Volume Special Issue, Issue 1, Page 37-42, 2024

https://doi.org/10.46810/tdfd.1424728 Research Article

Y

BINGOL
UNIVERSITY

Tiirk Doga ve Fen Dergisi
Turkish Journal of Nature and Scierice

www .dergipark.gov. tr/tdfd

Comments on Parallel Curves in 3-Dimensional Lie Group G

Ali CAKMAK" " | Pelin Ezgi EPiK?

1 Agr1 Ibrahim Cegen University, Faculty of Sciences and Arts, Department of Mathematics, Agri, Tiirkiye
2 Bitlis Eren University, Faculty of Sciences and Arts, Department of Mathematics, Bitlis, Tiirkiye

Ali CAKMAK ORCID No: 0000-0002-2783-9311
Pelin Ezgi EPIK ORCID No: 0009-0005-4621-0120

*Corresponding author: acakmak@agri.edu.tr

(Received: 23.01.2024, Accepted: 21.03.2024, Online Publication: 01.10.2024)

Keywords
Lie group,
Parallel
curve,
Some
special
curves

Abstract: In this study, firstly, basic concepts in 3-dimensional Euclidean space and basic
information about curves are given and some special curves are examined. Then, basic information
about Lie algebra and Lie group basic concepts and curves are given and special curves such as
helix, involute-evolute, Bertrand, Mannheim, Smarandache, are defined. Secondly, inspired by these
special curves examined in the Lie group, the definitions of the parallel curve in the vector direction,
the parallel curve in the direction of the vector B and the parallel curve in the direction of the linear
combination of the vectors B and N of a curve according to the Frenet frame are given and
characterized. Some theorems and results are obtained by finding the Frenet apparatus of these
characterized curves. Finally, the findings are examined in more specific circumstances and new
results are found.

3-Boyutlu Lie Grup G de Paralel Egriler Uzerine Yorumlar

Anahtar
Kelimeler
Lie grup,
Paralel egri,
Baz1 6zel
egriler

Oz: Bu ¢alismada ilk olarak, 3-boyutlu Oklid uzayindaki temel kavramlar ve egriler ile ilgili temel
bilgiler verilmis ve bazi1 6zel egriler incelenmistir. Sonrasinda Lie cebiri ve Lie gruplarindaki temel
kavramlar ve egriler ile ilgili temel bilgiler verilmis helis, involiit-evoliit, Bertrand, Mannheim,
Smarandache gibi 6zel egrilere ait temel tamm ve teoremler verilmistir. Ikinci olarak, Lie
gruplarinda incelenen bu 6zel egrilerden esinlenerek Lie gruplarinda Frenet gatisina gore bir egrinin
N ve B vektorlerinin lineer birlesimi olan vektdr yoniindeki paralel egri ve B vektorii yoniindeki
paralel egri tanimlari verilip karakterize edilmistir. Karakterize edilen bu egrilere ait Frenet
elemanlar1 bulunarak bazi teoremler ve sonuglar elde edilmistir. Son olarak, elde edilen bulgular
daha 6zel hallerde incelenmis ve yeni sonuglar bulunmustur.

where k > 0, T # 0 are the curvature and torsion of the

1. INTRODUCTION

One of the predominant topics in differential geometry is
the theory of curves. In studies related to the theory of
curves, researchers often explore various curves such as
general helices, slant helices, Salkowski curves, Bertrand
curves, and more. While examining these curves, the
relations between the curvatures and the Frenet
apparatus are used. Consider the curve a:I € R — E3
with arc-length parameterized s in three-dimensional
Euclidean space. Let {T, N, B} be the Frenet vectors of
the curve a. The Frenet formulas are given by:

T'(s) = k(s)N(s),

N'(s) = —k(s)T(s) + 1(s)B(s), (1)
B'(s) = —1(s)N(s),

curve a, and can be calculated by following:

lla’ Aa”|l
e
< a/ /\a",a"’ >
lla" A a”||?

m

where a',a”, a™ are the first, second, and third-order
derivations of the curve a, respectively [1].

