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1. Introduction

After the emergence of the concept of ideal in [1,2], this topic has been discussed by many authors
in the literature. The local function [1] obtained using ideals and the *-topology [2] obtained with
the help of this function are the most tackled topics by researchers. One of the most notable studies
about these topics is the work of Jankovi¢ and Hamlett in [3]. Furthermore, W-operator [4], extensions
of ideal [5], I-open sets [6], PC*-closed sets [7], and weakly I,4-open sets [8] are the other examples
of these topics. Apart from these topics, Selim et al. [9,10] and Modak and Selim [11] also studied

various set operators acquired by local function and W-operator.

Afterward, Al-Omari and Noiri [12] introduced the I'-local closure function and presented various
properties of this operator. Furthermore, they defined the Wp-operator with the I'-local closure
function and formed two topologies called o0 and oy owing to the operator Wr. Many new studies
based on Al-Omari and Noiri’s works have been produced. For instance, Pavlovié [13] investigated
the similarities and differences between local functions with I'-local closure functions and researched
the cases under which they coincide. Tung¢ and Ozen Yildimm [14] made additions to Pavlovié’s
conditions, and hence they [15,16] defined some special sets using local closure functions and Wp-
operators. Furthermore, they [17] obtained a I'-boundary operator through local closure functions

and researched its properties.
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In this study, we build new set operators termed Ar, ¥Yr, and Ar via local closure function and Y-
operator using different methods in ideal topological spaces. We research their main properties and
the relationships of these operators with each other. We characterize the case cl(7) N ¥ = {0} and
interpret the closure compatibility by means of these operators.

2. Preliminaries

This section presents some basic definitions and properties to be used in the following sections.
Throughout this study, (Y, 7) represents a topological space. In (Y, 7), cl(A) and int(A) denote the
closure and the interior of a subset A of Y, respectively. P(Y') represents the family of all the subsets
of Y. An ideal & [1] on a topological space (Y, 7) is a nonempty collection of subsets of Y satisfying
the following conditions:

1. if Ae
7. if A e

S and B C A, then B € & (heredity).
S and B € S, then AU B € < (finite additivity).

An ideal topological space (Y, 7, <) is a topological space (Y, 7) with an ideal & on Y.
Let (Y, 7,3) be an ideal topological space. For a subset A of Y,
FA)S,7)={zeY |Ancl(U) ¢S, forall U € 7(x)}

is called the local closure function of A with respect to & and 7 where 7(x) = {U € 7 | x € U} [12].
It is shortly denoted by I'(A) instead of I'(A)(J, 7). An operator Up : P(Y) — 7 is defined by
Ur(A) =Y\I'(Y\A), forall A € P(Y) [12]. A subset A of Y is called Sp-perfect (respectively, I'-dense-
in-itself, Lp-perfect, Rp-perfect, and Sp-dense) if A = I'(A) (respectively, A CT'(A), A\T'(A) € S,
IF'A)\A e and I'(A) =Y) [15]. A subset A of Y is called Cp-perfect if A is both Lp-perfect and
Rr-perfect [15]. A subset A of Y is called #%-closed if T'(A) C A [18].

For a topological space (Y, 7) and a subset A of Y, clp(A) ={x € Y : cl(U)NA # 0 for each U € 7(x)}
is called the #-closure of A [19]. The f-interior of A [20], denoted inty(A), consists of those points = of A
such that U C cl(U) C A for some open set U containing x. Furthermore, Y \inty(A) = clp(Y'\ 4) [21].
A subset A is called #-closed [19] if A = clp(A). The complement of a 6-closed set is called #-open [19].
The family of all §-open sets in (Y, 7) is denoted by 79. Moreover, 7y is a topology on Y and it is

coarser than 7.

As mentioned above, Al-Omari and Noiri [12] have defined the two topologies on Y as follows: o =
{ACY:ACUp(A)}and op ={ACY : A Cint(cl(¥r(A)))}. They have shown that 79 C o C oy
in (Y,7,3). A subset A of Y is called o-open (og-open) set if A € 0 (A € 0p). The topology T is said
to be closure compatible with the ideal <, denoted by 7 ~r S, if the following condition is held, for
all subset A of Y: if, for all x € A, there exists a U € 7(z) such that cl(U) N A € S, then A € & [12].

Theorem 2.1. [12] Let (Y, 7,3) be an ideal topological space and A, B C Y. Then,
i. D) =10

ii. If A€ S, then T'(A) = 0.

iti. T(A)UT(B) =T(AUB)

iv. Yp(ANB)=Yp(A)NTp(B)

v. T(A) =cl(T(A)) C clp(A)

vi. If A C B, then ¥Up(A) C Up(B).

vii. If A C B, then I'(A) C T'(B).
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Corollary 2.2. [12] Let (Y, 7,3) be an ideal topological space. If B € &, then I'(AU B) =T'(A4) =
I'(A\ B) in (Y,7,9), forall A, BCY.

Definition 2.3. [22] Let (Y, 7,S) be an ideal topological space and A C Y. Then, the #-closure of A
with respect to an ideal S is defined by clg,(A) = AUT'(A)(S, 7). If A =clg,(A), then A is called to
be Jp-closed. Moreover, Intg,(A) is defined by Intg,(4) =Y \ clg, (Y \ A). If A =Intg,(A), then A
is called to be Sg-open.

Remark 2.4. [17] Let (Y, 7,3) be an ideal topological space and A C Y. Then,
A is Sp-closed < A =clg,(A) = AUT(A) & T(A) C A& Ais 63-closed
Thus, the concept of Jg-closed set in [22] and the concept of §%-closed set in [18] are identical.
Proposition 2.5. [17] Let (Y, 7,<) be an ideal topological space and A C'Y. Then,
i. Ais Qg-open < Y\ A is Sy-closed
it. Ais Sg-open & A C Up(A)
7ii. A is g-open & A is $y-open

Theorem 2.6. [12] Let (Y,7,3) be an ideal topological space. Then, cl(7) NS = {0} such that
c(7) ={cl(G) : G € 7} if and only if Y = T'(Y).

