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Abstract: It is more convenient to use fractional derivatives and integrals to express and
represent rapid changes than to use integer derivatives and integrals. For this reason,
fractional analysis has been found worthy of study in many fields. In recent years, fractional
derivatives and integrals have been discussed together with inequality theory and the studies
have attracted attention. In this article, we discuss new Hermite-Hadamard type
approximations for strongly S — convex functions with the help of Atangana-Baleanu
fractional integral operators. Additionally, new upper bounds have been obtained using
various auxiliary inequalities with the help of twice differentiable strongly convex functions.

Atangana-Baleanu Kesirli integral Operatorler Yardimyla Giiclii s-Konveks Fonksiyonlar

Icin Esitsizlikler

49

Anahtar Kelimeler
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Oz: Hizl degisimleri ifade etmek ve temsil etmek icin kesirli tiirev ve integraller kullanmak
tamsay1 mertebeden tiirev ve integralleri kullanmaktan daha uygun olmaktadir. Bu nedenle
kesirli analiz bir¢ok alanda c¢alisiimaya deger bulunmustur. Son yillarda da kesirli tiirev ve
integraller esitsizlik teorisiyle birlikte ele alinmig ve yapilan ¢aligmalar dikkat cekmistir. Biz
de bu makalede, Atangana-Baleanu kesirli integral operatorler yardimiyla giigli S—
konveks fonksiyonlar i¢cin Hermite-Hadamard tipli yeni tahminleri tartisiyoruz. Ayrica, iki
kez tiirevlenebilen giiclii konveks fonksiyonlar yardimiyla, ¢esitli yardimer esitsizlikler

kullanilarak yeni iist sinirlar elde edilmistir.

1. INTRODUCTION

The discovery of mathematical inequalities in the
twentieth century, leading to numerous new results and
research problems, has contributed to the expansion of
mathematics into different areas. Many studies, including
various classical and new inequalities as well as many
new applications and proof methods, have become the
main resources for researchers [1,2]. Convex functions,
which have a long history, began to find a place in
mathematics as a result of the works of Hermite and
Hadamard in the late 19th century. Convex functions
increased their recognition with Jensen's systematic
studies in 1905-1906, became an independent field of
mathematical analysis and continued to develop rapidly.
This rapid development can be attributed to the inclusion
of applications of convex functions in many areas of
mathematical analysis and the close relationship between
the theory of convex functions and inequality theory [3,4].
The fact that inequalities and convex functions are not

only significant in mathematics but also in other branches
of science has made these topics a focused point for
researchers, leading to numerous ongoing studies in these
areas.

The Hermite-Hadamard inequality plays an important and
magpnificent role in the literature and is stated as follows

[5].

If Q:IcR—->NR is convex in I for &,& €3I and
& <4, , then

m@} 1
Q( 2 _52_51

J.?Q(X)dXSQ(é);Q(é) (1)

This inequality specifies the lower and upper bounds of
the integral mean value of a convex function. In the last
two decades, many studies have been published by
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mathematicians
extensions.

regarding its generalizations and

Fractional calculus is a branch of mathematical analysis
that encompasses applications and research involving
arbitrary order derivatives and integrals [6,7]. In this
respect, the concepts of fractional derivative and
fractional integral differ from classical derivative and
classical integrals and are also more comprehensive than
these concepts.

The main objective of this study is to obtain new Hermite-
Hadamard inequalities for Atangana-Baleanu fractional
integrals. Twice differentiable strongly s— convex
functions are employed to achieve the results, and new
inequalities are demonstrated by parameter substitutions.
It can be easily observed that the results of this study are
a generalization of the existing similar results in the
literature.

Definition 1: [8] A function such that Q:3—>%R ,
I <N is called convex function if

Q(Zfl+(1—T)§2)STQ(§1)+(1—T)Q(§2) 2
forall £,£, €3 and r<[0,1].

In 1966, Polyak introduced the class of strongly convex
functions and made a contribution to convex analysis.

Definition 2: [9] A function such that Q:3—> R,

J < R is called strongly convex function with modulus
p>0,if

Q(T§1 +(1_7)§2)

<1Q(&)+(1-7)Q(&) - pr(l-7)(&-&)
forall &,&, €3 and r€[0,1].

©)

Definition 3: [9] A function such that Q:3—> R,

JIc R is called strongly s— convex function with
modulus o >0, if

Q(Té +(1_T>9€2)

<7°Q(&)+(1-7) Q(&) - pr(1-7)(&-&)
forall &,£, €3 and r<[0,1].