Offset or parallel curves are defined as curves with
points at a constant distance along the normal direction
from a given curve in plane [2]. In the literature, the
definition of a parallel curve in 3-dimensional Euclidean
space appears as different definitions. The first of these
is as follows:

Let a curve y = y(s*) with unit-speed be given, where
T # 0. Let the B curve be the parallel curve at a distance
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r from the curve y. Let the Frenet frames of the curves y
and B be given as {T,N,B}, {Tp, Ng, By} respectively.
So, we can write the following equations:

(B(s) —v,B(s) —y) =17, )
(T3(s),B(s) —y) =0, 3)
(15,86 =) + {15, 3) ) = o 4

The Frenet formulas can be obtained by using the
equations (1) at the point 8 depending on the parameter
s for a curve B(s) with unit speed where T > 0. Thus,
from the equations (2), (3) and (4) we have

B(s) —y = myNg + m3Bg, ©)
where m,, m; are the appropriate coefficients and g’ =
Tg [3]. Another definition is as follows:

The parallel curve to a unit-speed curve a(s) is given by
a = a(s) + rB(s). (6)
Here, r # 0 is a real constant, s = s(3) is the arc-length
of a(s) and s is the arc-length of the parallel curve a. B
is the binormal vector of the curve a(s) [4].

In mathematics, a Lie group is a group that is also a
differentiable manifold, characterized by the smoothness
of group operations. Lie groups take their name from the
Norwegian mathematician Sophus Lie, who laid the
foundations of the theory of continuous transformation
groups. Essentially, a Lie group is a continuous group,
with its elements defined by several real parameters.
Many studies have been done on the differential
geometry of curves in Lie Groups [5, 6, 7, 8, 9, 10, 11].

In the present study, we discuss using the definitions of
parallel curves in the literature in 3-dimensional Lie
groups. It also contains theorems and results that give the
relations between parallel curve pairs and special curve
pairs.

2. MATERIAL AND METHOD
2.1. Fundamental Concepts in Lie Groups

Definition 2.1.1. Let G be a group and M* is a
differentiable manifold,

L;: Every element of G coincicides with the points of
M*,

Ly: M* X M* - M*, (p, q) = pq~! is differentiable.

In such a way that the axioms are satisfied, the
fundamental manifold of the Lie group is obtained as
M*, the fundamental group of the Lie group as G, and
the pair (M*, G) is obtained as the Lie group [12].

Definition 2.1.2. Let G be a Lie group and (,) be an
invariant metric on G. If the Lie algebra of the Lie group
G is given by g and the unit element of the Lie group G
is given by e, the Lie algebra is g and the Lie algebra
structure T, (e) is isomorphic. Let {,) be an invariant
metric on G, and let G be the Levi-Civita connection of
the Lie group V. Here, VK, L,M € g is given by:

(K, [L,M]) = ([K,L], M)

and

_ 1
Vil =5 [K, L]

Assume that a:1 € R — G is a curve parameterized by
arc-length, and {V,,V,, ..., ;. } is an orthonormal base of
g. In this case, two vector fields along the curve can be
written as W =Y, w;X; and Z = }i-; z;X;, where w;
:I - Rand z;: I - R are smooth functions. Lie product
of two vector fields W and Z:

W,Z] = ¥, wiz[ X1, X,

and the covariant derivative of the vector field W along
the curve a is

DgW =W +=[T,W]. ©)
Here T = a',W = SI, wiX; = 57, 220X, . If the left
invariant vector field restricted to a is W, W = 0 [9].