Theorem 2.7. [12] Let (Y, 7,9) be an ideal topological space. Then, the following are equivalent.
1. T ~T &
ii. For all subset A of Y, A\T(A) € &

Theorem 2.8. [14] Let (Y,7,3) be an ideal topological space such that cl(7) NS = {0}. Then,
Up(A) CT(A), forall ACY.

Theorem 2.9. [15] Let (Y, 7, ) be an ideal topological space. Every Sp-dense set is I'-dense-in-itself.
3. The Operator Ar

This section defines the operator Ar and investigates its basic properties.

Definition 3.1. Let (Y, 7,<) be an ideal topological space. Then, the operator Ar : P(Y) — P(Y) is
defined by Ar(A) = Ur(A)\ A4, forall ACY.

Proposition 3.2. Let (Y, 7,S) be an ideal topological space and K C Y.
i. If = {0}, then I'(K) = clp(K). Therefore,
AR(E) = Up(K) \ K = (V' \ clg(Y \ K)) \ K = intg(K) \ K =0

ii. If = P(Y), then T'(Y \ K) = . Thus,

Ar(K)=¥r(K)\ K=Y \TY\K)\K=Y\K
Remark 3.3. Let (Y, 7, ) be an ideal topological space. Then, M C N implies that neither Ap(M) C
Ar(N) nor Ap(N) C Ap(M), for all M, N C Y.

Example 3.4. Let Y = {p,q,7, s}, S = {0,{q},{r},{q,r}}, and 7 = {0, {s}, {p,r},{p,7,s},Y}.
Suppose that M = {p}, N = {p,r}, and K = {p, s}. Although, M C N in the ideal topological space
(Y, 7,9), Ar(M) € Ap(N). Similarly, although M C K, Ap(K) € Ar(M).
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Theorem 3.5. Let (Y, 7,3J) be an ideal topological space and M, N C Y. Then, the following are
held.

i AP(B) = Y\ T(Y)
ii. Ar(Y) =0
i, If cl(7) NS = {0} and M € S, then Ap(M) = 0.
. Ap(M) =Y\ M)\T(Y\ M)
v. Ar(M) N Ar(N) € Ar(MUN)
vi. Ap(M N N) = (Ar(M)NYr(N)) U (Ar(N) N ¥r(M)) C Ar(M) U AR(N)
vit. Ar(Ar(M)) € Ar(Yr(M)) U Wp(¥r(M))
viii, T(Ap(M)) C T(Wp(M))
iz. Ap(M)NM =0 and thus Ap(M) CY \ M
2. Ar(M) UAR(N) C (M A AR(NY)) U AR(M U N) U (Ap(M) N N)
PROOF. Let (Y,7,S) be an ideal topological space and M, N C Y.
i. Ar(0) =¥r@)\0=Y\I'()
ii. Ap(Y) = Up(Y)\Y =0
iii. Let cl(r) NS = {0} and M € &. Then, by Corollary 2.2,

Ap(M) =Up(M)\M = (Y\T(Y\M)\M = (Y \I'(Y))\ M
Moreover, ['(Y) = Y from Theorem 2.6. Thus,

Ar(M) =Y \Y)\M =10

. Ap(M) = Up(M)\ M = (Y \ M) 1 (Y \D(Y \ M) = (¥ \ M)\ T(¥ \ M),

: Ar(M) A AR(Y) = (Tp(M)\ M) A (Tp(V) \ V)

= (Yr(M)n¥p(N)) N[(Y\M)N (Y \N)|

= (Ur(M)N¥p(N))N[Y \ (MUN)]
From Theorem 2.1 (iv.),
Ar(M)NAP(N)=Ypr(MNN)N[Y\(MUN)] =¥ (MNN)\ (MUN)
From Theorem 2.1 (vi.),

Ur(MAN)\(MUN) CUpr(MUN)\(MUN)=Ar(MUN)
Therefore,
Ar(M) N Ar(N) € Ap(MUN)
vi. By Theorem 2.1 (iv.),
Ar(MNN)=3¥pr(MNN)\(MNN)
= (Ur(M)NTr(N))\ (MNN)

= [Ur(M)NUr(N) N (Y \ M)]U [Tr(M) N Pr(N) N (Y \N)
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= ([Tr(M) N (Y \ M) N Wp(N)) U (Tp(M) N [Tr(N) N (Y \ N)))

= (Ar(M) N W (N)) U (Ar(N) N Wr(M))
C Ar(M)UAr(N)
vii. By Theorem 2.1 (iv.),
Ar(Ap(M)) = Wp(Ap(M)) \ Ar(M)
= Up(Vr(M)\ M)\ (Ir(M)\ M)
= (Ur(¥r(M)) N¥r(Y \ M) N [(Y \ ¥r(M)) U M]
C Up(Vr(M)) N[V \ ¥r(M)) U M]
= [Wp(p(M)) N (Y \ ¥p(M))]U (Pr(Wp(M)) N M)
C (¥ (Yp(M)) \ ¥r(M)) U ¥p(Pr(M))
= Ar(¥r(M)) U Up(¥r(M))
viii. By Theorem 2.1 (vii.), D(Ap(M)) = T(¥p(M) \ M) C T(Up(M)).
iz. Ap(M)NM = (Up(M)\ M)NM =0 and thus Ap(M) CY \ M.

Z.

