_ | @ns —ds|?)
(iii) IfB € (Ly(u) : bs), then

q> i
and L is compact if lim, (YY) @ns|?)

Proof. (i) It is clear that
O ( q) |
ly S

r o
=Y @ =
n=1
1
Hence, by using Lemma 5.8-(i), it is obtained that ||.Z3|,, = limsup, (¥, |¥,_; ¢s|?)7 and Zp is compact if and only if

EP
hmr(ZY|Zn 1 "”‘ )1'
a\ g
_ <Z . ) . (5.3)
£y s

(ii) We have
If Be (£,(u) : cs), in that case by Lemma 5.6, it is reached that ® € (£, : cs). In that case, by the aid of the Lemma 5.8-(b), it
is deduced that

r

Z ¢ns

n=1

0 <|Zsll, <limsup (Z
r K

Q=

=0.

<
r

Y 5,

n=1

Z (Pns

n=1

lp(p)

<

Y Ons

fond | f o s
n=1 n=1 n=1

Ly

(o] <o

f o a

1
glimsup < || -Z5||; < limsup

A

)

0

,
Y ®.—a
n=1

which on using (5.3) gives us

1
— limsup
2 r ( s |n=1

q> 7
and also, % is compact if and only if lim, (Y, |¥)_; @ns — ds|? ),, =0.
(iii) It can be done similarly to the proof of the first part, considering Lemma 5.8-(iii). O

1
a\ g -
a ) §||$B||x§1imsup<2 2 Ops — a
r

s |n=1

Theorem 5.10. (i) If B € ({(l) : o), in that case |||, = limsup, Y. |y| and ZLp is compact if lim, ¥ |@,s| = 0
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(ii) IfB € (Yo(l) : ), then

1., .
Ehmsup (Z|¢m—as|) < || -Z5l|; < limsup (Z|¢m—as|)
r s r K

and £p is compact if and only if lim, (¥ |¢,s — as|) = 0.
(i) If B € (loo(l) : o), in that case 0 < || Lp||, < limsup, Y. |@rs| and Lp is compact iflim, Y || = 0.

(iv) IfB€ (Lu(pt):¢1), thenlim; ||B||E£Q(”):£]> <||ZBll, <4.1lim; ||B||E;1(”)I/I> and Ly is compact if and only if lim HBHEQ(H):M =
0, where |BII(). 1.0, = SUPge 5, (Lo [Erer 9l) for all j € N,
Proof. 1t can be obtained in a similar way to the proof of Theorem 5.7. So, it is omitted. O

Theorem 5.11. (i) IfB < (¢1(u): co), in that case ||£B||, =limsup, (sup, |@,s|) and L is compact if and only iflim, (sup; |@s|) =
0.

(i) IfB e (¢1(n) : c), in that case

1
Elimsup <sup |y —as|) < || -ZB||; < limsup (sup |y —as>
r N r S

and £Lp is compact if and only if lim, (sup; |¢,s — as|) = 0.
(iii) IfB € (£1(1) : be), in that case 0 < || ZLp||,, < limsup, (supy |@r|) and Lp is compact if lim, (sup, |@,s|) = 0.

Proof. It can be acquired in a analogous procedure of Theorem 5.7. Thence, it is omitted, too. O

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and approved the
final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under
the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for
this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and
ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

References

1 B, Altay, F. Basar, Certain topological properties and duals of the matrix domain of a triangle matrix in a sequence space,
J. Math. Anal. Appl., 336 (2007), 632-645.

21 T Yaying, B. Hazarika, M. [lkhan, M.Mursaleen, Poisson like matrix operator and its application in p—summable space,
Math. Slovaca, 71(5) (2021), 1189-1210.

31 T. Yaying, On A-Fibonacci difference sequence spaces of fractional order, Dera Natung Government College Research
Journal, 6(1) (2021), 92-102. https://doi.org/10.56405/dngcrj.2021.06.01.10

[41 M. Karakas, M.C. Dagli, A new paranormed sequence space defined by regular Bell matrix, Dera Natung Government
College Research Journal, 8(1) (2023), 30-45. https://doi.org/10.56405/dngcrj.2023.08.01.03



[51

[6]

[71

[8]

91

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Mersenne Matrix Operator and Its Application in p—Summable Sequence Space — 54/55

0. Tug, E. Malkowsky, B. Hazarika, T. Yaying, On the new generalized Hahn sequence space h",, Abstr. Appl. Anal., 2022,
Article ID 6832559, 11 pages, 2022. https://doi.org/10.1155/2022/6832559

M. Candan, E. E. Kara, A study on topological and geometrical characteristics of a new Banach sequence spaces, Gulf. J.
Math., 3(4) (2015), 67-84.

M. Candan, Some Characteristics of matrix operators on generalized Fibonacci weighted difference sequence space,
Symmetry, 14(7), 2022.

S. Erdem, S. Demiriz, On the new generalized block difference sequence space, Appl. Appl. Math.(AAM), Special Issue 5
(2019), 68-83.

