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Makale Bilgisi ÖZET 

Makale Geçmişi Bu çalışmada, Minkowski uzayında birim hızlı spacelike eğri ile ilişkilendirilmiş dinamik bir 

sistem olarak ele alarak duman halkası denklemi olarak bilinen girdap filaman denkleminin 

araştırılması verilmiştir. Darboux çatısı kullanılarak, doğrusal olmayan Schrödinger (NLS) 

denklemine karşılık gelen soliton yüzeyinin diferensiyel geometrik özellikleri incelenmiştir. Bu 

yüzey genellikle NLS yüzeyi veya Hasimoto yüzeyi olarak adlandırılır. Ayrıca, NLS yüzeyinin 

Gauss ve ortalama eğrilikleri, Darboux eğrilikleri kullanılarak belirlenmiştir. Bu analiz, NLS 

yüzeyinin geometrik özelliklerine derinlemesine bir bakış sunarak, bu alandaki bilgiyi 

artırmaya ve potansiyel uygulamalara ışık tutmaya yönelik önemli bir katkı sağlayacaktır. 
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INTRODUCTION 

The exploration of curves on surfaces within the realm of differential geometry unveils 

intricate mathematical relationships and geometric phenomena. Using the Darboux frame to 

better understand a curve located on the Hasimoto surface is an interesting point of exploration 

in the field of geometry. The intertwining of differential geometry and the study of Hasimoto 

surfaces, which emerge from solitonic solutions of certain physical models like the nonlinear 

Schrödinger equation, offers a rich terrain for exploration. 

The Darboux frame, a set of vectors typically encompassing the tangent, normal, and 

binormal vectors associated with a curve, serves as a fundamental tool in characterizing the 

geometric properties of curves in three-dimensional space. Examining the Darboux frame 

within the context of Hasimoto surfaces adds an extra layer of complexity and intrigue, as these 

surfaces are intimately connected to solitonic behavior a phenomenon known for its localized, 

stable, and particle-like nature. 

The main aim of this work is to uncover insights that not only contribute to the 

theoretical foundations of differential geometry, but also offer practical applications in 

understanding the behavior of curves in the unique context of Hasimoto surfaces. Through a 

comprehensive review and analysis, this study endeavors to broaden our understanding of the 

interplay between geometric structures, providing valuable contributions to both mathematical 

theory and potential applications in physical modeling. 

Examining the movement of a vortex filament reveals the key differential geometry and 

mathematical physics difficulties. One of the most significant studies that guides us in resolving 

those critical problems is Hasimoto's study in 1972.  It focused on an approximate 

representation of the self-induced motion of an isolated filament of a vortex moving in an a 

fluid that is incompressible without stretching. The equation holds 

𝜑𝑡 = 𝜑𝑠 × 𝜑𝑠𝑠 

if the vortex filament's position vector is represented by 𝜑 = 𝜑(𝑠, 𝑡). These vortex 

motions can be considered to be travelling wave solutions with respect to the Nonlinear 

Schrödinger (NLS) equation, as they involve no change in shape [1].  

The NLS surfaces or Hasimoto surfaces have connections with the NLS equation. 

Hasimoto established the complex function 𝑞 = 𝜅𝑒𝑖 ∫ 𝜏𝑑𝑠 of a curvature functions 𝜅, 𝜏 and 

discovered that if the curve expands according to the vortex filament equation, it yields the 

focusing on the cubic NLS equation [1]. 

The curves on the Hasimoto surface have been the subject of several research in the 

literature, some of which have made use of the Darboux frame, also referred to as the frame of 

the curve-surface pair. A adaptable frame characterized by three invariant functions, the 

Darboux frame is defined on a curve which occurs on a surface [2]. The study of the smoke 

ring equation, which involves investigating the the soliton surface soliton surface connected to 

the NLS formula, also known as the Hasimoto surface, using the Darboux frame [3]. 