Proposition 2.1.1. Assume that a(s) is a curve in the

Lie group G, with arc-length parameter s and

(T,N,B,k,1) is the Frenet apparatus of a(s). In this

case, we write

[T,N] = ([T,N],B)B = 21,B

{[T B] = ([T, B], N)N = —2tN ®)
’ ’ ’ GV

In this case, considering that a(s) is a curve in G and s

is the arc-length parameter of a(s), from the equations

(7) and (8), Frenet formulae are found as follows:

ds 0 K 0 T

d_N B <_K 0 o TG) <N>.

ds —(1 —
\d_B/ 0 (t—1¢5) 0 B

ds
Here (T,N,B,k,t) is Frenet apparatus of a(s) in G,
76 = 5([T,N], B) [8]

Definition 2.1.3. Leta: 1 € R — G be a curve with arc-
length parameters in the 3-dimensional Lie group G and
Frenet apparatus are {T,N,B,k,t}. The function h
expressed by the equation

h=126 ©)
is the harmonic curvature of the curve « [8].

2.2. Special Curves in 3-Dimensional Lie Groups

Definition 2.2.1. Let a:1 € R — G be considered as a
curve with arc-length parameterized in the three-
dimensional Lie group and the unit left invariant vector
field X € G. If X and the curve @ make a constant angle
at all points of the curve a, that is the unit tangent vector
field T at point a(s) on curve a is a left invariant vector
field X and 9 # % if it makes a constant angle, namely
(T(s),X)=rcos?9,s €.

The curve a is the general helix in the Lie group. Here,
X € g and unit, T is tangent vector field of the curve «,
the angle 9 # g is the fixed angle between X and T [6].

Theorem 2.2.1. Let a:] € R — G be considered as a
curve with arc-length parameterized in G. The curve «a is
general helix if and only if T = ck + 14, ¢ = constant
such that {T, N, B, k, T} is Frenet apparatus of « [6].

Definition 2.2.2. Let G be a three-dimensional Lie group
with a bi-invariant metric and the curves a, 8 be two
curves in G. If the principal normal vector field of the
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curve a and the binormal vector field of the curve g are
linearly dependent at corresponding points of @ and 8, a
is called a Mannheim curve, the curve g is called the
Mannheim curve corresponding to «, and the pair {a, 8}
is referred to as a Mannheim curve pair [13].

Definition 2.2.3. Let’s consider the unit speed curves
y:IcR-G and f:IcR—- G in G with the left-
invariant metric. Let s and 5 be the arc-length parameters
and {T,N,B, ko, %, @}, {T,N,B, ko, %, a} be Frenet
apparatus of y and S8 respectively. If the tangent vectors
at corresponding points of the y and B curves are
perpendicular to each other, that is (T,T) = 0, then the
curve B is called the involute of y and the curve y is
called the evolute of g [14].

Definition 2.2.4. Let’s consider the Lie group G defined
by a bi-invariant metric. If, at corresponding points of «
and S, the principal normal vector field of a and the
principal normal vector field of g are linearly dependent,
then a is called a Bertrand curve. In this case, g is the
Bertrand curve corresponding to «, and the pair {«, 8} is
referred to as a Bertrand curve pair [13].

Definition 2.2.5. Let a: I € R — G be a unit speed curve

in three-dimensional Lie group and {T, N, B, k, T} be the

Frenet apparatus of the curve a. In this case, the TN -
. 1

Smarandache curve is 1(sy ) = = (T(s) + N(s)) [15].

3. RESULTS

In this section, starting with the consideration of parallel
curve definitions in 3-dimensional Euclidean space, we
will first discuss the definition of a parallel curve in G.
Specifically, we will delve into the concept of a parallel
curve in the direction of the vectors N and B in Lie
group, and then a parallel curve in the direction of the
binormal vector B of a curve will be given.

Afterwards, Frenet elements {T,N,B,x,t} will be
obtained for the parallel curves of all two cases. In
addition, some theorems and results characterizing these
curves will be obtained.