(4)

Fractional analysis has become a new field, laying the
foundation for solving certain differential equation
problems. Studies involving Riemann-Liouville fractional
derivatives and integrals have begun, and it remains a
popular field with ongoing research today [10,11,12,13].
Depending on the type of problem, there are multiple
definitions to obtain the best solution. Griinwald-
Letnikov, Weyl, Marchaud, Hadamard, Erdelyi-Kober,
Riezs, Chen, Caputo, Osler, Khalil, Fabrizio, Atangana,
Baleanu have made significant contributions to this

process. In this study, we will focus on Atangana-Baleanu
fractional integrals.

In 2015, Caputo and Fabrizio introduced a new definition
for the fractional derivative, which Caputo defined in
1967, in order to eliminate the singularity of the kernel
function by using the exponential function. In 2017,
Abdeljawad and Baleanu presented the Caputo-Fabrizio
fractional integral associated with this fractional
derivative as following.

Definition 4: [14] A function such that Q eH1(0,§2) is

called left and right side of Caputo-Fabrizio fractional
integral, if

(T1M)QM) =5 R+ 5[y @
and

(°F'éi)Q(X)=%Q(x)+%ﬁz@(y)dy (6)

where &, >¢& , we[0,1] and B(y) is normalization
function.

In 2016, Atangana and Baleanu presented a new
derivative operator and associated integral operator
containing the Mittag-Leffler function in its kernel. The
Mittag-Leffler function offers a more reasonable option
than a power law in explaining the physical phenomena
around us. This has made the Atangana-Baleanu
fractional operator more powerful and flexible. Therefore,
many researchers have shown great interest in using this
operator [ 15,16,17,18,19].

Definition 5: [20,21] A function such that Q e H*(0,,)

is called left and right side of Atangana-Baleanu fractional
integral, if

(£1")Q(x)

Y T A
“80) " B

) 7
[ x-oyar "

and

(*12)Q(x)

—]'_—V/ X)+—2F @ )Wr=x)"dr
~50) 20 B )Rk AR

(®)

where &, >¢& , we[0,1] and B(y) is normalization
function.

The next section focuses on establishing new Hermite-
Hadamard type inequalities for Atangana-Baleanu
fractional integrals involving twice differentiable strongly
s—convex functions. To obtain these inequalities Holder,
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Egg;(.?r-Mean, Young and Hélder-iscan inequalities were ) (x— ffl)Wl Q(&)-(&- )wl Q(5) ) 2(1—1//)Q(x)|
(v +1)B(w)T(v) B(y) |
2. MAIN RESULTS +
< (x-&)""
To prove our main results, we consider the following (v +1)B(w)T'(v)

Lemma given by Set et al. in [19].

x[|Q |,3(2+l//l+s |Q §l|— p(x-4) }

Lemma 1:[19] Q:[&.5]—>®R be differentiable p+s+2 yt 4Ty +12

mapping on (&,¢&,) with & <&, . Then the following (&-x)"*
identity is valid for Atangana-Baleanu fractional integral (w+1)B(w)T'(v)
operators |Q” £ | (5 X)z
x 24yl 2Lt
(P1M)Q(x)+(*12)Q(x) [ AP Tyrse2 Y +7V’+12}
_(X_fl) Qé‘:zi);lgfz_)x) Q(¢2) 9) where y €[0,1], xe€[&,&,], T' is Gamma function and
viw [ is Beta function.
_2(1-v)Q(x)
B(l//) Proof: Taking modulus on both sides of Lemma 1, we
(x—§ ).,,+1 have
" st ; .
(£1)0)+( 1))
A P (e a) e (x-) Q)6 1) Q(6)
(v +1)B(y)r (y) " e :
Gmx™ o
s (-8)"Q(E) (60" Q(4)_20-w)Q(x)
(&-x)" (v +1)B(y)T (v) B(v) |
+ 2~ olz"‘”lQ" r§2+(1—r)x dr _r V2 1 wl
OO | T e MG
h , &land T i function. —x)'?
where v €[0,1], xe[&,&,] and T is Gamma function . (& -x) J. v1Qr (e, + |dr
(w+1)B(w)r(v)