Ar(M) = ¥r(M)\ M

)
= Up(M)N (Y \M)N[(Y \ N)UN]
= [Ur(M)n(Y\AM)0 (Y \N)U[¥r(M) N (Y \ M)NN]
By Theorem 2.1 (vi.),
AC(M) € [r(M UN) A (Y \ M) A (Y \ N)] U [8(M) 0 (Y \ M) ]

Moreover,
Ar(N) = Up(N)\ N

= ¥r(N)N (Y \N)N[(Y\ M)U M]
= [Pr(N) N (Y \AN)N YA M)]U[Ir(N) N Y\ N) N M]
By Theorem 2.1 (vi.),
AR(N) € [UR(M UN) O (Y \ N) A (Y M) U[BR(N) (1 (Y| N) 1 M)
From (3.1) and (3.2),

Ar(MYUAR(N) C ([T (MUN)NY\M)N Y \NJU[Pr(M)Nn(Y\M)NN)U
(

[
[Wr(MUN)N (Y \N)N Y\ M)]U[Pr(N)N Y\ N)N M)

[
[(Wr(MUN)\ (MUN)JU[(¥p(M)\ M) NJU[(Wr(N)\ N) N M]

— Ar(M UN) U (Ar(M) 0 N) U (Ap(N) N M)

Ur(MUN)A (Y \M)N (Y \N)]U[Er(M)N Y\ M)n N U[Tr(N)N

(3.1)

(YA N) N M]



Journal of New Theory 46 (2024) 51-70 / Characterization of Two Specific Cases with New Operators in Ideal Topological Spaces 56

Theorem 3.6. Let (Y, 7,3) be an ideal topological space. Then, cl(7) NS = {0} if and only if
Ar(0) = 0.

The proof of Theorem 3.6 is obvious by Theorem 2.6 and Theorem 3.5 (7.).

Theorem 3.7. Let (Y, 7,3) be an ideal topological space. If A is a f-closed (or an Jjy-closed) subset
of Y, then Ap(A) CY\T'(Y).

PRrOOF. Let (Y, 7,9) be an ideal topological space and A be a 6-closed (or an Jy-closed) subset of Y
in (Y,7,3). Then, I'(A) € A = clp(A) by Theorem 2.1 (v.) (or I'(A) C A). It follows
Ar(A) = Wi(A) \ A C Up(4)\ T(A) = U(4) N Tp(Y \ 4)
By Theorem 2.1 (7v.),
Ar(A) COr(A) N Tr(Y \A) = Tr(An (Y \A4) =0r0) =Y \T(Y)
O
Remark 3.8. The inverses of the above requirements may not be true in general.

Example 3.9. Let Y = {p,q,r, s}, S = {0,{p}}, and 7 = {0, {s},{p,r},{p,r,s},Y}. In the ideal
topological space (Y, 7,S), suppose that A = {p} and B = {¢}. Then, Apr(A) =0 C Y \T'(Y) but A
is not #-closed. Similarly, Ap(B) =0 C Y \ I'(Y) but B is not Jp-closed.

Theorem 3.10. Let (Y,7,3) be an ideal topological space. Then, Ap(K) € 7, for all closed (or
O-closed) K C Y.

The proof of Theorem 3.10 is obvious by Theorem 2.1 (v.).

Corollary 3.11. Let (Y,7,3) be an ideal topological space, A C Y, and cl(7) NS = {0}. If A is
O-closed (or Sp-closed), then Ap(A) = (.

PRrOOF. Let (Y, 7,3) be an ideal topological space, A be a 6-closed (or an Sy-closed) subset of Y, and
cl(t) NS = {0}. Then, by Theorem 3.7, Ap(A) C Y \T'(Y). It implies that Ap(A) = () from Theorem
2.6. O

Theorem 3.12. Let (Y, 7,3) be an ideal topological space and K C Y. Then, Y\ K is I'-dense-in-itself
if and only if Ap(K) = 0.
PRrooOF. Let (Y, 7,$) be an ideal topological space and K C Y. Then,
Y\ K is I'-dense-in-itself & Y\ K CT'(Y \ K)
s Y\I(Y\K)CK
& Up(K) C K
< Up(K)\ K =Ap(K)=10

O

Corollary 3.13. Let (Y, 7,3) be an ideal topological space and A C Y. If Y \ A is Sp-dense, then
Ar(A) = 0.

PRrROOF. Let (Y, 7,3) be an ideal topological space, A C Y, and Y \ A be Sp-dense in (Y, 7, ). Then,
by Theorem 2.9, Y \ A is I-dense-in-itself. Thus, Ar(A) = @) by Theorem 3.12. [J

Remark 3.14. The reverse of the above requirement may not be true in general.

Example 3.15. Let Y = {p,q,7,s}, S = {(Dv {r}}, and 7 = {®7 {sh:{p, 7}, {p,r,s},Y}. In the ideal
topological space (Y, 7,S), if A= {q,s}, then Apr(A) =0 but Y \ 4 is not Sp-dense.
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Theorem 3.16. Let (Y, 7,3) be an ideal topological space.
i. If K is Qp-perfect, then Ap(K) =Y \I'(Y), for all K C Y.
ii. If Y \ K is Sp-perfect, then Ap(K) =0, for all K C Y.
PrROOF. Let (Y, 7,3) be an ideal topological space.

1. Let K be an Qp-perfect set. Then,

Ar(K) = Up(K)\ K = (Y A\T(Y \ K)\ K = ¥\ (K UT(Y \ K)) = ¥\ ((K) UT(Y \ K))
From Theorem 2.1 (#ii.), I(K)UT'(Y \ K) =T'(Y). As a result, Ap(K) =Y \I'(Y).
ii. Let Y\ K be an Sp-perfect set. Then,

Up(K) =Y \T(Y\K)=Y\(Y\K)=K
As a result, Ap(K) =¥p(K)\ K =0.
O
Remark 3.17. The reverse of the above requirements may not be true in general.

Example 3.18. Let Y = {p,q,r, s}, S = {0,{r}}, and 7 = {0, {s}, {p, 7}, {p,r,s},Y}. In the ideal
topological space (Y, 7,3), if A = {p}, then Ap(A) =0 =Y \T'(Y) but A and Y\ A are not Sp-perfect.

Theorem 3.19. Let (Y,7,3) be an ideal topological space and A C Y. Then, A is Lp-perfect <
AT (Y \ A) € Q.