3.1. Parallel Curve in the Direction of NB in 3-
Dimensional Lie Groups

Definition 3.1.1. Leta: 1 € R — G be considered as a
unit speed curve in the three-dimensional Lie group G
and {T, N, B, k, t} as the Frenet apparatus of the curve a.
The parallel curve of the curve a in G is

p(sp) = a(s) + ryN(s) + r,B(s). (10)
Here, r; # 0,1, # 0 are real constants.

The Frenet frame {T,, N,, B, } of the parallel curve p(s,)
are

Tp (Sp) =
for

(1-r1K)T(s)+1KkhN(s)—r,KkhB(s)
JA=r110)2+(rakh)2+(r k)2

(11)

(1 = rr)* + (r,xh)?
+(r kh)?) (=K’ + rpk2h)
-1 —nKr)(—rK + rikk")
—(1 =)@ + 1) (KK'h? + k2hh')]
((1 =1 K)? + (ryxch)?
+(rxh)?)
R, =|(k — ryk? + rpk'h + rykh' + rk?h?) |,
—(rykh)(—r k" + KK’
—(ryxch) (12 + r2) (k' h? + k2hh') |
(1 —1y6)? + (rp,xch)?
5, = +(rkh)?)(—1,k2h? — ryk'h — rykh)) ‘
+(rkh) (—rik" + KK’
+r kh(r? + r2) (k' h? + K?hhA")

1

N,y(sp) = Jﬁ

and for p = /(1 — ryk)% + (r3kh)2 + (rkh)? and q =

JEETRET S,
(rpxhS, + rikhR,)T(s)

Bp(sp) — i +(—=rikhE, — (1 = nrK)S,)N(s) | (13)
+ ((1 — 1R, — r21cth) B(s)
The curvature and torsion of the curve p(s,) are given

(BT (s) + R,N(s) + 5,B(s))(12)

by
/P 24R2+52

, p tRp+S)
kK, = ||T|| = 14
p ” ” ((1-715)2+(rzkh) 2+ (1 kh)2)2 (14)
and

(T1th—r12K3h+(r12+r22)x3h3){’

+(2r1rak3R2 41y K Rty ik — 12 h2 —r2K2R )m
+(k=2r1 K241k h+1ykch! +1 K2 W2 +7r2 3
2p! 2,302, 2,352
—Tr172K“h —r{K°h“+r3K°h“)n

T L L (15)

P (=123 h+(rF +13)K3h3)2 ’
+(2r11263h2 411k htryKch! =1, k2212 K2h')?2
+(—211K2+72K Rt 1o KR +71 K2 W2 47 K3

~r172k2h —1rZK3h2+7r2K3h2)2
where
/= <—r11c" — 3nr,kKk’'h — ZTZKZh’>
+1 63 — r3h? — K2 '
< k' —3rkk' + r,k"h + 21k’ h’ + rykh” )
m =
+3r,k2hh’ + 3rkk’h? + rpie3h — 33/
<K2h —ridh + 3k’ h? + 37‘2K2hh')

n= .

+rk3h3 — 21 k'R’ — rykh”

Theorem 3.1.1. Let the curves a,p:I SR - G be
considered as Frenet vector fields {T,N,B} and
{T,,N,, B,} respectively. The parallel curve pair (a, p) is

R . . . 1
involute-evolute curve pair if and only if x = -
1

Proof. Let the parallel curve pair (a,p) be involute-
evolute curve pair. In this case, (T, T,) = 0. From the
equation (11), we get

(T' Tp) = L

J(@-111)2+ (13 kh)2+ (1 kh)?

which is achieved by k = LS
T

T(s)=0

On the contrary, let’s k = rl . If both sides of the
1
equation (11) are made scalar product by T and k = rl is
1

written, we have (T, T,) = 0.
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Hence, the proof is completed.

Theorem 3.1.2. Let the curve pair (a, p) be a parallel
curve pair with the Frenet vectors {T,N,B} and
{T,,N,, B,} respectively. If (a,p) is a Bertrand curve
pair, =1 khP, — (1 —1k)S, = 0.

