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Abstract: This paper defines a new generalized (s,m)-c convex function using the ¢ convex functions
and provides some applications and exact results for this kind of functions. The new definition of the
(s,m)-c convex function class is used to obtain the Hermite Hadamard type integral inequalities
existing in the literature, and new integral inequalities are obtained with the help of the c-Riemann-
Liouville fractional integral. Additionally, a new Hermite-Hadamard type fractional integral inequality
is constructed using the o-Riemann-Liouville fractional integral.

Genellestirilmis (s,m) Fonksiyonlari Yeni Bir Simfi i¢in Kesirli integral Yoluyla Hermite-

Hadamard Esitsizlikler

Anahtar Oz: Bu makale, ¢ konveks fonksiyon smifim1 kullanarak yeni bir genellestirilmis (s,m)-c konveks
Kelimeler fonksiyonu tanimlamakta ve bu tiir fonksiyonlar igin bazi uygulamalar ve kesin sonuglar sunmaktadir.
Hermite— Literatiirde var olan Hermite Hadamard tipi integral esitsizliklerini elde etmek i¢in (s,m)-c konveks
Hadamard fonksiyon sinifinin yeni tanimindan yararlanilmig ve o-Riemann-Liouville kesirli integrali yardimiyla
esitsizligi, yeni integral esitsizlikleri elde edilmistir. Ek olarak, o-Riemann-Liouville kesirli integrali kullanilarak
kesirli yeni bir Hermite-Hadamard tipi kesirli integral esitsizligi olusturuldu.
integral
operator,
konveks
fonksiyon,
o-konveks
fonksiyon,
(s;m)-o
konveks
fonksiyon.
light on how to express and solve problems. Mathematics
1. INTRODUCTION employs various concepts and their relations for solving
the problems. It defines spaces and algebraic structures
Mathematics is a tool that serves both pure and applied built on spaces, creating structures that contribute to

sciences. Its history is as old as human history and it sheds human life and nature. The concept of function is
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fundamental in mathematics, and researchers have
focused on developing new function classes and
classifying the space of functions. One of this classes of
functions is the convex function, which has applications
in statistics, inequality theory, convex programming, and
numerical analysis. A convex function is defined as a
function where the line segment between any two points
on the graph of the function lies above or on the graph.
This definition ensures that the function is always ‘curving
upwards' and has no local maxima. The use of convex
functions in various fields is due to their unique
properties, such as their ability to model optimization
problems and their connection to the theory of convex
sets.

2. MATERIAL AND METHOD

Definition 2.1: [14,15] Let 7 be an interval in R. Then,
QOH - R, 0 # H S Rissaid to be convex if

Qlu+ A -9Hv) <&0w) + (1 -HAW)
forallu,v e Hand ¢ € [0,1].

Definition 2.2: [6] For some fixeds € (0,1]andm €
[0,1] a mapping Q: H < [0,0) = R is said to be
(s,m)— convex in the second sense on # if

QQu+m1 =8Hv) < &) + m(1 - §)*Q(v)
holds for all w,v € Handé € [0,1].

Definition 2.3: [13] Let H be an interval in R. Then,
UH - R, @ # H < Rissaid to be quasi convex if

QCu+ (1 - &v) < sup{Qu), Q(v)}
holds for all w,v € # and & € [0, 1].

The theory of convexity is important in various fields of
pure and applied sciences. Therefore, the classical
concepts of convex sets and convex functions have been
extended in different directions. For further information,
we refer [1,2,14]. The theory of convexity has also
attracted many researchers due to its close relation with
the theory of inequalities. The concept of convex
functions can be used to derive many well-known
inequalities. For further details, please refer to [3,15]. One
of the most studied results among these inequalities is the
Hermite-Hadamard inequality, which provides a
necessary and sufficient condition for a function to be
convex. The inequality reads as follows:

Definition 2.4: Let &:H < R - R be a convex
mapping defined on the interval H of real numbers and
u,v € H,with u < v. Then, one has

u+v 1 v
Q( )S—fﬂ(x)dx
2 v—ulJ,

- Qw) ern(v)_ €Y

This double inequality is called the Hermite-Hadamard
inequality.

This fragment of text discusses the Hermite-Hadamard
inequality for convex functions and introduces a new class
of convex sets and functions called o-convex sets and
o — convex functions, respectively. The new class of
convex sets and functions was introduced by Wu et al. in
[4]. The definitions of o -convex sets and o -convex
functions are explained as the followings:

Definition 2.5: A function Q: % — R is said to be o -
convex function with respect to strictly monotonic
continuous function o if

Q(‘P[a](u, v)) = 80W) + (1 - HQW) Yuv € K,
& e[0,1].