Theorem 1: Suppose that Q:[&,&,]—> R be a twice
differentiable mapping on (&,&,) with & <¢&, and By using strongly s — convexity of [Q"], it yields
L[&.&]. 1T |Q'] is strongly s—convex on [&,&,], for
some s e(O,l] with modulus p>0 then following
inequalities hold

(£17)Q()+(*12)Q(x)
_(X_fl)w Q(&)+(£-%)"Q(<&)

(217 )00+(*12)a( BT (1)
(10) _(X_fl)WlQ,(fl)_(gz_X)W+1Q,(§z)_2(l_‘//)Q(X)|
s f(,i)(f)) = (v D80) ) 50) |
< (X—ﬁl)wz
(w+DB(Y)r(v)

( j:(l_z)“l)
x(#*[Q" (%) +(2-t)

(52 _X)l//+2
(v +1)B(w)r(v)

(1)

x(rs Q"(&)|+(1-ty

Q'(&)|-pr(1-7)(x-&)")dr

"(0)] - pr(t-7)(& - x)")dr.
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By calculating the above integrals, the proof is completed. L[§1,§2] If |Q”|n is strongly s—convex on [é,éz] for

Corollary 1: When we choose s =1, Theorem 1 yields some se(0,1] with modulus p>0 then following

the following result for Atangana-Baleanu fractional inequalities hold,
operator
(£17)Q)+(*17)Q(x)
PIM)Q(x)+( 12 )Q(x (12)
‘((X_i )VSQ)((,E()+(§)—E()3Q(§ ) _(X_§1)WQ(§1)+(§2 _X)WQ(fz) (13)
) e 20-1)0()
_u-éytffigéigéX”Qxé)_quz?uw ) (v+1B(W)(v) B
, (X_él)(//JrZ
< (X_gl)w < +
DB 1% 1)B(v')f(!//)
Rt o) px-a) o)
(w+2)(y+3) w+3 y +Ty+12 | VHT T
(§Z—X)W2 n n X— 2 %
(v +1)B()T(v) x SLH(IQ"(X)I +[Q"(&) )—%J }
N I Y ) »
(w+2)(w+3) w+3 y?+Ty+12] (&-%)
(v +1)B(y)C(v)
. &+ I i
Corollary 2: In Theorem 1, if we choose x = =—==, we y 1 u
have : _(‘/’ﬂ+ﬂ+1)
et w2 J]
(éz_él)w
———————(Q(&)+Q(<,
ZVB(W(ZF(V;))(W+1( )+Q(&) where y €[0,1], xe[&,&], ' +n7 =1, n>1,T is
2 "% , , Gamma function and g is Beta function.
_2W+1(l,1/+1)B(l//)F(W)(Q (51)_Q (52)) g
2(1_,/,)Q( &+ SEZJ C’vléoi?;‘\:/eFrom Lemma 1 and applying Hélder inequality,
2
W (517)Q00 +(*1 )}a()
_(x-4)"Q(&)+(&-x)" (&)
(&-8)" )
S (x=8)"Q(E)-(6 %" Q&) 2(1-)Q(x)|
2"y )BT (v +1)B(¥)T(y) By) |

B(2+y,1+53)

{Z‘Q"(é;éj

p(fz _§1j2
QM (E)+R"(&) 2
w+s+2 2(://2+7(//+12)

Theorem 2: Suppose that Q:[&,&,]— R be a twice
differentiable mapping on (&,&,) with & <¢&, and
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< (X_é)wz
~(w+1)B(w)T(v)

><J‘Ol(l—r)w+1 "(rx+(l—r)§l)|dr
" (fz_x)wz

(v +1)B(y)T(v)
XJ': vl (Té:z (

< (X_é)wz
~(w+1)B(w)r(v)

(oo af (poersunay s |

. (52 —X)Wz
(v +1)B(y)C(v)

x[(j:r(v’+l)“d r)i (I:|Q”(r§2 +(1- r)x)r dr)'t}.

Using strongly S — convexity, we conclude

7)x)|de

j;|Q"(rx+(1—r)§l)|” dr

(X)) Q&) px-&)
s+1 6
.[01|Q”(r§2 +(1-o)x)[ dr

() +R" (&) p(5-x)
s+1 6 '

<

<

By a simple computation, we get desired result.