Additionally, a study has been conducted to examine the Darboux frame of a pseudo null curve 

situated on  a lightlike surface, emphasizing its significance in Minkowski space [4]. 
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Hasimoto surfaces for several types of curve establishment that correspond to a Frenet 

frame in Minkowski space were investigated, further emphasizing the significance of the 

Darboux frame in understanding these surfaces [5]. Additionally, it has been investigated what 

the Darboux frame is defined for lightlike surface, providing insights into its application in 

physics and linguistics [6]. The study of the Hasimoto surfaces using the Bishop frame also 

contributes to the understanding of the Darboux frame's role in characterizing surfaces in 

different spaces [7]. 

In summary, the literature review reveals that a curve on a Hasimoto surface has been 

extensively studied in various geometric contexts, including different space geometries, 

mathematical physics, and surface characterizations. These studies demonstrate the broad 

applicability and significance of the Darboux frame in understanding the geometric properties 

of curves on Hasimoto surfaces. Overall, the literature provides a comprehensive understanding 

of the Darboux frame, offering insights into its geometric properties, invariants, and its 

connection to various mathematical and physical concepts. 

Binormal motion of curves having constant curvature gives rise to integrable expansions 

of the Dym equations, as the research [8] explains.  Moreover, It can also be attributed to 

integrable variations of the classical sine-Gordon equations and was previously proven that it 

comes within the binormal motion of curves with constant torsion. Simultaneously, a Backlund 

transformation is carried out, helping us to create the related soliton surfaces. The research 

paper demonstrates analogies across Backlund's and Bianchi's standard transformations 

regarding the extended sine-Gordon system in [9]. Initially, the NLS equation was examined in 

kinematic examinations that focused on specific hydrodynamic motions, and later, its general 

intrinsic geometric characteristics were investigated [10], and then utilized in magneto-

hydrodynamics [11]. Recent developments indicated a requirement for research into non-

Euclidean geometries. A normal congruence in three-dimensional Minkowski space is the main 

topic of the study [12], and it investigates the NLS equation of repulsive type and nonlinear 

heat systems. In [13] Hasimoto surfaces are examined in Minkowski 3-space and identified 

their distinctive geometric characteristics.  

The purpose of this research is to contribute to the body of knowledge in both 

differential geometry and mathematical physics by offering a focused exploration of the 

Darboux frame in the specific context of curves on the NLS surfaces. Through this 

investigation, we seek to uncover new insights, establish connections between geometric and 

physical phenomena, and potentially open avenues for further research and applications. In this 

study, we explore the differential geometric features of the soliton surface associated with the 

Nonlinear Schrödinger equation, also known as the NLS surface or Hasimoto surface. A quick 

overview is presented to provide background details and context beforehand we get started. The 

geometric characteristics of the NLS surface is then discussed. We determine the Gaussian and 

mean curvature of the NLS surface. In addition, we obtain new information as well as the 

essential and sufficient requirements for the NLS surfaces to be flat or minimal. 

MATERIALS AND METHODS 

In this part, we provide the background information about spacelike curves on lightlike surfaces 

that is required to grasp the primary subject of the study.  Let 𝛼: 𝐼 → 𝐸1
3 be a regular unit speed spacelike 
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curve. At any point along the curve 𝛼, we may construct a Frenet frame {𝑇, 𝑁, 𝐵} satisfying the 

followings: 

〈𝑇, 𝑇〉 = 1, 
 

〈𝑁,𝑁〉 = −〈𝐵, 𝐵〉 = 𝜀1 = ±1, 
 

〈𝑇, 𝑁〉 = 〈𝑁, 𝐵〉 = 〈𝑇, 𝐵〉 = 0, 

 

𝑇 × 𝑁 = −𝜀1𝐵, 
 

 𝑁 × 𝐵 = 𝑇,  
 

𝐵 × 𝑇 = 𝜀1𝑁.  

The Serret-Frenet formulas of 𝛼 are given by 

𝑇′(𝑠) = 𝜀1𝜅(𝑠)𝑁(𝑠), 
 

𝑁′(𝑠) = −𝜅(𝑠)𝑇(𝑠) − 𝜀1𝜏(𝑠)𝐵(𝑠), 
 

𝐵′(𝑠) = −𝜀1𝜏(𝑠)𝑁(𝑠). 

However, since the unit speed spacelike curve 𝛼 lies on the lightlike surface, we can additionally 

establish alternative pseudo null frame fields on the curve 𝛼, which is referred to as the Darboux frame 

[4].  

