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INTRODUCTION

Integer sequences have been studied in many fields of science. Among them, the most widely
used and studied sequences is Horadam sequence. These sequences are a generalization of many
sequences and have an important place in the literature. For n > 0, the initial conditions of the
sequence Horadam, shown as {w,(a, b; p,q)}, are a = w, and b = w,. This sequence is given by the
following recurrence relation (Horadam, 1965).

Wn = PWnp-1 — qWn—2. (1)

Many new sequences were studied by changing the initial conditions of the Horadam sequence.
Some of them are Fibonacci, Pell, Lucas, Jacobsthal, Jacobsthal-Lucas, Pell-Lucas and Oresme
sequences.

Among these sequences, Oresme (Oresme, 1961) was the first to introduce a sequence defined
differently as initial conditions. In 1974, Horadam discussed this sequence and gave its recursive
relation and related identities (Horadam, 1974). Forn > 0 and 0O, = 0, 0; = % the recurrence relation
IS given by
Ontz = Opyq — ion- )

Many authors have done some studies on Oresme numbers. Cook (Cook, 2004) is one of those

who do these studies. Cook obtained some fundamental equations related to these numbers such as

Ont10n-1 — 0,7=(2)", 3
OnsrOny = 0,7=(2)" P2, @
~Ozn-1 = 0n® =7 Op_y, (5)
Ons1’ _1_160n—12 = %02n+1 +%02n—1- (6)

In (Cook, 2004), the author, for k > 2, n > 2, defined a different generalization which as
called k-Oresme:
1
0n+2(k) = 0n+1(k) - k_zon(k) (7

where the initial conditions are 0, =0 and 0, =%. It can be clearly seen that

Wy (0,%; 1k—12) =0, and 0,® = 0,. In (Halici, 2022), Halici et al. defined the nth k- Oresme

polynomial by the following reccurence relation. With initial condition 0,%(x) = 0, 0, (x) = k—lx
this sequnce is
1
Ons2(0) = 0p 00 = 55 0,.X ), (8)
where x € Rand n € N. For z € R, by the aid of the equation (8), its generating function can be
written as

Z

f(2) =iz 0 (07" = —E 9)
k2x2

In (Halici and Gur, 2023), the authors examined some sum formulas and derivatives of these
polynomials.

1,0 = k23 (£ - 0,0 ). (10)

Forp=1, q= i Horadam gave the following equation (Horadam, 1974).
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1

07’1 = E n—1- (11)
The most commonly used sequence among the sequences examined is the Fibonacci sequence.
Foy1 = By + Fypog. (12)

This sequence is
{(...,F,..,—1,1,0,1,1,2,3,5,...,F, ...}.

This sequence is used in many areas of mathematics. Some of these are the number theory,
cryptology, and geometry. Fibonacci vector geometry is a study of the properties of vectors that accept
sequences of integers produced in linear recurrence relations as their coordinates. In general, the
vectors consist of triplets of integers taken from an integer sequence. Since geometrically, this vectors
can be represented as points in Z3, vector sequences are connected with polygons. That is, polygons
are on planes and various geometric objects associated with these polygons can be defined as

e

E,=[Fi1 F Fn+1]T- (13)
In (Salter, 2005), the author defined the vector version of closed formula for all integers F, as
follows:

Fy = - (a"d - p75) (14)

whered=[1 a «2]7 and b= [1 B p2?]7. For all integers n, the Fibonacci r- vector E, is
defined by
Fn) =[F Fur1 Foiz oo Fngr— Fn+r—1]T (15)

where F, is nth Fibonacci number (Salter, 2005). The matrix related to these vectors was defined
by Cetinberk et al. This matrix is a 3 x 3 anti-symmetric matrix (Cetinberk et al, 2020).

0 “lIn+2 Fn+1
Fp = Fn+z 0 —F, |. (16)
_Fn+1 Fn 0

By the vector F? , a triangle for the Fibonacci sequence can be created (Atanassov, 2002). The

area of this triangle is

1

Ap= E\/(FnFn—l)z + (FnFn+1)2 + (Fn—an+1)2 . (17
The other different representation for the area of this triangle is
1

Ap= 3 (Fon-1 + By Fp_p). (18)

Using these representations, the general solution for Fibonacci vector sequences can be obtained.
The general solution is the sum of the four squares of the points (Atanassov, 2002):

(FnFn—l)z + (FnFn+1)2 + (Fn—an+1)2 = (Fn—lz + Fn2 + FnFn—l)Z- (19)

The equations with Fibonacci triangles are shown on the plane and their geometric properties are
examined (Atanassov, 2002). The vector F, is studied by many authors and they also gave some new
results (see Munarini, 1997;Hilton and Pedersen, 1994).