Definition 2.6: A set H< R is said to be o —convex set
with respect to strictly monotonic continuous function o
if

Wi (u,v) = o o)+ (1 - &o(w) €H Vu,v
€ H,& €[0,1].

Note that the function W is called strictly o -convex on
if the above inequality is true as a strict inequality for each
distinctu and v € H and for each £ € (0,1).
Fractional analysis has been known since ancient times.
However, it has recently become a more popular subject
in mathematical analysis and applied mathematics. The
question of whether a solution exists when the order is
fractional in a differential equation has led to the
development of many derivative and integral operators.
By defining the derivative and integral operators in
fractional order, researchers have proposed more effective
solutions for physical phenomena using new operators
with general and strong kernels. This has provided
mathematics and applied sciences with several operators
that differ in terms of locality and singularity, as well as
generalized operators with memory effect properties. The
initial inquiry into the impact of a fractional order in a
differential equation has now developed into the
challenge of elucidating physical phenomena and
identifying the most efficient fractional operators to offer
practical solutions to real-world issues. Introducing
fractional derivative and integral operators have made
significant contributions to fractional analysis and these
new operators have been effectively used in various fields
by numerous researchers (see [17-18]).

The definition of the Riemann-Liouville fractional
integral, as given in the literature, is:

Definition 2.7: Let Q € £ (u, v). The Riemann Liouville
integrals 1,7+ Q and I~ Q of order « > 0 witha > 0are
defined by

3+Q(x) =

L Mg a-1q
@f OG- ™ dt, x>u

and

1 v
1Q(x) = m-{ Q&) (E —x)*tdt, v> x.
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Definition 2.8: Let (u,v) € R, g(x) be an increasing
and positive function on (u,v] and ¢'(x) be continuous
on (u,v). Then, the left-sided and right-sided o —
Riemann-Liouville fractional integrals of a function Q
with respect to the function o(x) on [u,v] are
respectively defined by [7,8]:

I7°0(x)
__ f "Q©)¢' () (p(x) — (&))"t
r@ J,

2% Q(x)

:J_fn@wgﬂma—mmf*@ a > 0.

I'(a)

It can be observed that if ¢ is specialised by ¢(x) = x,
then the ¢ -Riemann-Liouville fractional integral
operators are reduced to the classical Riemann-Liouville
fractional integral operators.

The fractional Hermite-Hadamard integral inequalities
[4,9] are given by:

r 1
(u 42- 17) < Z(iaju)?" [13+Q(v) + 1% Q(u)]

< Qu) + Q(v)_
2
In their recent work, Mohammed et al. [5] utilised this

novel convex function for a fractional operator to present
the new findings:

Theorem 21: Let Q:[u,v] €S R—-R be an
integrable ¢ -convex function and Q € £(u,v) with
0 < u < wv.If the function ¢ is increasing and positive
on [u, v] and ¢’ (x) is continuous on (u, v), then for & >

0
Q (0‘1 (a(u) —; a(v)) 1)
< I'(a+1) _
2(0(1;) - a(u))

+I2°0w)] < ) + o) er Q(v).

[17:°0(v)

Theorem 2.2: Let Q:[u,v] € R—>R be an
integrable ¢ -convex function and Q € £!(u,v) with
0 < u < wv.If the function ¢ is increasing and positive
on [u, v] and ¢’ (x) is continuous on (u, v), then for & >
0, we have

“&H(szwwv)

- 2970 (@ + 1)
" (o) — o))"

—Q(u)l <

1%¢ Q)
a_l(w(u):w(v)f

Q) + Q(v)
—

+1 ::-(f(tﬂ(u)zw(v))

3. RESULTS

Definition 3.1: For some fixed s € (0,1] and m €
[0,1] a mapping Q : H < [0,b] - R* with b >0 is
said to be generalized o — (s, m)— convex if

Wi (x, y) — (s,m)
=0 (J_l(g‘a(x)

+m(1 - o))
< &50(x)
+m(1 = £)*0()

holds forall x,y € # and& € [0,1].

()

Remark 3.1: If we take c= 1 and 0~ *(x) = x then, we
get Definition 2.2 in [6].

Remark 3.2: If we take = 1,s = 1 and m = 1 then, we
get Definition 2.5 in [4].

Remark 3.3: If we take x=s=m =1 and a(x) = x
then, we get the concept of classical convex functions.

Moreover, if we take & = % in (2), then the generalized

Wi (x,y) — (s,m) convex functions become Jensen-
type generalized o — (s, m) convex functions as follows:

QGA(thﬁww»sn&y;fmw_

Forall x,y € H andé € [0,1] and for some fixed s €
(0,1]andm € [0, 1].

Some special cases are obtained as follows.

