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ABSTRACT:  

In this study, we examined the Oresme sequences defined by Nicole Oresme. 

We examined the geometric interpretation of Oresme sequences with rational 

coefficients which are defined by A.F. Horadam as            
 

 
   with 

initial conditions      and    
 

 
 .  We defined the the      vector of the 

Oresme sequence. We calculated the area and volume. We gave the general 

solution for four squares equation involving Oresme vectors. We calculated the 

Heron Formula of Oresme sequences. We defined the angle value between 

these sequences. We also obtained a relationship between the Oresme sequence 

and the generalized Fibonacci sequence in vector space. We calculated the area 

and volume of these sequence. We obtained important definitions and theorems 

for these sequences. 
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INTRODUCTION 

Integer sequences have been studied in many fields of science. Among them, the most widely 

used and studied sequences is Horadam sequence. These sequences are a generalization of many 

sequences and have an important place in the literature. For      the initial conditions of the 

sequence Horadam, shown as *  (       )+   are      and     . This sequence is given by the 

following recurrence relation (Horadam, 1965).  

                                                                                                  (1) 

 Many new sequences were studied by changing the initial conditions of the Horadam sequence. 

Some of them are Fibonacci, Pell, Lucas, Jacobsthal, Jacobsthal-Lucas, Pell-Lucas and Oresme 

sequences.  

Among these sequences, Oresme (Oresme, 1961) was the first to introduce a sequence defined 

differently as initial conditions.  In 1974, Horadam discussed this sequence and gave its recursive 

relation and related identities (Horadam, 1974). For     and          
 

 
 the recurrence relation 

is given by  

          
 

 
                                                                                         (2) 

Many authors have done some studies on Oresme numbers. Cook (Cook, 2004) is one of those 

who do these studies. Cook obtained some fundamental equations related to these numbers such as   
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In (Cook, 2004),  the author,  for    ,     , defined a different generalization which as 

called k-Oresme: 
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where the initial conditions are   
( )    and   

( )  
 

 
. It can be clearly seen that           

  .  
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( )
 and   

( )    .  In (Halici, 2022),  Halici et al. defined the nth k- Oresme 

polynomial by the following reccurence relation. With initial condition   
( )( )    ,   

( )( )  
 

  
, 

this sequnce is 

    
( )( )       

( )( )  
 

    
  

( )( )                                                                       (8) 

where     and    .  For    , by the aid of the equation (8), its generating function can be 

written as 

 ( )  ∑   
( )( )   

 

  

    
  

    

   .                                                                      (9) 

In (Halici and Gur, 2023), the authors examined some sum formulas and derivatives of these 

polynomials. 

∑   
( )( )      (

 

  
     

( )( ))   
                                                                 (10) 

For    ,    
 

 
   Horadam gave the following equation  (Horadam, 1974). 
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                                                                                        (11) 

The most commonly used sequence among the sequences examined is the Fibonacci sequence. 

                                                                                    (12) 

This sequence is  

*                                        +           

This sequence is used in many areas of mathematics. Some of these are the number theory, 

cryptology, and geometry. Fibonacci vector geometry is a study of the properties of vectors that accept 

sequences of integers produced in linear recurrence relations as their coordinates. In general, the 

vectors consist of triplets of integers taken from an integer sequence. Since geometrically,  this vectors 

can be represented as points in   ,  vector sequences are connected with polygons. That is, polygons 

are on planes and various geometric objects associated with these polygons can be defined as 

  ⃗⃗  ⃗  ,          -
                                                                        (13) 

In (Salter, 2005), the author defined the vector version of closed formula for all integers     as 

follows: 

  ⃗⃗  ⃗  
 

   
(        ⃗ )                                                                                 (14) 

where    ,    -  and  ⃗  ,    - . For all integers n, the Fibonacci r- vector    is 

defined by 

   ⃗⃗  ⃗  ,                        -
                                              (15) 

where    is nth Fibonacci number (Salter, 2005). The matrix related to these vectors was defined 

by Cetinberk et al. This matrix is a     anti-symmetric matrix (Cetinberk et al, 2020). 

   [

          
        
        

]                                                                      (16) 

By the vector    ⃗⃗  ⃗ , a triangle for the Fibonacci sequence can be created (Atanassov, 2002). The 

area of this triangle is  

   
 

 
√(      )  (      )  (        )  .                                                        (17) 

The other different representation  for the area of this triangle is  

   
 

 
(            )                                                                                    (18) 

Using these representations, the general solution for Fibonacci vector sequences can be obtained. 