Proof. Let the curves a and p be a Bertrand curve pair,
where the principal normal vector field of the curve a is
N and the principal normal vector field of the curve p is
N,. In this case, N and N, are linearly dependent. Now,
if we multiply both sides of equation (13) by N, and
consider that N and N, are linearly dependent, we obtain

(—T’lth -n K) )

rq
If the necessary adjustments are made in the last
equation, we have

(_7"1th — 1,1)S ) _
(1 — 1K) + (ryKh)? ’
—T1kh (( +(rych)? ) (=rr’ + TzKZh)w

-1 —nrKr) (K + ik’
—(1 =)@ + 12 (' h? + k2hh") //
(1 —rK)
(1 = 11K6)? + (rxch)?
—| | +(nkh)»)(—r,x?h? —ryk'h — 1y KR
+(r kh) (=K' + KK’
\ +rkh(rf + r2) (k' h? + k?hh") /
Specifically, when x = i and h = constant , the

1
following equation is satisfied:

(—rlthp -(1- T'1K)5p) =r(k'h + kh' —r;k%h")
+1,(k2h? — 21 k3h?) = 0.

Corollary 3.1.1. It can be easily seen from Theorem
3.1.2 that if the curvature of the curve a(s) is k and its

. . 1
torsion is T and k = v and h = constant, the curve
1
a(s) is also a helix curve.

3.2. Parallel Curve in the Direction of B in 3-
Dimensional Lie Groups

Definition 3.2.1. Let a:] € R - G be a unit-speed
curve in three-dimensional Lie group G and
{T,N, B, k, T} be the Frenet apparatus of the curve a. The
parallel curve of the curve « in the direction of B is
defined by

#(sp) = a(s) +rB(s) (16)
where r # 0 is a real constant.

The Frenet frame {T,, N, B} of the parallel curve

$0(sp,) are

(T(s)—rkhN(s)
Tp(sp) = Jrarn? (17
for
P, = [rk*h(1 + (rkh)®) — rk’h — rech')],
Ry, = [k(1 + (rkh)?) — rk'h — rkh')], (18)

Sp = [-rk?R2(1 + (rh)?)],

N () = 1/(1+(rxh)2)< P,T(s) ) (19)
e PZ+RZ+52 +RpN(s) + SpB(s)
and

(—rlcth,)T(s)
By(sp) = <+( —S,)N(s) + (R, + rhP,)B(s )> (20)

2 2 2 H
fP‘O + R;, + S;. The curvature and torsion of

p(sy,) are given by

. Pp?+R2+S2
ko = 1Tl = g @)

(1+(rkh)?2)2

where p =

and
_ (r?k3n®) e+ (rh?)ym+ (k-ri’ h—reh’ +12k3h%)n
® 7 (r2k3h3)24(rk2h2)2+(k—rk' h—TKh' +72K3h2)2’
where
£ = (—k? + 3rxx’h + 2rx2h’),
m= (rk*h+ k' —rk"h — 2rk’h’ —rkh” + re3h?),
n = (k?h — 3rxx’h? — 3rk?hh’).

(22)

Corollary 3.2.1. Let the curve pair (a, ) be a parallel
curve pair with the Frenet vectors {T,N,B} and
{Ty, Ny, By, } respectively, where g is the parallel curve
to « in the direction of B. The parallel curve pair (a, )
is not a Bertrand curve pair under no circumstances.

Proof. Suppose that (a, ) is a Bertrand curve pair. In
this case, N and N, are linearly dependent. Considering
the equation (20), we multiply both sides of equation
(20) by N,,. Since S, = rk?h*(1 + (rkh)*) # 0, (@, )
is not a Bertrand curve pair.

Corollary 3.2.2. Let the curve pair (a, ) be a parallel
curve pair with the Frenet vectors {T,N,B} and
{Ty, Ny, By, } respectively, where g is the parallel curve
to « in the direction of B. The parallel curve pair (a, )
is not an involute-evolute curve pair under no
circumstances.