Case-1
If we take o~ 1(x) = Inx, then we get geometrically
(s, m)-convex function as in [10]

Qxfyt™) < £°0() + m(1 - Q@)
holds forall x,y € # andt € [0,1].

Cese-2
If we take o~ (x) = % then we get harmonically (s, m)-
convex function as in [11]

< mxy

holds forall x,y € H andé € [0,1].
Proposition 3.1: For s € (0,1] and m € [0,1] if
Q,L:H - R* are generalized ¢ — (s,m) — convex

functions, then we have the following statements:

Q + L is a generalized o — (s, m)— convex functions.
% Q is a generalized o — (s, m)— convex functions.
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Proof: Since Q and L are generalized —(s, m)— convex
functions on H and ¢ € [0,1], we have

@+ £) (074 (§0() + m(1 - o))
=0 (07 (f0(x) + m(1 - o))

+L (o‘l(fo(x) +m(1 - 5)0(}1)))
< Q) + m*(1 - H*™Q(y)

+ ECLX) +m*(1 =) L(y)

= &S+ L)(x)
+m*(1-O*Q+ L))

Hence, Q+ L is a generalized —(s,m) — convex
functions on H'.

Since, QO and L are generalized —(s,m) — convex
functionson H and ¢ € [0,1], { € R,, we have

0 (071 (f0() + m(1 - Ho()))
< ELESFG) +m< (1 — ()]
= £ + OG)

and, so {*Q is a generalized — (s, m)— convex functions
on .

3.1 New Results on Generalized o — (s, m)-
Convexity

This section is devoted to establish some generalized

Hermite— Hadamard type fractional integral inequalities

via generalized ¢ — (s, m) —convex.

Theorem 3.1: Let Q:[u,v] € R->R be an
integrable o — (s, m)-convex function and Q € £1(u, v)
with 0 < u < v, m € (0,1]. If the function ¢ is
increasing and positive on [u, v] and ¢’ (x) is continuous
on (u,v), then fora > 0, we have

q (0_1 <a(u) +2mcr(v)>>

1 u
< 2“S(a(u) — ma(v)) Umvﬂ(x) o'(x)dx

+ m* fmuﬂ(x) 0’(x)dx]

< [Q) + Q) + mE@Qw/m) + Qw/m))]
= 55 (xs+ 1) @

Proof: To prove the first inequality of (3), assume that Q
isa o — (s,m) convex function

(o7 (f0() +m(1 - o))
< §50() + m*(1 - Q).
If we take & = § we obtain

Q (0‘1 (J(x) +2m0(y))>

< Q(x) + m*Q(y)
- 25 ) (4)

Let us set x = o7 (éo(w) + m(1 — &)o(v)) and y =
o (o (v) + m(1 — &)a(w)) in (4), one has

s ( (o0 +2ma<v>)>

<0 (a‘l(fa(u) +m(1 - f)a(v)))
+m*Q (0_1(50(17)
+m(1 - §ow)).

Integrating this inequality with respect to & over [0, 1],

we have

q (0_1 (J(u) + ma(v)))
2

< fol Q (a‘l(fa(u) +m(1 - f)a(v))) dé
+ m“fo Q(a‘l(fa(v)
+m(1 - o)) d

1 1 u o
_ F[ia(u) = fmvﬂ(x)a ()dx

mO( mu , d
+ mia(u) — a(v)_[u Qx) o' (x) x].

The first inequality has been proved. To prove the second
inequality, we will use the definition of the o — (s, m)
convex function as follow:

2 (07 (§0 +m(1 ~ o))
< £90(w) +m*(1 - = 0(v/m)
and

2 (07150 ) + m(1 - How))

< ESQW) + m*(1 - &)*Q (%)
By addition, we have
2 (074 (f0 ) + m(1 - Ho)))

+0 (a‘l(fa(v) +m(1 - 5)"(”)))
< [oW) + Q)] &

R

Integrating this inequality with respect to & over [0, 1],

we have

! uQ "(x)d
= | a7 o

mO( muQ , d
+ ) — o (0) W =0 fv (x)a'(x) x]

<o) + )]

(6)

xs+1

HG) o
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By combining the last two inequalities (5) and (6), the
desired result is obtained as:

Q (0‘1 (a(u) + ma(v)))
2

1 1 u )

= F [m mvﬂ(x) g (x)dx

mO( mu ,
+ —ma(u) ~ o) fv Qx) o (x)dx]

< [0 + 20— + [2(%) + 2 (D)

This completes the proof.

Corollary 3.1: If we takem = 1and <= 1, then we
obtain Theorem 5 in [12].

Corollary 3.2: If we take 6(x) =x, s=m=x= 1,
then inequality (3) reduces to inequality (1).