The general solution is the sum of the four squares of the points (Atanassov, 2002): 

(      )
  (      )

  (        )
  (    

    
        )

 
                                                (19) 

The equations with Fibonacci triangles are shown on the plane and their geometric properties are 

examined (Atanassov, 2002).  The vector    is studied by many authors and they also gave some new 

results (see Munarini, 1997;Hilton and Pedersen, 1994).  

In (Kızılateş, 2021), the author investigated new families of Horadam numbers associated with 

finite operators.  

In our current study, we define Oresme vectors and give  some geometric properties of Oresme 

triangles. 
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MATERIALS AND METHODS  

In this study, some geometric interpretations of Oresme sequence were examined. Geometric 

properties of Oresme triangles were given and some geometric equations were obtained. Also, a 

relationship between the Oresme sequence and the generalized Fibonacci sequence was obtained. 

Definition 1. We define the     Oresme vector as 

    (                ).                                                                    (13) 

The Oresme vector is denoted by the letter  ⃗ . By using the recurrence relation and initial 

conditions of the Oresme sequence, we can write 

   (         ),    (       ),    (          ),    . 

The points A, B, C are  

 
Figure 1. The Points A, B, C 

Theorem 1.  For  the points A, B, C the following equality is satisfied. 

    √(      )
    (      )

  (        )
 .                                                       (14) 

Proof.  The vectors    ⃗⃗⃗⃗  ⃗  and    ⃗⃗⃗⃗  ⃗  are 

  ⃗⃗⃗⃗  ⃗  (              ),    ⃗⃗⃗⃗  ⃗  (              ). 

Then, we calculate the area |  ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗ |. 

|  ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗ |  |
          
          

|   (                            )  

So, we get the following equation. 

   
 

 
√  (      )     (      )    (        )   

Thus, the proof is completed. 

The calculation of the first three values    is as follows. For         we have 

    √(    )    (    )  (    )   , 

     √(    )    (    )  (    )  
  

 
, 

     √(    )    (    )  (    )  
 

 
 

respectively.  

In the next Corollary,   using the areas      the relationship between consecutive areas is given. 

Corollary 1. The ratio of areas     is as follows. 

       
     

   
    .                                                                                       (15) 

Proof. First, let us calculate the limit for the ratios of the areas    and     . 
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Using by the recurrence relation, we get 
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The limit of consecutive terms of Oresme numbers is       
    

  
 
 

 
   and so, we define 
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Thus, the proof is completed.  

In the theorem below, we have calculated the four square equation using Oresme identities. 

Theorem 2.The four square equation is  

 (      )
    (      )

  (        )
  (   
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                              (16) 

Proof. Let us take    as    (        )
  (        )

  (          )
 . 

Then, we write  
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   (  (         ))
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If the needed operations are completed, then we get  

     (   
       

         )
 
. 

That is     (  
      

        ).  

Theorem 3. The area formula of the shape formed by the points A, B, C is  

         
                                                                                           (17) 

Proof. Using the equality (16), we have 
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By the aid the recurrence relation related of the Oresme numbers, we get 

     [  
  .   

 

 
    /

 

   .   
 

 
    /], 

      0  
    

  
 

 
       

 

  
    

    
  

 

 
      1  

Using the equations (5) and (6), we write  
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Thus, the proof is completed. 

Using the information obtained, the general solution of the four square equation was given. 

Moreover, for the equation   , if the generalized Fibonacci numbers are written instead of Oresme 

numbers in equation (16), a similar solution to this equation can be found. 

Theorem 4. The four squares equation of generalized Fibonacci numbers is  

(        )
    (      )

  (      )
  (     

     
         )

 
.                              (18) 

Proof. The proof of the theorem can be easily seen. 

For          , the general   squares equation can be represented by 

   
    

    
        

     
   

The two squares equation is as follows.  

Theorem 5. The two squares equation is  

 (      
      

 )
 
          (     

     
        )  (    

         )
 
          (19) 

In the next section, we give some geometric properties of Oresme triangles. 

RESULTS AND DISCUSSION  

In this section, some geometric results related to the     triangle are given.  

Definition 2. The general solution of generalized Fibonacci triangles is 
   

    
 

 

     
 

 

   
                                                                         (20) 

Where,     . 
 

 
        / ,    (         )  and   (       ).  

Specifically, if we use the equation (7) in the last equation above, then the general solution is as 

follows. 
  

    
 

 

   
 

 

     
  .                                                                      (21) 

Where,     (         ) ,     (       ) and    (         )   

Now, let's take the line PN as the normal line descending from the point    to the plane ABC. 

The length of this normal line is given in the next theorem.  

Theorem 6.  For the points   ,  we have 

|  |   
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                /, where     

 

 
 

 
    

,     
 

     
 ,     

 

   
  and 

     . 

|  |  
|       |

√.
  

    
/
 
 .