Corollary 3: Under the assumption of Theorem 2 with
s =1, we obtain

(%21)Q(x)+(*12)Q(x)

C(x=4)"Q(&)+(&-%)"Q(&)
B(y)r'(v)
(x-8)"7Q(E)-(&-0""Q(&) (14)
(w+1)B(¥)T(v)
2(1-w)Q(x)
B(w)
< (X_é:l)wz
T (v +1)B(w)r(v)

[ 1 ji[(Q”(X)I"+Q”(é)l”)_p(x51)2'1’

Wi+ u+1 2 6

. (fz—X)wz
(v +1)B(y)I(v)

1

o et
wu+ u+1 2 6 '

Gté e‘z

Corollary 4: In Theorem 2, by setting x = , we get

(:Z?H/)Q(gf’z'fz)_i_(ml;)Q(é;gzj (15)

_ (fz égl) i
PRI (W)(Q(é) Q(&,))

(&-4)"
27y +1)B(y)T ()
Gt

)
20 "’)Q( 2 j

B(w) ‘

(Q(&)-Q(£))

(&-6)" ( 1 j

27 (w+)B(w)T(w) \wu+u+1

{[SHUQ” §1+§2J Q”(é)r}p(ézz—fl)j

(_1( (u) oe-a) J ]

Theorem 3: Suppose that Q:[&,&,] >R be a twice
differentiable mapping on (&,&,) with & <¢, and
L[&.&] . 1F|Q"[" isstrongly s—convexon [&,&], for
some Se(O,l] with modulus o >0 then following
inequalities hold,

SR

Jee) ]

(ABI"’)Q(X)+(ABI’”)Q(X)
(x=4)"Q(&)+(&-x)"Q(<&) (16)
B(yw)T'(v)
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(-8)"Q(6) (607 Q(&) 2(1-p)Q(x) (&%) () Y
W BWr) "W s [J‘)T ﬂ dr]
< (x=&)" [ -1 jl" .
BT 7 +D)-alr 7L ([0 (s 2o ) o)’ ]
Al Q"(&
X[|Q (x)| ,3(1+5:1+#+l//ﬂ)+ﬁ By using strongly s—convexity of |Q”|" and by simple
) computation, the proof is completed.
_ (x=¢) ! Corollary 5: Under the assumption of Theorem 3 with
(2+ p+yu)(3+ p+yu) s=1, we obtain
i [ -1 j (217)QE+(*12)Q(x) )
(v +1)B(w)r(v) (w+2) H(y+1)-1 (X=& ) Q(&)+(&-x)" Q&)
x|Q"(X»ﬂﬂ(l+&1+[l+¢W)+I£%:?%%L__ +1B(W)F(W) a
Hrve (x=4)7Q'(&)-(&£-%)"Q'(&)
(&-X) % (v+1)B(w)T(v)
_(2+y+v/ﬂ)(3+y+v/ﬂ)J _20-v)Qx)
B(v)
where y €[0,1], xe[&,&], #t+nt =1, n=zu>1, 3 (x=¢&)" n-1 o
I' is Gamma function and £ is Beta function. C(w+)B(W)I(v) n(w+2)—pu(y+1)-1
Proof: From Lemma 1 and applying Ho6lder inequality, y |Q"(X)|"ﬂ(2 1+,u+l//,u)+ |Q"(§1)|”
we have 2+ u+yu 54
(£17)Q(x)+(*12)Q(x)  p(x=ay J
(x=£)' Q(&)+(& %) Q(&) (2 peyu) (3+ e+ yu)
B(yw)T(v) (& —x)* po1 =
(x-8)T Q) (& -0 Q(%) +(V/+1)B(W)F(V/)[ (v+2)-u(y +1)-1 ]
(v +1)B(¥)r(v) &)
_2(1-v)Q(x) X[ G Sy
B(vw) )
( -& )Wz p(fz - X)Z "
<(z//+1)B I(l z') | (rx+(1- r)§1)| "G mrBeniyn) |

(52 — X)Wz ><J.1 !
(v +1)B(w)r(y)

< (X_é)wz
C(w+)B(w)T(v)

x{[ [a-oy s drj’l’

(La-e

Q"(ng ( ) )|dT § é
Corollary 6: In Theorem 3, by setting x = 22—22  we get

(2*13|W)Q(981‘|2‘§2j+(AB|§;)Q(é:l"'ézj

2
_ (52_51)1// n

(18)

Q"(1X+(1—T)§l)|ﬂ dz’)”}
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. (52 g )y/+1
2W+1(V/+1)B(V/)F(V/)(Q (51) Q (52))