In (Kizilates, 2021), the author investigated new families of Horadam numbers associated with
finite operators.

In our current study, we define Oresme vectors and give some geometric properties of Oresme
triangles.
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MATERIALS AND METHODS

In this study, some geometric interpretations of Oresme sequence were examined. Geometric
properties of Oresme triangles were given and some geometric equations were obtained. Also, a
relationship between the Oresme sequence and the generalized Fibonacci sequence was obtained.

Definition 1. We define the nth Oresme vector as
0, = (=0n_1, 40y, 40p41). (13)

The Oresme vector is denoted by the letter 0. By using the recurrence relation and initial
conditions of the Oresme sequence, we can write
A= (=0,_4, 0, 0),B = (0, 40,, 0),C = (0,0, 40,,,),n > 1.

The points A, B, C are

Figure 1. The Points A, B, C

Theorem 1. For the points A, B, C the following equality is satisfied.
Ap= 2\/(011011—1)2 +16(0,01,41)? + (01 0p1)2. (14)
Proof. The vectors AC and BC are
AC = (0n-1,0, 40n4y), BC = (0,— 40y, 40,41).
Then, we calculate the area |AC x BC |.

On-1 0 40p4

0 —40, 40,.,
So, we get the following equation.

|AC x BC | =

= (160,0p41, —40,_10y11, —40,0,,_1).

Ap= %J 16(0n0n-1)? + 256(0,041)% + 16(05_1 0ps1)?.

Thus, the proof is completed.

The calculation of the first three values A,, is as follows. For n = 1, 2, 3 we have
A;= 2y/(0100)% + 16(0,0,)2 + (0,0,)? = 2,
Ar=2,/(0301)% + 16(0,03)? + (0,03)? =

A= 24/(030,)% + 16(030,) + (0,0,)? =

respectively.
In the next Corollary, using the areas A,, , the relationship between consecutive areas is given.
Corollary 1. The ratio of areas A,, is as follows.

13
8 )
1
2

lim,,_ e AZH = a2 (15)
Proof. First, let us calculate the limit for the ratios of the areas A,, and A, 4.
lim By _ li (01+101)2+(0n+10n+2)2+(0n0n+2)?

n—=e Ap n—-oo (Onon—l)z+(0n0n+1)2+(0n—10n+1)2’
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(0n+10n)2+(1+ (On0n+2)2+ (On+10n+2)2)

— 1; OnOn41 OnOn41
= lim 5 >,

n-wo (g o y24(1 On+10n-1 OnOn+1

nOn-1)"+{1+ OnOn-1 + OnOn-1

1) 2
1+a2+ n+2 )
- hm 0n+12( a ( On )

P v
n-ooo | On—1 (1+a2+(%) )
On-1

Using by the recurrence relation, we get

o 1\2
2 (1+a? +(”—+1——) )
On+1 ( On 4

Apt1

lim, o ——— = lim .
A 0y 42 Op  1)?
n s o e )
— . .. o 1 -
The limit of consecutive terms of Oresme numbers is lim,,_,, g—“ =s=a and so, we define
n

2 (1+a2+(a—= i

llmn_)oo An+1 — llm On+12( ( :)2) — aZ .
An n-o_[On-1 (1+a2+((x—z) )

Thus, the proof is completed.

In the theorem below, we have calculated the four square equation using Oresme identities.
Theorem 2.The four square equation is

2

(0n0p-1)? + 16(030n41)* + (0n-10n41)* = (405" + 40n41” — 40, 0n41) . (16)
Proof. Let us take w? as w? = (—40,,0,,_1)? + (160,,0,,41)* + (—40,,_,0,,,1)>.

Then, we write
w? = 16(011011—1)2 + 256(0n0n+1)2 + 16(07'1—101’1-1-1)2’

2 2

= 16(0n(40p — 40n41))" + 256(0n0n41)* + 16(0y41 (40, — 40p41))",
= 16(40,% — 40,041)" + 256(0,0141)? + 16(40,0,1 — 40,2,
= 2560,* — 5120,°0,11 + 768(0,,0,,41)% — 5120,,11>0,, + 2560,,,1 %,
= 16(160,* + 160, 1* — 320,,11°0, — 320,%0,,,1 + 48(0,0,,1)?).

If the needed operations are completed, then we get
w2 = 16(40,% + 40,,,% — 40,0,,,)"

Thatis w = 4(0,° + Opy1” — 0,0,41).
Theorem 3. The area formula of the shape formed by the points A, B, C is
A= 320,,,% +80,0,_,. (17)
Proof. Using the equality (16), we have
A=2 (16(0,12 + Onir® = 0n0pi1)),
Ap=320,% +320,11% — 0,0,,,1,

By the aid the recurrence relation related of the Oresme numbers, we get

1 2 1

A= 32 [Onz + (00 =30-1) = 04 (0n - Z0,1_1)],
Bn=32[0,7 + 0,2 =3 0,051 +=041® = 0,7 +20,0,4|

Using the equations (5) and (6), we write

3 1 1 1
Bn=32 2001 = 3 Oznss + 0n® =20y + Oy

T4 OnOn—l]v
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1 2 9
A,= 32 [(on —2041) +30,00)

Ap=320,.1% +160,,0,_;.