The unit tangent vector field 𝑇 of the unit speed spacelike curve 𝛼 and the null normal vector 

field 𝑛 of the surface on the curve 𝛼 comprise the Darboux frame. There is only one way to select the 

last frame field 𝑔, which is null vector field in order to characterize a pseudo null frame that includes 

these vector fields. This suggests that we have the following relationships 

〈𝑇, 𝑇〉 = 1, 
 

〈𝑛, 𝑛〉 = 〈𝑔, 𝑔〉 = 〈𝑇, 𝑔〉 = 〈𝑇, 𝑛〉 = 0, 
 

〈𝑔, 𝑛〉 = 𝜀1 = ±1 

 

𝑇 × 𝑔 = 𝜀1𝑔, 
 

  𝑔 × 𝑛 = 𝑇, 
 

𝑛 × 𝑇 = 𝜀1𝑛. 

The derivative formulas of the Darboux frame fields {𝑇, 𝑔, 𝑛} are given by 

𝑇′(𝑠) = 𝜀1𝑘𝑛(𝑠)𝑔(𝑠) + 𝜀1𝑘𝑔(𝑠)𝑛(𝑠), 

 
𝑔′(𝑠) = −𝑘𝑔(𝑠)𝑇(𝑠) + 𝜀1𝜏𝑔(𝑠)𝑔(𝑠), 

 
𝑛′(𝑠) = −𝑘𝑛(𝑠)𝑇(𝑠) − 𝜀1𝜏𝑔(𝑠)𝑛(𝑠) 

where 𝑘𝑛 is the normal curvature, 𝑘𝑔 is the geodesic curvature, and 𝜏𝑔 is the geodesic torsion of the 

curve 𝛼 [4]. 

 

The following situations are satisfied for a curve lying on a surface: 

 

          i) 𝑘𝑔 = 0 if and only if  the curve 𝛼  is a geodesic curve. 
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ii) 𝑘𝑛 = 0  if and only if the curve 𝛼 is an asymptotic curve. 

 

iii) 𝜏𝑔 = 0 if and only if  the curve 𝛼 is a principal line curve. 

RESULTS 

This section will provide an overview and look at the geometric features of the soliton surface 

related to the NLS equation. For this investigation, 𝑠-parameter curves on the soliton surface 𝜑 = 𝜑(𝑠, 𝑡) 

will be used. Derivative formulas will be obtained depending on the time parameter of the Darboux 

vector fields 𝑇, 𝑔, 𝑛 of the spacelike 𝑠 parameter curve 𝜑 = 𝜑(𝑠, 𝑡)  for all 𝑡. 

The metric coefficient matrix is obtained corresponding to the Darboux frame fields as follows: 

𝐼∗ = [

〈𝑇(𝑠), 𝑇(𝑠)〉 〈𝑇(𝑠), 𝑔(𝑠)〉 〈𝑇(𝑠), 𝑛(𝑠)〉

〈𝑔(𝑠), 𝑇(𝑠)〉 〈𝑔(𝑠), 𝑔(𝑠)〉 〈𝑔(𝑠), 𝑛(𝑠)〉

〈𝑛(𝑠), 𝑇(𝑠)〉 〈𝑛(𝑠), 𝑔(𝑠)〉 〈𝑛(𝑠), 𝑛(𝑠)〉
] = [

1 0 0
0 0 𝜀1
0 𝜀1 0

]. 

If we denote semi skew symmetric matrix with respect to the above metric coefficient matrix 

𝐴 = [

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎23 𝑎33

] 

then we get the following matrix equation 

−[

𝑎11 𝑎21 𝑎32
𝑎12 𝑎22 𝑎32
𝑎13 𝑎32 𝑎33

] = [

𝑎11 𝜀1𝑎13 𝜀1𝑎12
𝜀1𝑎31 𝑎33 𝑎32
𝜀1𝑎21 𝑎23 𝑎22

] 

by  

𝐼∗𝐴𝐼∗ = −𝐴𝑇. 