PRrROOF. Let (Y, 7,3) be an ideal topological space and A C Y. From Theorem 3.5 (iv.), Ap(Y \ A) =
A\T(A). Thus, the proof is obvious. [

Corollary 3.20. Let (Y,7,3J) be an ideal topological space and A C Y. If A is Cp-perfect, then
AT (Y \ A) €S

The proof is obvious by Theorem 3.19.

Remark 3.21. In an ideal topological space, the reverse of the above requirement may not be true
in general.

Example 3.22. Let Y = {p,q,r, s}, S = {0,{p}}, and 7 = {0,{s},{p, 7}, {p,r, s}, Y}. In the ideal
topological space (Y, 7,3), if A = {r}, then Ap(Y \ A) = 0 € . However, A is not Rp-perfect and
thus it is not Cp-perfect.

Theorem 3.23. Let (Y, 7,3) be an ideal topological space and K C Y. Then, Ap(Y \ K) = K if and
only if K NT(K) = 0.

Proor. Let (Y, 7,9) be an ideal topological space and K C Y. Then,
ANNY\NK)=K © Vp(Y\K)NK =K
& KCUp(Y\K)=Y\I'(K)
& KNT(K) =10
O
Theorem 3.24. Let (Y, 7,3) be an ideal topological space. Then, the following are equivalent.
. T~

ii. For all subset A of Y, Ar(A) € S
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Proor. Let (Y, 7,9) be an ideal topological space. Then,
Ar(A) €, for all subset A of Y < Ap(Y \ A) € S, for all subset A of Y
S Upr(Y\NA)\(Y\A) =A\T(A) €3, for all subset A of YV’
& 17 ~1p & from Theorem 2.7

O]

4. The Operator Y

This section propounds the operator Yr and analyzes its basic properties.

Definition 4.1. Let (Y, 7,3) be an ideal topological space. Then, the operator Yr : P(Y) — P(Y) is
defined by Vr(A) = ¥r(A)N¥Yp(Y \ A), forall ACY.

Theorem 4.2. Let (Y, 7,3) be an ideal topological space and C' C Y. Then, the following are held.
i. Vp(C)=Y \I'(Y)

i. Yp(C) e

iii. Yp(C) = ¥p(C)\T'(CO)

PRroOF. Let (Y, 7,3) be an ideal topological space and C C Y.

i. By Theorem 2.1 (iv.), Yp(C) =¥ (C)NYp (Y \C)=9p(CN(Y\C)) =Tp0) =Y \T'(Y).
it. By Theorem 2.1 (v.), Y \I'(Y) is in 7. As a result, from (i.), Yp(C) € 7.

iii. Vr(C) = Wr(C) N Up(Y \ €) = Bp(C) 1 (Y \ T(C)) = ¥r(C) \ T(C)

O

Proposition 4.3. Let (Y, 7,S) be an ideal topological space and D C Y.

i. S ={0}, then Vp(D) =Y \I(Y) =Y \ cly(Y) = 0.

it. = P(Y), then Vp(D)=Y\T(Y)=Y \0=Y.

The proof is obvious by Theorem 4.2 (i.).

Corollary 4.4. Let (Y, 7,3) be an ideal topological space and A C Y. Then, Up(A) C I'(A) if and
only if Vp(A) = 0.

The proof is obvious by Theorem 4.2 (7i.).

Corollary 4.5. Let (Y, 7,3) be an ideal topological space. Then, the following are equivalent.

i. ()N = {0}

. Vp(A) =0, forall ACY

iti. Yp(A) CT(A)NT(Y\A), forall ACY

. Up(A) CT(A), forall ACY

Proor. Let (Y, 7,$3) be an ideal topological space.

(i.) = (i.) Let A C Y and cl(7) NS = {@}. By Theorem 2.8, ¥p(A) C I'(A). From Corollary 4.4,
Vr(A) = 0.

(7.) = (i.) Let Yp(A) = 0, for all A C Y. Then, by Theorem 4.2 (i.), Yp(Y) =Y \T'(Y) = 0. It
implies that Y = I'(Y') and thus cl(7) NS = {@} from Theorem 2.6.
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(i.) = (iii.) Let cl(7) NS = {0} and A C Y. Then, Vp(A) = Up(A)NIp(Y\A) CT(A)NT(Y \ A
from Theorem 2.8.

(7i.) = (i.) Let Yp(A) CT'(A)NI'(Y'\ A), for all subset A of Y. We know that Vp(A) = ¥r(A)NUr(Y'\
A) = (Y\I(Y\A))N(Y\T'(A)) and by the hypothesis (Y \T'(Y \ A))N(Y\T'(A)) CT(A)NT(Y \A).
Therefore, (Y\T'(Y\A4))N(Y\T'(A)) must be an empty set, namely Yp(A) = (). From the equivalence
(i.) & (ii.), (1) NS = {0}

(i.) = (iv.) It is obvious by Theorem 2.8.

(iv.) = (ii.) Let p(A) CT(A), for all A C Y. Then, Yp(A4) =0, for all A C Y, from Corollary 4.4.
O

Theorem 4.6. Let (Y, 7,3) be an ideal topological space and A C Y.

i. Yr(A) =Y & there exists a U € 7(x) such that cl(U) € S, forall z € Y.

ii. If there exists a nonempty set A such that Yp(A) = A, then cl(7) NS # {0}.
PROOF. Let (Y, 7,3) be an ideal topological space and A C Y.