Thus, the proof is completed.

Using the information obtained, the general solution of the four square equation was given.
Moreover, for the equation U, if the generalized Fibonacci numbers are written instead of Oresme
numbers in equation (16), a similar solution to this equation can be found.

Theorem 4. The four squares equation of generalized Fibonacci numbers is

2
(Un—lUn—Z)2 + 16(UnUn—1)2 + (Un—ZUn)2 = (4'Un—12 + 4Un2 - 4Un—1Un) ' (18)
Proof. The proof of the theorem can be easily seen.

Form = 3,4, ..., the general m —squares equation can be represented by
x12 + x22 + x32 + -+ xm_12 = xmz

The two squares equation is as follows.

Theorem 5. The two squares equation is

(160412 + 160,2)" = 2560141 04(20541 + 20,2 = 0410,) = (160,% — 40,0,_,)°.  (19)
In the next section, we give some geometric properties of Oresme triangles.

RESULTS AND DISCUSSION
In this section, some geometric results related to the ABC triangle are given.

Definition 2. The general solution of generalized Fibonacci triangles is

I A A (20)
Up—2  2Un-1 2Un

Where, A = (—% 02,0, 0), B = (0,2U,_,,0) and C = (0,0,2U,,).

Specifically, if we use the equation (7) in the last equation above, then the general solution is as
follows.
0;’_‘1 + ﬁ + 40; = 1. (21)

Where, A = (=0,,_1,0,0), B = (0,40,,0) and C = (0,0,40,,,1).

Now, let's take the line PN as the normal line descending from the point U,, to the plane ABC.
The length of this normal line is given in the next theorem.

Theorem 6. For the points U,,, we have
Un—2Un—1Un

|PN| - Un—12+Un2_UnUn—1- (22)
1 1 1 1

PI’OOf Let (XO,yO’, ZO,) —_ (_E n—2» ZUTl—l' ZUTl )1 Where a = _1 n_z’ b - ZUn_1 ) Cc = E a.nd

d= —1.

|PN| _ [1+1+1-1] _ 2

1 1

4 1
2 2 2 } }
-2 1 1 \/ 21 27 p)
=2 X Un—22 4Up_12 aU
J(Un_z) +(2Un_1) +(2Un) n-2 n-i n

8UnUn—1Un—>

IPN| = 2/16(UnUn-1)2+UnUn-2)2+Un-1Un—2)%
If we use the equation (18), then we get the following equation.
_ Un—2Un—1Un

|PN| N Un—12+Un2_UnUn—1.

Thus, the proof is completed.
In the next theorem, we give similar a result for the Oresme number sequence.
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Theorem 7. For the points 0,,, we have
207-1040

|PN| - 2 n—1 2n n+1 .

On“+0n+1"—0n0On41

Proof. Let us take the desired point as (xo, Yo, 2o ) = (—0n_1, 40,, 40,41 ),
1 1

(23)

-1
where a = ., b= —,6c= andd = —1.
On-1 40q 40n41
_ [1+1+1-1] _ 2
|PN| - 5 5 2 - \/ 1 ) 1 ) 1 ’
-1 1 1 27 27 2
\/(On—l) +(m) +(4’OTL+1) On-1 160n 160n+1
|PN| - 320n—10n0n+1

V256(01,0141)%+16(00,071)2+16(0n410n-1)%
If we substitute equation (19), then we get the following equation.

_ 200-10n0n+1
|PN| = — 7 :
On“+0n4+1"—0n0n41

In the continuation of this section, we defined the angle between the nth Oresme and generalized
Fibonacci triangles.
Theorem 8. The angle between the vectors 0, and U, is
cosf =1. (24)

Proof. For the nth generalized Fibonacci triangle we can write as

Dy = Uny” +4Un_1* + 4Un_" .

Similarly, for the Oresme triangles we write D, = 0,,_,> + 160,* + 160,,,.,>. Then, we get.
0, Uy,
Dol Dyl’

cosf =

1
ZOn—lun—Z + 80,Up-1 +80,41Uy
cosf =

\/(% Un—z® + 4Un_s? + 40U 5*) (Op—s® + 160,” + 160,,,,%)

If we write the relation between the generalized Fibonacci sequence and the Oresme sequence
and the Oresme sequence, then we get cos 8 = 1. This case is shown in the following figure.