This means that 

𝑎11 = 0, 
 

 𝑎21 + 𝜀1𝑎13 = 0, 

 

𝑎31+𝜀1𝑎12 = 0, 
 

𝑎12 + 𝜀1𝑎13 = 0, 
 

𝑎22 + 𝑎33 = 0, 
 

𝑎13 + 𝜀1𝑎12 = 0, 
 

𝑎32 = 𝑎23 = 0. 

Thus, semi skew symmetric matrix 𝐴 can be written as follows; 

𝐴 = [

0 𝛿 𝛽
−𝜀1𝛽 𝛾 0
−𝜀1𝛿 0 −𝛾

] 

for some real numbers 𝛿, 𝛽 and 𝛾. 

 

Theorem.  Consider a NLS surface 𝜑 = 𝜑(𝑠, 𝑡)  such that, for any 𝑡, 𝜑 = 𝜑(𝑠, 𝑡)  is a unit speed 

spacelike curve. Partial derivative formulas according to the 𝑠 and 𝑡 parameters of the Darboux frame 

defined on the soliton surface are obtained as follows: 
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i) 
𝜕

𝜕𝑠
[
𝑇
𝑔
𝑛
] = [

0 𝜀1𝑘𝑛 𝜀1𝑘𝑔
−𝑘𝑔 𝜀1𝜏𝑔 0

−𝑘𝑛 0 −𝜀1𝜏𝑔

] [
𝑇
𝑔
𝑛
], 

ii) 
𝜕

𝜕𝑡
[
𝑇
𝑔
𝑛
] = [

0 𝛿 𝛽
−𝜀1𝛽 𝛾 0
−𝜀1𝛿 0 −𝛾

] [
𝑇
𝑔
𝑛
], 

 where  

𝛿 = 𝜀1𝑘𝑛𝜏𝑔 +
𝜕

𝜕𝑠
𝑘𝑛, 

 

𝛽 = 𝜀1𝑘𝑔𝜏𝑔 −
𝜕

𝜕𝑠
𝑘𝑔, 

 

𝛾 =
1

𝑘𝑛
(𝜀1

𝜕

𝜕𝑠
(𝜀1𝑘𝑛𝜏𝑔 +

𝜕

𝜕𝑠
𝑘𝑛) + 𝜀1𝑘𝑛𝜏𝑔

2 +
𝜕

𝜕𝑠
𝑘𝑛𝜏𝑔 −

𝜕

𝜕𝑡
𝑘𝑛). 

Here  𝑘𝑛 is nonzero normal, 𝑘𝑔 is the geodesic curvatures and 𝜏𝑔 is the geodesic torsion of 

spacelike curve 𝜑 = 𝜑(𝑠, 𝑡)  for all 𝑡. 

 

Proof. i) This is accomplished using derivative formulae of vector fields 𝑇, 𝑔, 𝑛.  

ii) It is known that there are smooth functions 𝛿 , 𝛽 , 𝛾  such that 

𝜕

𝜕𝑡
[
𝑇
𝑔
𝑛
] = [

0 𝛿 𝛽
−𝜀1𝛽 𝛾 0
−𝜀1𝛿 0 −𝛾

] [
𝑇
𝑔
𝑛
]. 

We obtain 

𝜕

𝜕𝑠
(𝑇𝑡) =

𝜕

𝜕𝑠
(𝛿𝑔 + 𝛽𝑛) 

                                                                        

                                                                       = (−𝛿𝑘𝑔 − 𝛽𝑘𝑛)𝑇 

 

                                                                         +(
𝜕𝛿

𝜕𝑠
+ 𝛿𝜀1𝜏𝑔)𝑔 + (

𝜕𝛽

𝜕𝑠
− 𝛽𝜀1𝜏𝑔)  𝑛 

and  

𝜕

𝜕𝑡
(𝑇𝑠) =

𝜕

𝜕𝑡
(𝜀1𝑘𝑛𝑔 + 𝜀1𝑘𝑔𝑛) 

 

                                                                  = 𝜀1(𝜀1𝛽𝑘𝑛 − 𝜀1𝛿𝑘𝑔)𝑇 

                                                                              

                                                                     +(
𝜕𝑘𝑛

𝜕𝑡
+ 𝑘𝑛𝛾)𝑔 + (

𝜕𝑘𝑔

𝜕𝑡
− 𝑘𝑔𝛾) 𝑛. 