1.
Vir(A) =Y < Y \I'(Y) =Y from Theorem 4.2 (i.)

sT(Y)=10

S ¢l(Y), forallzeY

< there exists a U € 7(z) such that cl(U)NY =cl(U) €S, forallz €Y
ii. Let A be a nonempty set such that Yp(A) = A. Then, from Theorem 4.2 (i.), A=Y \I'(Y) and
thus Y \ I'(Y) # (0. It implies that T'(Y') # Y. By Theorem 2.6, cl(7) NS # {0}.
O
Theorem 4.7. Let (Y, 7,3) be an ideal topological space and C' C Y. Then, the following are held.
i. If C'is Sp-open, then C'\ I'(C) C Vp(C).
ii. If C is #-open, then C'\ T'(C) C Vp(C).
iii. Yr(C) C ¥p(¥r(C))
. Yp(C)NC =Intg, (C)NTp(Y \ C) =1Intg, (C) \ T'(C)
0. Yp(C)\ € = Tnts, (Y \ C) N Br(C) = U (C) \ clg, (C)
vi. If C €S, then Vp(C) = ¥p(C).
PRrooOF. Let (Y, 7,$) be an ideal topological space and C C Y.
i. Let C be Sg-open. Then, C' C Up(C) from Proposition 2.5 (7.). Thus,

CNY\T(C)) € ¥r(C)n (Y \I(C))

namely

CA\T(C) CUp(C)Nn(YAT(Y\ (Y \C))) = ¥r(C)N¥p(Y \ C) = ¥r(C)

it. Let C be f-open. Then, it is o-open as 79 C o. By Proposition 2.5 (4#4.) and from (i.) in this

theorem, the proof is obvious.
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iii. By Theorem 2.1 (vi.), as O C Yp(C'), (@) C Up(¥Yr(C)). Then, by Theorem 2.1 (iv.),
Yp(C) =¥p(C)N¥p(Y \ C) = ¥p(Cn (Y \C)) =¥p() € ¥r(¥r(C))

7.

Ints, (C) N Tp(Y \ C) = Intg, (C) N (Y \ T(C)) = Ints, (C) \ T(C)

Moreover,

Intg, (C) N ¥r(Y'\ O) \ clg, Y\ C)N¥r(Y\CO)

\VIYNCO)UXN\CO))NTr(Y \CO)

YA\ C)NnCIN¥p(Y\C)
(Tr(C)NC)NYr(Y\C)

= (Yr(C)N¥r(Y \C)NC

=Vp(C)NnC

Consequently, Intg, (C) N ¥p(Y \ C) = Intg, (C) \T'(C) = ¥r(C)NC.

= (Y
= (Y
= |

c
C

v. From (iv.),
Yr(Y\CO)N(Y'\ C) =Intg, (Y \ C) N ¥p(C)

From Theorem 4.2 (i.),
VR(Y \ €) N (Y C) = Vi(C) N (V' \ €) = Yr(C)\ C
and thus

Vp(C)\ C =Intg, (Y \C)NYp(C) = (Y \clg, (C)) N¥p(C) = ¥r(C) \ clg, (C)

vi. If C € S, then I'(C') = () by Theorem 2.1 (#i.). From Theorem 4.2 (iii.),

Yp(C) = ¥r(C)\I'(C) = ¥r(C) \ 0 = ¥r(C)

O]

Theorem 4.8. Let (Y, 7,9) be an ideal topological space and K C Y. Then, Yp(K) = Up(Y \ K) if
and only if Y\ I'(K) C Up(K).
PRrooOF. Let (Y, 7,$) be an ideal topological space and K C Y. Then,

Yp(K) =VYp(Y\ K) & Up(K)N¥p(Y \ K) =¥p(Y \ K)

& YV \I'(K) =9p(Y \ K) C Up(K)
]

Theorem 4.9. Let (Y,7,3) be an ideal topological space and A C Y. If A is Qp-perfect, then
YP(A) = /\[*(A).

PrROOF. Let A CY in (Y,7,9). If A is Sp-perfect, then I'(A) = A. Hence, Ap(A4) = ¥p(A)\ A =
Up(A) \I'(A). Consequently, from Theorem 4.2 (4ii.), Ar(A) = Up(A) \T'(A) = ¥Yp(A). O

Remark 4.10. The reverse of Theorem 4.9 may not be true in general.

Example 4.11. Let ¥ = {p,q, 1,5}, & = {0, {r}}, and 7 = {0, {s}, {p,}. {p,7, 5}, Y'}. Tn the ideal
topological space (Y, 7,3), if A= {p}, then Ar(A) =0 = Yp(A) but A is not Sp-perfect.
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Theorem 4.12. Let (Y, 7,3) be an ideal topological space and K C Y.

i. If K is I'-dense-in-itself, then Yp(K) C Up(K) \ K.

ii. If K is Sp-dense, then Vp(K) = .

Proor. Let (Y, 7,9) be an ideal topological space and K C Y.

i. If K is I'-dense-in-itself, then K C I'(K). Therefore, by Theorem 4.2 (4ii.), Y (K) = ¥ (K)\I'(K) C
it. If K is Sp-dense, then I'(K) = Y. Thus, by Theorem 4.2 (4i.), Yp(K) = ¥p(K) \ ['(K) =
Ur(K)\Y =0.

U

Remark 4.13. The reverse of the above requirements may not be true in general.

Example 4.14. Let Y = {p,q,r,s}, S = {0,{r}}, and 7 = {0,{s},{p, 7}, {p,r, s}, Y}. In the ideal
topological space (Y, 7,S), if K = {r}, then Yp(K) =0 = I'(K). Although 0 = Vp(K) C ¥p(K) \ K,
K is neither I'-dense-in-itself nor Sr-dense.

Corollary 4.15. Let (Y, 7,3) be an ideal topological space. Then, cl(7) NS = {0} if and only if there
is an Sp-dense set A C Y.

Proor. Let (Y, 7,3) be an ideal topological space.
(=) : Let cl(7) NS = {0}. From Theorem 2.6, I'(Y) = Y. Consequently, Y is Sp-dense.

(<) : Let there be an Sp-dense set A C Y. Hence, Yp(A) = () by Theorem 4.12 (i.). It is known that
Vp(A) =Y \TI'(Y) by Theorem 4.2 (i.). Thereby, Y \T'(Y) = 0 and thus Y = I'(Y). Consequently, by
Theorem 2.6, cl(7) ={0}. O

5. The Operator Ar

This section proposes the operator Ar and researches its basic properties.