H. B. Ellidokuzoglu, S. Demiriz, On some generalized g-difference sequence spaces, AIMS Mathematics, 8(8) (2023),
18607-18617.

M. Ilkhan, P. Z. Alp, E. E. Kara, On the spaces of linear operators acting between asymmetric cone normed spaces,
Mediterr. J. Math., 15, 136 (2018).

F. Basar, Summability Theory and Its Applications, Istanbul, 2012.
J. Boos, Classical and Modern Methods in Summability, Oxford Science Publications, Oxford University Press, 2000.

M. Mursaleen, F. Basar, Sequence Spaces: Topic in Modern Summability, CRC Press, Taylor Frencis Group, Se-
ries:Mathematics and its applications, Boca Raton, London, New York, 2020.

E. E. Kara, M. Basarir, An application of Fibonacci numbers into infinite Toeplitz matrices, Casp. J. Math. Sci., 1(1) (2012),
43-47.

M. C. Dagh, A novel conservative matrix arising from Schroder numbers and its properties, Linear and Multilinear Algebra,
71(8) (2023), 1338-1351. DOI: 10.1080/03081087.2022.2061401.

M. C. Dagh, Matrix mappings and compact operators for Schroder sequence spaces, Turkish J. Math., 46 (2022),
2304-2320.

M. Karakas, M. C. Dagh, Some topologic and geometric properties of new Catalan sequence spaces, Adv. Oper. Theory,
8(14) (2023), 15 pages.

E. E. Kara, Some topological and geometrical properties of new Banach sequence spaces, J. Inequal. Appl., 2013, 2013:38.

M. Karakas, H. Karabudak, An application on the Lucas numbers and infinite Toeplitz matrices, Camhuriyet Sci. J., 38(3)
(2017), 557-562.

M. Karakas, A. M. Karakas, New Banach sequence spaces that is defined by the aid of Lucas numbers, Igdir Univ. J. Inst.
Sci. Tech., 7(4) (2017), 103-111.

T. Yaying, B. Hazarika, S. A. Mohiuddine, Domain of Padovan q—difference matrix in sequence spaces £,, and {.., Filomat,
36(3) (2022), 905-919.

T. Yaying, B. Hazarika, O. M. Kalthum S. K. Mohamed, Awad A. Bakery, On new Banach sequence spaces involving
Leonardo numbers and the associated mapping ideal, J. Funct. Spaces, 2022, Article ID: 8269000, 21 Pages.

M. ilkhan, A new conservative matrix derived by Catalan numbers and its matrix domain in the spaces ¢ and cg, Linear
and Multilinear Algebra, https://doi.org/10.1080/03081087.2019.1635071

M.Ilkhan, E. E. Kara, Matrix transformations and compact operators on Catalan sequence spaces, J. Math. Anal. Appl.,
498 (2021), 124925.

M. Karakas, On the sequence spaces involving Bell numbers, Linear and Multilinear Algebra,
https://doi.org/10.1080/03081087.2022.2098225

A. Wilansky, Summability Through Functional Analysis. Amsterdam-New York-Oxford: North- Holland Mathematics
Studies 85; 1984.

M. Stieglitz, H. Tietz, Matrix transformationen von folgenraumen eine ergebnisbersicht, Math Z., 154 (1977), 1-16.

E. Malkowsky, V. Rakocevic, An introduction into the theory of sequence spaces and measure of noncompactness, Zbornik
Radova, Matematicki Inst SANU, Belgrad, 9(17) (2000), 143-234.

V. Rakocevic, Measures of noncompactness and some applications, Filomat, 12 (1998), 87-120.

M. Mursaleen, AK. Noman, Compactness by the Hausdorff measure of noncompactness, Nonlinear Anal., 73(8) (2010),
2541-2557.



Mersenne Matrix Operator and Its Application in p—Summable Sequence Space — 55/55

(311 M. Mursaleen, AK. Noman, Applications of the Hausdorffmeasure of noncompactness in some sequence spaces of weighted

means, Comput Math Appl. 2010;60(5) (2010), 1245-1258.

F. Bagar, E. Malkowsky, The characterization of compact operators on spaces of strongly summable and bounded sequences,
Appl Math Comput., 217 (2011), 5199-5207.

E.E. Kara, M. Basarir, On compact operators and some Euler B™) difference sequence spaces and compact operators, J.
Math. Anal. Appl., 379 (2011), 499-511.

M. Bagsartr, E. E. Kara, On some difference sequence spaces of weighted means and compact operators, Ann. Funct. Anal.,2
(2011), 114-129.

M. Basarir, E. E. Kara, On the B-difference sequence space derived by generalized weighted mean and compact operators,
J. Math. Anal. Appl., 391 (2012), 67-81.

[32]

[33]

[34]

[35]



	Introduction
	Mersenne Matrix Operator and Mersenne Sequence Spaces
	Dual Spaces
	Matrix Transformations
	Compactness by Hausdorff Measure of Non-compactness
	References