 

The following equation is obtained from the equality of the coefficients of the Darboux frame 

fields in the compatibility  
𝜕

𝜕𝑠
(𝑇𝑡) =

𝜕

𝜕𝑡
(𝑇𝑠).   

𝜕𝛿

𝜕𝑠
= 𝜀1

𝜕𝑘𝑛

𝜕𝑡
+ 𝜀1𝑘𝑛𝛾 − 𝛿𝜀1𝜏𝑔                                                           (1) 
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and   

𝜕𝛽

𝜕𝑠
=  𝛽𝜀1𝜏𝑔 +

𝜕𝑘𝑔

𝜕𝑡
− 𝑘𝑔𝛾 

By using the compatibility conditions of the vector field 𝑔 and making the necessary 

adjustments, the following equations are obtained. 

𝜕

𝜕𝑠
(𝑔𝑡) =

𝜕

𝜕𝑠
(−𝜀1𝛽𝑇 +  𝛾𝑔) 

 

                                                                   = (𝜀1
𝜕𝛽

𝜕𝑠
− 𝑘𝑔𝛾) 𝑇 

                                                                     

                                                                        +(−𝛽𝑘𝑛 +
𝜕

𝜕𝑠
𝛾 + 𝜀1𝛾𝜏𝑔)𝑔 + (−𝛽𝑘𝑔)𝑛 

and 

𝜕

𝜕𝑡
(𝑔𝑠) =

𝜕

𝜕𝑡
(−𝑘𝑔𝑇 + 𝜀1𝜏𝑔𝑔) 

                                                                   

                                                                   = (
𝜕

𝜕𝑡
𝑘𝑔 − 𝛽𝜏𝑔)𝑇 

 

                                                                      + (−𝛿𝑘𝑔 + 𝜀1
𝜕

𝜕𝑡
𝜏𝑔 + 𝜀1𝛾𝜏𝑔)𝑔 + (−𝛽𝑘𝑔)𝑛. 

Then the following equation is obtained 

𝜕

𝜕𝑠
𝛾 = 𝛽𝑘𝑛 − 𝛿𝑘𝑔 + 𝜀1

𝜕

𝜕𝑡
𝜏𝑔. 

We have 

𝜑𝑡 = 𝜑𝑠 × 𝜑𝑠𝑠 

because 𝜑 = 𝜑(𝑠, 𝑡) is a NLS surface in which 𝜑 = 𝜑(𝑠, 𝑡) is a unit spacelike curve for every 

𝑡. 

This implies   

𝜑𝑡 = 𝑇 × (𝜀1𝑘𝑛𝑔 + 𝜀1𝑘𝑔𝑛) 

 
                                                                      = 𝜀1𝜀1𝑘𝑛𝑔 + (−𝜀1)𝜀1𝑘𝑔𝑛 

 

                                                                         = 𝑘𝑛𝑔 − 𝑘𝑔𝑛. 

We have found 

𝜕

𝜕𝑠
(𝜑𝑡) =

𝜕

𝜕𝑠
(𝑘𝑛𝑔 − 𝑘𝑔𝑛) 

                                                                            

                                                                         = (𝜀1𝑘𝑛𝜏𝑔 +
𝜕

𝜕𝑠
𝑘𝑛)𝑔 + (𝜀1𝑘𝑔𝜏𝑔 −

𝜕

𝜕𝑠
𝑘𝑔) 𝑛 

and  

𝜕

𝜕𝑡
(𝜑𝑠) =

𝜕

𝜕𝑠
(𝑇) = 𝛿𝑔 + 𝛽𝑛. 

 

Compatibility condition 
𝜕

𝜕𝑠
(𝜑𝑡) =

𝜕

𝜕𝑡
(𝜑𝑠) implies that 



Geometric analysis of the NLS surface with the Pseudo null Darboux frame of spacelike curve 
    

 
 

195 

𝛿 = 𝜀1𝑘𝑛𝜏𝑔 +
𝜕

𝜕𝑠
𝑘𝑛, 

 

𝛽 = 𝜀1𝑘𝑔𝜏𝑔 −
𝜕

𝜕𝑠
𝑘𝑔. 