Definition 5.1. Let (Y, 7,3) be an ideal topological space. Then, the operator Ap : P(Y) — P(Y) is
defined by Ap(A) = A\T'(A), forall ACY.

Theorem 5.2. Let (Y, 7,3) be an ideal topological space and F' C Y. Then, the following are held.
i. Ac(Y \ F) = Ap(F)

ii. Ar(F)NAp(F) =10

iii. A\r(F)NAp(Y\F)=10

Proor. Let (Y, 7,3) be an ideal topological space and F' C Y.

i Ap(Y \ F) = Up(Y \ F)\ (Y \ F) = Ur(Y \ F) N F = (Y \D(F)) N F = F\ D(F) = Ap(F)

ii. Ar(F) NAr(F) = (Br(F) N (Y \ F) 1 (F (Y \T(F)) = (F A (Y \ F)) 0 (Ur(F) N (Y \D(F))) =
iti. It is obvious from Theorem 5.2 (7.) and (ii.).

O]

Proposition 5.3. Let (Y, 7,3) be an ideal topological space and A C Y.

i. If = {0}, then Ap(A) = 0.

ii. If I = P(Y'), then Ap(A) = A.
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Theorem 5.4. Let (Y,7,3) be an ideal topological space and K C Y. If an element x of Y is in
Ar(K), then {z} € &

PRroOOF. Let (Y, 7,3) be an ideal topological space and K C Y. Suppose that an element z of Y is in
Ar(K), ie., z € K\T(K). Then, z € K but x ¢ I'(K). Therefore, there exists a G € 7(x) such that
cl(G)N K € 3. It implies that x € cl(G) N K € 3. Hence, {z} € & by the heredity of the ideal. [

Theorem 5.5. Let (Y, 7,3) be an ideal topological space and = € Y. Then, € Ap({z}) if and only
if {z} €S

Proor. Let (Y, 7,3) be an ideal topological space and x € Y.
(=): It is obvious by Theorem 5.4.

(<): It is known that Y € 7(x). Let {z} € 3. Then, cl(Y) N {z} ={z} € S, for Y € 7(z), and thus
z € T'({z}). Consequently, x € {x} \T'({z}) = Ar({z}). O

Remark 5.6. In an ideal topological space (Y, 7, <), it is obvious that from Example 3.4 and Theorem
5.2 (i.), if M C N CY, then neither Apr(M) C Ap(N) nor Ap(N) C Ap(M).

Theorem 5.7. Let (Y, 7,3) be an ideal topological space.

i. Ar(G) e, forall GerT (or Ge )

i. ()N ={0} < Apr(Y) =10

The proofs are obvious by Theorem 2.1 (v.) and Theorem 2.6, respectively.

Theorem 5.8. Let (Y, 7,3) be an ideal topological space and K,L C Y. Then, the following are
held.

i. Ar(0)=10
it. If K isin S, then Ap(K) = K.

= (Ar(E)\T(L)) U (Ar(L) \ T(K))

vit. Ar(K)NAp(L)=(KNL)\T(KUL)
PrROOF. Let (Y, 7,3) be an ideal topological space and K,L C Y.
i. Ar(0)=0\T(0) =
ii. Let K € S. Then, from Theorem 2.1 (4.), Ap(K) = K\T'(K)=K\ 0 =K.
ii. Ar(Ar(K)) = Ar(K)\T'(Ap(K)) € Ap(K)
. Ap(K)NT(K) = (K\T'(K))NT(K) =0
v. From Theorem 2.1 (i.),
(KUL)
)\ (D(K) U T(L))
= (KuL)n(Y\T'(K)) N (Y \T(L)
= [KNWA\TE)NYA\TL)IULA (Y ATE)) N (Y \T(L))]
= [Ar(K) N (YAT(L)] U [Ar(L) N (Y \T(K))]
= (Ar(K)\T'(L)) U (Ar(L) \ T'(K))
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vi. The proof is obvious by (iii.) in this theorem.

vii. From Theorem 2.1 (74i.),

Ar(K) N Ap(L) = (K\T(K)) N (L\T(L))

= (KNL)Nn[(Y \T(K))n (Y \T(L))]

= (KNnL)NY \ (D(K)UT(L))]

=(KNL)Nn(Y\T'(KUL))

=(KNL)\I'(KUL)
O]
Theorem 5.9. Let (Y,7,3) be an ideal topological space and K C Y. Then, the following are
equivalent.
i. Ar(K) =1

ii. clg,(K) =T(K)

17i5. K is I'-dense-in-itself.

PRrROOF. Let (Y, 7,3) be an ideal topological space and K C Y.

(i) & (i) Ap(K) =0 < K\T(K) =0 < K CT(K) < dg,(K) = K UT(K) = [(K).
(i.) & (i7i.): Tt is obvious from Theorem 3.12 and Theorem 5.2 (.). [

Theorem 5.10. Let (Y, 7, ) be an ideal topological space and A C Y. Then, the following are held.
i. If A is Sp-perfect, then Ap(A) = 0.

it. If A is Sp-dense, then Ap(A) = 0.

PrROOF. Let (Y, 7,3) be an ideal topological space and A C Y.

i. It is obvious from Theorem 3.16 (7.) and Theorem 5.2 (7.).

it. It is obvious from Corollary 3.13 and Theorem 5.2 (i.).

[

Theorem 5.11. Let (Y,7,3) be an ideal topological space and A C Y. Then, A is Lp-perfect <
Ar(4) € S

The proof is obvious from Theorem 5.2 (i.) and Theorem 3.19.

Corollary 5.12. Let (Y,7,3) be an ideal topological space and A C Y. If A is Cp-perfect, then
KF(A) € Q.

The proof is obvious by Theorem 5.11.

Remark 5.13. It is obvious that the reverse of the above requirement may not be true from Example
3.22 and Theorem 5.2 (7.).

Theorem 5.14. Let (Y, 7,3) be an ideal topological space and K C Y. Then, Ap(K) = K if and
only if K NT(K) = 0.