 

     
/
 
 .

 

   
/
 
 

 

√
 

    
  

 

     
  

 

   
 

 , 

|  |  
           

 √  (      )  (      )  (        ) 
 . 

If we use the equation (18), then we get the following equation. 

|  |   
          

    
    

        
. 

Thus, the proof is completed.  

In the next theorem, we give similar a result for the Oresme number sequence.  
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Theorem 7. For the points     we have 

|  |   
           

  
      

        
 .                                                                                 (23)   

Proof. Let us take the desired point as (          )   (                 ),  

where     
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If we substitute equation (19), then we get the following equation. 

|  |  
           

  
      

        
 . 

In the continuation of this section, we defined the angle between the nth Oresme and generalized 

Fibonacci triangles. 

Theorem 8. The angle between the vectors     and    is  

      .                                                                                           (24) 

Proof. For the     generalized Fibonacci triangle we can write as 

    
 

 
    

       
       

  .  

Similarly, for  the Oresme triangles we write         
      

        
    Then,  we get. 

     
     
|  ||   |

  

     

 
                          

√.
 
     

       
       

 / (    
      

        
 )

   

If we write the relation between the generalized Fibonacci sequence and the Oresme sequence 

and the Oresme sequence, then we get         This case is shown in the following figure.  

 
Figure 2. Oresme Triangle and Generalized Fibonacci Triangle 

Corollary 2. For the areas of two consecutive Oresme triangles, we have   

            
 .  

 

 
/.                                                                      (25) 

Proof. It can be easily seen by substituting the Binet formula for the Oresme numbers. 

Let us define triangle O to use in the corollary below. One of the sides of the O triangle is the 

hypotenuse of a right triangle formed by two of the reference axes. Using the Pisagor theorem and 

Oresme identities, the following equations can be given. Where,         ,         and    

       . 
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Figure 3. Right Triangle 

Corollary 3.  For the values |  |    √     , |  |     √      ve |  |    √     ,  

the following results are satisfied.  

 )    √    
                                        (26) 

  )    √    
                                (27) 

   )   √   
                                  (28) 

The following equation is known as Heron's Formula for the areas     Now let us give this 

formula. 

Corollary 4. The following equation is satisfied.. 

   √ (  √    
        )(  √    

        )(  √   
                  ),       

(29) 

where   
     

 
. 

Let's consider the tetrahedron formed when we connect the corners of triangle   to the starting 

the point  (     ) and examine its volume. 

Theorem 9. For the Oresme vectors, we have  

      (  )  
 

 
                                                                                          (30) 

Proof.  Let us calculate the equation   . 
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|  

 

   
 

 
            

Thus, the proof is completed. 

Corollary 4. The limit and difference of the ratio of consecutive terms are as follows. 
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                                                                                                 (31) 
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      (         )                                                                                (32) 
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Now, let us calculate the volume of the generalized Fibonacci sequence from the equality of the 

Oresme sequence and the generalized Fibonacci sequence. 

Theorem 10. For the generalized Fibonacci vectors, we have  

      (  )  
 

 
                                                                         (33) 

Proof.  The proof can be seen easily. 
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Corollary 5. For the generalized Fibonacci numbers, the following equations are satisfied. 

 )       
     

   
                                                                            (34) 
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      (       )                                                                               (35) 

Definition 3.  In general system of linear equations, for the Oresme sequence, when the initial values 

are        and         the following vector can be defined. 

  ⃗⃗ ⃗⃗                                                                                            (36) 

Theorem 11.  For the generalized Oresme vectors, we have 

   
      

∑ (      )
  

   

,                                                                                              (37) 

Proof. For generalized Oresme vectors, the number L consisting of the limit values of consecutive 

terms is    (        )   (                    ). Thus, 

    (        )     (        )      (        ). 

can be written. If we use the knowledge of the equation of a line passing through two points 

then, then we write 
    

     
 

    

     
 

    

     
                                                                                                                  (38) 

From the formula (38), we write  
   

    
 

   

    
 

   

    
  

 

             
 

 

             
 

 

             
  

 

     
    
    

 
 

     
    
    

 

 

     
    
    

  

Then, we obtain that  
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. 

In the case     ,  
    

    
 

 

 
   is obtained. Then, the desired formula is 

(        )  
(                                         )

√(             )  (             )  (             ) 
                                                      (39) 

CONCLUSION 

 In this study, we give a geometric interpretation for Oresme sequences. For this purpose, we 

defined the     vector related with the Oresme sequence and its the formulas area, volume. Moreover,  
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we obtain the general solution of the four-squares equation involving Oresme vectors. We also obtain 

an important relationship between the Oresme sequence and the generalized Fibonacci sequence.  
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