Substituting above equations to Equation 1, we find 

𝛾 =
1

𝑘𝑛
(𝜀1

𝜕

𝜕𝑠
(𝜀1𝑘𝑛𝜏𝑔 +

𝜕

𝜕𝑠
𝑘𝑛) + 𝜀1𝑘𝑛𝜏𝑔

2 +
𝜕

𝜕𝑠
𝑘𝑛𝜏𝑔 −

𝜕

𝜕𝑡
𝑘𝑛). 

 

  Theorem. Consider a NLS surface 𝜑 = 𝜑(𝑠, 𝑡)  such that, for any 𝑡, 𝜑 = 𝜑(𝑠, 𝑡)  is a unit 

speed spacelike curve. The Gaussian and mean curvatures of the NLS surface are  

𝐾 = 𝜀

(

 
 
 
(−2𝑘𝑛𝑘𝑔𝛾 −

𝜕

𝜕𝑡
(𝑘𝑔 − 𝑘𝑛)) +

(
𝜕
𝜕𝑠
(𝑘𝑛𝑘𝑔))

2

2𝜀1𝑘𝑛𝑘𝑔

)

 
 
 

 

and 

𝐻 = 𝜀
−4𝑘𝑛

2𝑘𝑔
2 + 2𝑘𝑛𝑘𝑔𝛾 +

𝜕
𝜕𝑡 (

𝑘𝑔 − 𝑘𝑛)

−4𝜀1𝑘𝑛𝑘𝑔
, 

where 𝜀 = 〈𝑍, 𝑍〉, respectively. 

 

Proof.  The Lorentzian product of a surface in three-dimensional Minkowski space on its 

tangent space is the first fundamental form. We need to find the first fundamental form of the NLS 

surface 𝜑 = 𝜑(𝑠, 𝑡). We may write 

𝐼 = 〈
𝜕𝜑

𝜕𝑠
𝑑𝑠 +

𝜕𝜑

𝜕𝑡
𝑑𝑡,
𝜕𝜑

𝜕𝑠
𝑑𝑠 +

𝜕𝜑

𝜕𝑡
𝑑𝑡〉 

 

                                                    = 〈𝑇𝑑𝑠 + (𝑘𝑛𝑔 − 𝑘𝑔𝑛)𝑑𝑡, 𝑇𝑑𝑠 + (𝑘𝑛𝑔 − 𝑘𝑔𝑛)𝑑𝑡〉        

                                                    = 𝑑𝑠2 − 2𝜀1𝑘𝑛𝑘𝑔𝑑𝑡
2. 

 

Thus, coefficients of first fundamental form are obtained as 

𝐄 = 1, 

 

𝐅 = 0, 

 

𝐆 = −2𝜀1𝑘𝑛𝑘𝑔. 

So, we have 

𝐄𝐆 − 𝐅2 = −2𝜀1𝑘𝑛𝑘𝑔. 

 

Suppose that normal vector field of the surface is written as follows 

𝑍 = 𝜛𝑇 + 𝜌𝑔 + 𝜍𝑛 
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for some differentiable functions  𝜛, 𝜌 and 𝜍.  We know that  

〈𝑍, 𝜑𝑠〉 = 0. 

This implies 

𝜛 = 0. 

 Similarly, we have  

〈Z, 𝜑𝑡〉 = 0, 

Then we get  

〈𝜌𝑔 + 𝜍𝑛, 𝑘𝑛𝑔 − 𝑘𝑔𝑛〉 = 0. 

So, we find  

−𝑘𝑔𝜌 + 𝜍𝑘𝑛 = 0. 

We obtain  

𝜌 = 𝑘𝑛, 𝜍 = 𝑘𝑔. 

Thus, the normal vector field of the Hasimoto surface 𝜑 = 𝜑(𝑠, 𝑡) is obtained as follows 

𝑍 = 𝑘𝑛𝑔 + 𝑘𝑔𝑛. 