The proof is obvious from Theorem 3.23 and Theorem 5.2 (3.).
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Theorem 5.15. Let (Y, 7,3) be an ideal topological space. Then, the following are equivalent.
. T~
it. For all subset A of Y, Ar(A) € &

The proof is obvious from Theorem 2.7.
6. Various Relations

This section investigates various relations between the operators defined herein.

Theorem 6.1. Let (Y, 7,3) be an ideal topological space and F' C Y. Then, the following are held.
i Yp(F)NAp(F) = Yp(F)\ F

it. Yp(F)NAp(F)=Yp(F)NAp(F)

iii. Yp(F)\ Ar(F) =Yp(F)NF

w. Yp(F)\ Ap(F) = Yp(F)\ F

v. Ar(F)\ Yr(F) = Ap(F) \ ¥r(F)

vi. AR(F)UYR(F) = Up(F)\ (F A T(F))

vit. Yp(F)UAp(F) = (Yp(F)U F)\T'(F)

PRrooOF. Let (Y, 7,$) be an ideal topological space and F' C Y.

1.

Yp(F)NAp(F) = (Yr(F)NYr(Y\ F)) N (Tr(F)N (Y \F))

(Wp(F
= (Yr(F)NYp(Y\F))N(Y \ F)
= Vp(F)\ F
#. By Theorem 4.2 (ii.),
Yp(F)NAp(F) = (Yo(F) N (Y \T(F))) N (Fn (Y \T(F)))
= (Y\I(F)) N (FN¥p(F))
= Vp(F)N(FN(Y\L(F)))
= Up(F) N Ap(F)
F)\Ap(F) = (Yr(F)n¥r(Y\F)N[Y\ (Tp(F) N (Y \F))]
N[(Y\ ¥r(F)) U F]
= [(Tr(F)NTr(Y\ F) N\ Up(F)]U[(Yr(F)NTr(Y \ F))NF]
= (Ur(Y \F) N [¥r(F)n Y\ ¥p(F)]) U [(Tr(F)N¥p(Y \ F))NF]
= (Ur(Y\F)NO)Ur(F)NF)

= YF(F)QF

)
= (Yr(F)N¥p (Y \ F))
)
)



Journal of New Theory 46 (2024) 51-70 / Characterization of Two Specific Cases with New Operators in Ideal Topological Spaces 65

0.

Yr(F)\ Re(F) = Yo(F) (V' \ Ae(F))
— Vp(F) N [Y\ (F\T(F)
— Ve(F) N (Y \ [F A (Y \T(F))
— Ve(F) N [(Y'\ F) UT(F)]
— Ve(F) N (V' \ F) U (Ye(F) N T(F)
_ Yr(F) 1 (V' \ B U[(0r(F) 1 (Y \ F)) 1 T(F)]
— [Yr(F) N (Y \ )] U [ (F) 0 (B (Y \ F) A T(F))
— Ye(F) 1 (V' \ F)] U ((F) 0 [(¥ \ T(F)) NT(F))
— [Yr(F) (Y \ F)] U (¥r(F) N )
— Ve(F) N (Y \ F)
= Vp(F)\ F
" Ar(F) \ Yr(F) = Ae(F) 1 (¥ \ Yo(F))
— Rp(F) N Y\ (Up(F) (Y \ )
— Rp(F) N (Y \ Up(F)) U (Y \ (Y \ )
= [Ar(F) 0 (Y \ O(F))] U (A (F) 1 (V' \ Bp(Y\ F))
— [(Re(F)\ Ur(F)) U ([F 0 (Y \T(E))] 0 (¥ \ Br(Y\ F)))
— (Re(F) \ Wr(F)) U[(F AW (Y \ F)) 1 (Y \ Bp(Y \ F))]
= (e (F)\ Up(F) U (F A [ (Y \ F) 0 (Y \ Tp(Y\ F)))
— (R (F)\ ¥p(F) U (F N0)

A(F) U Y (F) = (U(F)\ F) U (¥(F) 0 Up(Y \ F))
e (F) 0 (Y \ )] U ((F) 1 (Y \ F))

= Up(F)N[Y\ F) u¥p(Y \ F)]
= Up(F)N[(Y\ F) U (Y \T(F))]
= Up(F)N[Y \ (FNI(F)]

= Up(F)\ (FNT(F))

vii. By Theorem 4.2 (4i.),
Yr(F)UAR(F) = (Yr(F) \T(F)) U (F\T(F))
Ur(F)N(YATE)UFN Y A\T(E))]

(
[

= (Yr(F)UF)N(Y\T(F))
(
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Theorem 6.2. Let (Y, 7,S) be an ideal topological space and H C Y. Then, the following are held.
i. Ar(Vr(H)) =Y \T'(Y)

ii. Ar(Vr(H)) =T(Y)\ T ))

iii. Ar(Yp(H)) = 0 if cl(7) NS = {0}

. Ar(Ar(H)) = Ar(H)

PRrooOF. Let (Y, 7,$) be an ideal topological space and H C Y.

)=
)

i. By Theorem 4.2 (i.),
Ar(Yr(H)) = Ap(Y \T(Y))
= (Y\T(V)\T(Y \T(Y))
= (Y\T(Y)) N (Y \T(Y \T(Y)))
= ¥\ (T(Y) UT(Y \T(Y)))
From Theorem 2.1 (iii.),
Y\ (C(Y)UT(Y \T(Y)) = Y \T(Y U(Y \T(Y)) = Y \T(Y)
As a result, Ap(Ypr(H)) =Y\ T(Y).
#i. By Theorem 4.2 (i.), Ar(Yr(H)) = Ar(Y \ T(Y)). Then, by Theorem 3.5 (iv.),
Ar(Ye(H)) = Ar(Y \T(Y)) = T(Y) \ T(I(Y))
ifi. Let cl(7) NS = {0}. Then, from Theorem 2.6 and Theorem 6.2 (ii.),
Ar(Yp(H)) = T(Y) \T(T(Y)) = T(Y) \T(¥) = 0
iv. By Theorem 2.1 (iii.),
Ar(Ar(H)) = Ar(H) \ T(Ar(H)
= (Wr(H)\ H)\T(Ur(H) \ H)
= [(Y\T(Y \ H)n (Y \ E)] N (¥ \ T(p(H) \ 7))
= (Y\H)N[(Y\T(Y \ H) 0 (Y \T(¥r(H) \ H))]
= (Y\H) N Y\ (DY \ H) UT(r(H) \ H))]