Figure 2. Oresme Triangle and Generalized Fibonacci Triangle
Corollary 2. For the areas of two consecutive Oresme triangles, we have

Aoy — A, =—0,° (1 + %) (25)
Proof. It can be easily seen by substituting the Binet formula for the Oresme numbers.

Let us define triangle O to use in the corollary below. One of the sides of the O triangle is the
hypotenuse of a right triangle formed by two of the reference axes. Using the Pisagor theorem and

Oresme identities, the following equations can be given. Where, a = —0,,_;, b= 40, and ¢ =
40n41 -
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Figure 3. Right Triangle

Corollary 3. For the values |[AB| = k = Va2 + b2, |[BC| =1 = Vb% + c? ve |AC| = m = Va? + c?,
the following results are satisfied.

i)k = \/200,3 — 2051 . (26)
i) [ = Jzoonz + 80,41 (27)
iii) m = \/80,12 — 4051+ 80,_10,41. (28)

The following equation is known as Heron's Formula for the areas A,. Now let us give this
formula.
Corollary 4. The following equation is satisfied..

A,= js (s — Jzoonz — 202n_1> (s - Jzoonz + 802n+1> <s - \/80,3 —40,,_1 + 80n_10n+1>,

(29)

u+v+w
where s =

Let's consider the tetrahedron formed when we connect the corners of triangle O to the starting
the point Q(0, 0, 0) and examine its volume.
Theorem 9. For the Oresme vectors, we have

8
Vo =Vol(Ty,) = §0n+10n0n—1- (30)
Proof. Let us calculate the equation V.
0 0 0 1
- 11-0py 0 0 1
n~el 0 40, 0 1)
0 0 40,,, 1
8
Vo = §0n+10n0n—1-

Thus, the proof is completed.
Corollary 4. The limit and difference of the ratio of consecutive terms are as follows.

i) lim 2L = 43, (31)
n-oowo Vn

_s 1

ii) Vi1 = Vo = g0n+10n(60n+1 — 50,). (32)
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Now, let us calculate the volume of the generalized Fibonacci sequence from the equality of the
Oresme sequence and the generalized Fibonacci sequence.
Theorem 10. For the generalized Fibonacci vectors, we have

Vo = VOl(T,) = ;UnlUn-1Un-s. (33)
Proof. The proof can be seen easily.
0 0 0 1
1 ! U 0 0 1
Vn — 2 n—2 ,
61 o 20,, 0 1
0 0 20, 1

1
Vo = Vol(Ty,) = §UnUn—1Un—2-
Corollary 5. For the generalized Fibonacci numbers, the following equations are satisfied.
i) lim,_ V’;ﬂ = . (34)

.s 1
if) Vpy1 =V = 3 Up-1Un(Up — Up—y). (35)

Definition 3. In general system of linear equations, for the Oresme sequence, when the initial values
are x;— a and x, = b, the following vector can be defined.

0_71) =a, b, 01a + Ozb y Oza + 03b, 03a + 04b, ey On_za + OTl—lb' (36)
Theorem 11. For the generalized Oresme vectors, we have
a;+ab;

i=123,.. (37)

|, = —oreh
b3 (gyrany)

Proof. For generalized Oresme vectors, the number L consisting of the limit values of consecutive
terms |S L= (ll, lz, l3) = (al + abl, a, + abz, as + ab3) ThUS,
GO, = (ay,03,a3)0n_3 + (by, by, b3)0ny = (ky, ko, k3).

can be written. If we use the knowledge of the equation of a line passing through two points

then, then we write
X=X1 _ YY1 _ Z—Z3 (38)

X2—X1 YV2=Y1 Z=2;
From the formula (38), we write
x-0 _ y-0 _ z-0 X _ y _ z X _ Yy _

ki=0 k=0  k3—0" a;0p_p+b10n_1  a0n_2+b0n_1  A30p_+b30n_4 a1+b13n_; a2+b23n_;
n— n—

zZ

as +b3

On—1
On-2
Then, we obtain that

— x h% z

On-1-
On-2

as +b3

Inthecasen - oo, 21 > % = « is obtained. Then, the desired formula is

On-2

(l .1 ) _ (a10n—2+b10p-1,0201—2+b305—1,a300—2+b30p—1) (39)
1t2,3) —
T V(@10p_3+b105_1)2+(az0n_2+by0n_1)%+(a30p—_2+b30p_1)?

CONCLUSION

In this study, we give a geometric interpretation for Oresme sequences. For this purpose, we
defined the nth vector related with the Oresme sequence and its the formulas area, volume. Moreover,
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we obtain the general solution of the four-squares equation involving Oresme vectors. We also obtain
an important relationship between the Oresme sequence and the generalized Fibonacci sequence.
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