We also see that  

〈𝑍, 𝑍〉 = 2𝜀1𝑘𝑛𝑘𝑔 

The character of the normal vector 𝑍 is determined by the signs of 𝜀1, 𝑘𝑛, 𝑘𝑔 variables. We 

know that 

𝜑𝑠𝑠 = 𝜀1𝑘𝑛𝑔 + 𝜀1𝑘𝑔𝑛, 

 

𝜑𝑠𝑡 = (𝜀1𝑘𝑛𝜏𝑔 +
𝜕

𝜕𝑠
𝑘𝑛)𝑔 + (𝜀1𝑘𝑔𝜏𝑔 −

𝜕

𝜕𝑠
𝑘𝑔) 𝑛, 

 

𝜑𝑡𝑡 = (−𝜀1𝑘𝑛𝛽 + 𝜀1𝑘𝑔𝛿)𝑇 + (𝑘𝑛𝛾 +
𝜕

𝜕𝑡
(𝑘𝑛))𝑔 + (𝑘𝑔𝛾 −

𝜕

𝜕𝑡
(𝑘𝑔))𝑛. 

Coefficients of the second fundamental form of the NLS surface 𝜑 = 𝜑(𝑠, 𝑡)  are 

determined as 

𝐞 = 〈𝑍, 𝜑𝑠𝑠〉 = 2𝜀1𝑘𝑛𝑘𝑔, 

 

𝐟 = 〈𝑍, 𝜑𝑠𝑡〉 =
𝜕

𝜕𝑠
(𝑘𝑛𝑘𝑔), 

 

𝐠 = 〈𝑍, 𝜑𝑡𝑡〉 = 2𝑘𝑛𝑘𝑔𝛾 +
𝜕

𝜕𝑡
(𝑘𝑔 − 𝑘𝑛). 

If the necessary operations are carried out, we obtain 

𝐻 = 𝜀
−4𝑘𝑛

2𝑘𝑔
2+2𝑘𝑛𝑘𝑔𝛾+

𝜕

𝜕𝑡
(𝑘𝑔−𝑘𝑛)

−4𝜀1𝑘𝑛𝑘𝑔
, 

𝐾 = 𝜀
2𝜀1𝑘𝑛𝑘𝑔(2𝑘𝑛𝑘𝑔𝛾+

𝜕

𝜕𝑡
(𝑘𝑔−𝑘𝑛))−(

𝜕

𝜕𝑠
(𝑘𝑛𝑘𝑔))

2

−2𝜀1𝑘𝑛𝑘𝑔
, 

respectively. 
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DISCUSSION AND CONCLUSIONS 

It is known that the relationship between geometric analyzes in Minkowski space and 

differential equations sheds light on studies in the field of physics. For example, the solution to the 

optical fiber differential equations involving the position vector field is identified. This normal 

congruence of surfaces has intrinsic geometrical characteristics that are described in the context of 

vectors of electromagnetic waves. We examine situations in which particular electric charge and current 

densities allow electromagnetic and magnetic vectors to meet the requirements of Maxwell's equations 

[14]. Moreover, sufficient as well as necessary conditions for the geometric phase are provided to allow 

for EM wave vectors to be executed in parallel with the pseudo null frame[15]. There are also studies 

on some engineering topics that are known to be related to differential equations and geometric analysis. 

Engineering studies addressing some of these issues can be found at [16-18]. 

The study examines the spacelike curve in Minkowski space as a dynamic system and analyzes 

the smoke ring equation, additionally referred to as the vortex filament equation. Using the Darboux 

frame, the geometric properties of the soliton surface corresponding to NLS equation have been studied 

in detail; this surface is often referred to as the NLS surface or Hasimoto surface. 

The results obtained provide an in-depth look at the mathematical properties of the NLS surface, 

increasing knowledge in this field and opening new perspectives on potential applications. In agreement 

with relevant literature, our analyzes helped us understand the dynamic properties of spacelike curves 

on the NLS surface. 

The results of this study provide several recommendations for future researchers and those 

working in related fields. Further experimental and theoretical studies on the dynamic behavior of 

spacelike curves on the NLS surface can deepen the knowledge in this field. Additionally, the results 

obtained may inspire researchers interested in mathematical physics, differential geometry and nonlinear 

equations to develop new methods and approaches. In this context, in future studies, further research 

can be recommended to explore the potential applications of curves on the NLS surface in various 

physical systems. 
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