Proof. Suppose that (a, ) is an involute-evolute curve
pair. In this case, T L T,,. Considering the equation (17),
we multiply both sides of equation (17) by T. Since

1 .
(T,T,) = T £ T, . Hence, (a, ) is not an

involute-evolute curve pair.

Theorem 3.2.1. Let the curve pair (a, ) be a parallel
curve pair with the Frenet frames {T,N,B} and
{Tp, Ny, B} respectively. If the parallel curve pair
(a, ) is a Mannheim curve pair, R, = 0.

Proof. Suppose that the parallel curve pair (a, ) is a
Mannheim curve pair. In this case, N and By, are linearly
dependent. Considering the equation (19), if we multiply
both sides of equation (19) by B, we obtain

2
VAW R, = 0. Since /(T + (rkh)?) # 0, we have
P2+RZ+SE
R, = (14 (rkh)®)k —rk'h —rkh’ = 0.
Hence, proof is completed.
In the special case, lett—1; = —
have

1 .
- In this case, we
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h="sh=-— (23)
Considering the equation (23), we get the equations (18)
the following as:

2
P, = —2Kk,R, = 2k, S, = 2kh = -
These equations are substituted in the equation (21), we
obtain
Ky = . (24)
The equation (24) gives us the relationship between
curvatures of the curve pair (a,4) . In addition to

equation (24), it can be expressed in the following
theorem and result.

Theorem 3.2.2. Let the curve pair (a, &) be a parallel
curve pair with the Frenet frames {T,N,B} and

{Tp, Ny, B, } respectively. If T —7; = —%, the equation
(17) is TN -Smarandache curve.

Proof. Substituting the equation 7 —1t; = —% into
equation (9), we get
T— TG
h= >h=—-—.
TK

If we substitute h = —i in equation (17) and we make

the necessary simplifications, we have
T+N

T, = ——
R

Considering Definition 2.2.5. it is seen that the last
equation is TN -Smarandache curve.

Corollary 3.2.3. Let consider unit-speed curve a with
constant curvature k and its parallel curve g with the

- 1 .
curvature k. Since T —7; = ——, the curve a is a

circular helix. In this case, k, = constant and the
curve g is a circular helix in the abelian case.

Proof. Considering equation (23), above the equations
Lmn
2,.2
f=—-Kk*’m=— (T :ZH),n = k’h (25)
is obtained as in (25). By using equations (25) into
equation (22) and if we make the necessary adjustments,
we have
_ k3*h —kh(=Kk? — k?h?) + 2k°h
T T (k)2 + (kh)? + (2)?
Since both k and h are constants, 7, = constant. Since
Tg, = 0 in the abelian case (see [6]), %‘” is constant. So,
o

the curve g is obtained as a circular helix.
Finally, the following theorem can be written by taking

. 1
the special case of k = -

Theorem 3.2.3. Let the curve pair (a, ) be a parallel
curve pair with the Frenet frames {T,N,B} and
{Ty, Ny, By} respectively. Let (a,4) be Mannheim

curve pair, for k = % In this case, h = tan G + c).

Proof. Letk = % and the parallel curve pair (a, ) be a
Mannheim curve pair. In this case N and By, are linearly

dependent. Then if both sides of equation (19) are
multiplied by B,

2
Rp=(+h) -n=0ar - =0 (2)
From the solution of differential equation (26), we have
rh' =h*+1
arctan(h) = E+ c=>h= tan(f+ c)
r r '
This completes the proof.

4. DISCUSSION AND CONCLUSION

In this study, we investigated parallel curves in the 3-
dimensional Lie group, based on the definitions of
parallel curves in 3-dimensional Euclidean space. We
calculated Frenet apparatus of these curves. We provided
the theorems and results that reveal the relationships of
the obtained parallel curves and special curves.

Finally, we examined the parallel curve pairs by adding
some special cases and found interesting theorems and
results.
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