=Y \NH)NYA\T(Y\H)U (Yr(H)\ H)))

Then,
Ar(Ar(H)) = (YN H)N (Y AT((Y \ H) U (¥r(H) N (Y \ H))))
= (Y\NH)N(Y\T(Y\ H))
= Y\ H)Nn¥p(H)
= Vp(H)\ H
= Ar(H)
O

Remark 6.3. Let (Y,7,3) be an ideal topological space and A C Y. Although Ap(Yp(A4)) = 0,
cl(7) NS may not be equal to {0}.



Journal of New Theory 46 (2024) 51-70 / Characterization of Two Specific Cases with New Operators in Ideal Topological Spaces 67

Example 6.4. Let Y = {p,q,7, s}, S = {0,{q},{s}, {q,s}}, and 7 = {0, {s},{p,r},{p,7,s},Y}. In
the ideal topological space (Y,7,S), if A=Y, then Ap(¥Yr(A)) =0 but cl(7) NS # {0}.

Theorem 6.5. Let (Y,7,J) be an ideal topological space and A C Y. Then, Ap(Yp(A)) = 0 if and
only if cl(t) NS = {0}.

PROOF. Let (Y,7,S) be an ideal topological space and A C Y
(=): Let Ar(Yp(A)) = 0. Then,

V(A \T(Vr(4)) = Y \TY)\TY\T(Y)) =0
from Theorem 4.2 (i.). Therefore,

Vp(A)\T(¥r(4)) =Y\ T (Y)UT(Y\T(Y))) =0

and thus (YY) UT(Y \I'(Y)) = Y. From Theorem 2.1 (iii.), (Y U (Y \T'(Y))) =T(Y) =Y. By
Theorem 2.6, cl(7) N ¥ = {0}.

(<) : The proof is obvious by Theorem 6.2 (i.) and Theorem 2.6. [J
Theorem 6.6. Let (Y, 7,3) be an ideal topological space and A C Y. Then, Yr(A) C Yp(Ar(A)).

PRrROOF. Let (Y, 7,3) be an ideal topological space and A C Y. It is obvious that Up(0)) C ¥ (Arp(A))
by Theorem 2.1 (vi.). Since from Theorem 2.1 (7v.),

Up(@) = Ur(AN (Y \ 4)) = ¥r(A) NUr(Y \ 4) = Yp(4)
and thus Yp(A) C Up(Ap(4)). O
Theorem 6.7. Let (Y, 7,3) be an ideal topological space and A C Y. Then, the following are held.
i. Ar(¥p(Ar(A4))) =Ar(Y\I(Y)) =Yp(A4) =Y \I'(Y)
ii. Ar(Ar(¥r(4))) = Ar(¥r(Ar(4))) = Ar(Ar(Yr(4))) =T(Y)\T(I(Y))
PRrROOF. Let (Y, 7,3) be an ideal topological space and A C Y.

i. Ar(¥r(Ar(4))) = Ar(Y \I'(Y)) by Theorem 4.2 (i.). Moreover, Ar(Yr(Ar(4))) = Y \T'(Y) by
Theorem 6.2 (7.). As a result, from Theorem 4.2 (i.),

Ar(Yr(Ar(4))) = Ar(YAT(Y)) = Yr(A) = Y \T(Y)

it. By Theorem 6.2 (7v.), Ar(Ar(¥Yr(A))) = Ar(¥Yr(A4)). Moreover, from Theorem 6.2 (ii.), Ar(Yp(A4)) =
DY)\ I'(I'(Y)). Thus,

Ar(Ar(Yr(A))) = T(V) \ T(T(Y)) (6.1)
and

Ar(Vr(Ar(4))) = T(Y)\T((Y)) (6.2)
from Theorem 6.2 (7.). From Theorem 6.2 (i.),

Ar(Ar(Yr(A4)) = Ar(Y A T(Y)) = Ur(Y\T(Y)\ (Y \I(Y)) = (Y \[(I'(Y))) nI(Y) =T()\I(T(Y)) (6.3)

Consequently, from (6.1)-(6.3),

Ar(Ar(¥Yr(4))) = Ar(¥r(Ar(4))) = Ar(Ar(¥r(A))) = T(Y) \T(I'(Y))
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Corollary 6.8. Let (Y, 7,3) be an ideal topological space and A C Y. Then, cl(r) NS = {0} if and
only if each of the following is empty.

Yr(Ar(¥r(4))
)

The proof is obvious by Theorem 6.7 and Corollary 4.5.

Corollary 6.9. Let (Y, 7,S) be an ideal topological space and A C Y. If cl(7) NS = {0}, then each
of the following is empty.

i. Ar(Ar(¥r(4)))

i. Ar(¥r(Ar(4)))

ii. Ar(Ar(¥Yr(A)))

iv. T(Y)\T(I(Y))

PRrROOF. Let (Y, 7,3) be an ideal topological space, A C Y, and cl(7) NS = {#}. Then, from Theorem

2.6, Y =T(Y) and thus
TANTTY)) =Y A\T(Y) =0

Hence, the proof is obvious by Theorem 6.7 (7.). [J
7. Conclusion

In this study, new set operators were presented via Wp-operator and I'-local closure function in ideal
topological spaces, and their behavioral properties were analyzed. It was investigated whether these
set operators preserve some set operations. In future studies, different set operators can be presented,
and their relations with these newly studied operators can be researched.
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