Theorem 3.2 Let Q:[u,v] € R—>R be an
integrable ¢ — (s, m)-convex function and Q € £1(u, v)
with 0 < u<wv, m € (0,1] . If the function o is
increasing and positive on [u, v] and ¢'(x) is continuous
on (u,v), then fora > 0, we have

Q (a‘l (a(u) + ma(v)))
2

- Ia+1) 1
2 (ma(v) — a(u))a

7 1y Q( mu)l

I g;ﬂ Q(mv)

1
+
(0 (w) — ma(u))
_ 2@ + o))

= 2%(x s +a)
[2(3)+2(2)|m*r@+ Drecs + 1)
* 2%s Fla+xs+1) ° (7

Proof: To prove the first inequality of (7), assume that Q
is 0 — (s, m) convex function, then we can write

(o7 (§0(0) +m(1 - Ho(»))
< £ + m*(1 - Q).
If we take & = % we obtain

( _[0(x) +ma(y)
oo (22 100) o

Substituting x = 0 ~1(éa(u) + m(1 — §)a(v)) and y =
o Y (¢o(w) + m(1 — &)a(w)) into (8), we get

oo (12 )

<Q (J_l(fa(u)
+m(1 - o))

+m*Q (a‘l(fa(v)

+m(1 = o)), ©)

Multiplying both sides of (9) by £71, then integrating
the resulting inequality with respect to t over [0,1], we

get
ng _, (o) + ma(v)
a ? 2

! -1 -1
sjo ¢ Q(J (§o(w)
+m(1 - §)o(v))) dé
+fo Q(a‘l(fa(v)

+m(1 - o)) §71dE.
By changing the variables, A =o~!({o(u) + m(1 —
o)) andn = o7 (Eo(v) + m(1 — §)a(w)), then the
last inequality becomes

Q (a_l (a(u) +2ma(v))>

1 mv
[ oo (mow)

= a
(ma(v) — a(u))
) )

1 v ,
+ (00) = mo )" fmuﬂ(n)cp @ (e(m
— me)™ dn
_ Ila+1)
- PES
+ ! 172.0( mu)l

(e@) —mow)” | (10)

! 15¢.Q(mv)
(ma(v) - a(u))a w@?*

In this way, the first inequality is proved.
To prove the second inequality, we use the definition of
the o — (s, m) convex function as:

Q (a‘l(fa(u) +m(1 - {)O'(U)))
< &0W) + m*(1 - ) **Q(v/m)
and

2 (07 (g0 ) + m(1 - How))
< £501) + m*(1 - X (%)

By addition, we have
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(o7 (fo + m1 - Ho®)))
+Q (J‘l(fo—(v)

+m(1 - o))
< [0@) + Q)] £

u v
:[:)z(a) G (1n

Multiplying both sides of (11) by &%71, then integrating
the resulting inequality with respect to & over [0,1], we
can obtain

| g0 (o7 (o +m1 - o)) ds
0
1
Q -1
+f0 (0' (fa(v)
+m(1 - §)o(w))) £ 'd¢
1
< f [Q(w) + Q)] E5+a~1dg
01
+f [Qu/m) + Q(wv/m)Im*(1
0
—§)*dg.
Hence,

IMa+1)
20(5

1
(ma(v) — J(u))a

1(“1;)“’_9( u)

Ig;)“m( v)

+ a
(a(v) - ma(u))
[Qw) + Q)]

T 2% (xs+a)
[2() + 2 ()] m* ree + Dreecs + 1)

+ 2%s FNa+oxs+1)

This completes the proof.

Corollary 3.3: If we takem = 1and < = 1, then we
obtain Theorem 8 in [12].

Corollary 3.4: Ifwetake o(x) =x,m = land a =x =
1, then we get the classical Hermite—Hadamard
inequality under s-convex function proved by Dragomir
and Fitzpatrick [16].

Corollary 3.5: If we take 6(x) = x,s = a =m =x =
1, then inequality (7) reduces to inequality (1).

4. DISCUSSION AND CONCLUSION

This paper introduces a new class of generalized (s, m) —
o convex functions, extending the concept of g-convexity
within the framework of fractional calculus. By
employing the o-Riemann-Liouville fractional integral,
we derived novel Hermite-Hadamard type inequalities,
which generalize existing results and introduce new
fractional inequalities. These findings provide valuable

insights into the relationship between convexity and
fractional operators. The flexibility of the new (s,m) — o
convex functions enables further exploration in fractional
calculus, particularly with different fractional operators.
Future research could investigate the extension of these
results to other operators, such as the Atangana-Baleanu
integral, expanding the applications of these inequalities.
In conclusion, the results obtained here represent a
meaningful contribution to fractional analysis and its
applications, offering a foundation for further studies in
this field.
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