2(1_W)Q §1+§2j

2
B(y) ‘

(&-&)" [ 4 j

S 27 (y+1)B(y)I(w) («//+2> u(y+1)-1
SE+EN
522

Q" (&) p(&,-&) ]
)

1+S+,u+l//y (2+y+(//y)(3+y+t//,u
+

ﬂ(1+ S,l+y+(//y)

B(1+81+ u+yu)

Gté
o5

@l pE-a) ]
| |

1+s+u+yu (2+y+t//,u)(3+,u+l//y

Theorem 4: Suppose that Q:[&,&,]—> R be a twice
differentiable mapping on (gl,gz) with & <¢&, and
L[&.&]. 1F]|Q"" is strongly s—convex on [&,¢&,], for
some se(0,1] with modulus p>0 then following
inequalities hold,

(1) QEx)+(*12)(x) (19)
_(x=4)"Q(&)+(&-x)" (&)
B(y)I'(vw)
_(X_§1)W+1Q’(§1)_(§2_X)WlQ'(gz)
(w+1)B(y)r ()
2(1-w)Q(x)
B(vw)
(x-&)™ [ 1 Ji

: (w+1)B(w)I(v)\y+2

wHs+2 yi+Ty+12

{|Q” ) B(1+s,2+y)+ |Q (&)l _px=4) J

G 2 ]i
(v +1)B(y)C(w)\y+2

1

|Q” 52 | _ (gz_x)z J”

wHs+2 yi+Ty+12

x[|Q"(x)|” B(l+s,2+y)+

where we[01] , xe[&,&], n=1, T is Gamma
function and g is Beta function.

Proof: From Lemma 1 and using the power mean
inequality, we obtain

(1)) (17 )
(x=&)" ()(5 ) Q(&)

(x=&)"Q ()(5 X) 1 Q(£)
(v +1)B(y)T(v)
_2(1-v)Q(x)
B(w)

W ff)éilu)/)m//) <1-0) @ (e r) g ) or

(gz_x)u/ﬂ ><J.1 y+l
(v +1)B(y)T(w) o
(X_‘fl)wz
(v +1)B(w)I(v)

{( [[a-o" df)i

x (I:(l— 2')("”1)

Q" (r§2 ( ) )|dr

Q" (rx+(1-2)&) dr)”}

{(; d) ([l (s +(1-1)x )|”df)'lf}.

Since |Q"|" is strongly s- convex, by a simple
computation, we have

(217)Q0)+(*1z)Q(
(x=6)"Q(&)+(& - ) Q<)
B(y)r(v)
(x=6)"Q'(&)-(&-X)"Q'(&)
(v +1)B(y)I(v)
_2(1=w)Q(x)

B(y)

L ( 51)(//+2
(v +1)B(y) (v)

[(J‘ (1_ )Wl)dz')r (J‘Ol(l_,[)(wl)

[N
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<[22 1Q"(x)" +(1-7) Q" " pr(l-7)(x=& Y Ti < (gz_gl)wz X 1 %
(7[00 (o) Q" (& - pra-e)(x-4) )d)] S e R e
L (&0 [(a+& Y
(v +1)B(w)C(w) X[{ ( > jﬂ(l+s,2+¢//)
X“K@Wmdﬂ”%ﬁ@wm ol pe-ay YV
yis+2 4(£+7£+12)

B(1+s,2+y)

(el (&) +2-e) Q"(x)|’7—pr(l—r)((fz—x)z)dr);} +[

This completes the proof.

o]

&) ple-ay )]’7 |

YHS+2 A(E+TE+12

Corollary 7: Under the assumption of Theorem 4 with
s=1, we obtain

(£17)Q(+(*12)Q(x) (20)
(x-£) Q(&)+(& %) Q(&) Theorem 5: Suppose that Q:[&,&,]— R be a twice
B : B(ll/,)r(;) : differentiable mapping on (&,&,) with & <&, and
(X—fl)WlQ'(fl)—(é—X)MQ'(CEZ) L[&.&]. 1f [Q"[" is strongly s—convex on [&,&,], for
B (v +1)B(w)T (v) some se(0,1] with modulus p>0 then following
2(1—V/)Q(X) inequalities hold,
) 1 (£17)R0)+(*12)Q(x) 22)
(1 oL (L) _(-8) Q)+ (50" Q(&)
('/’+ ()T () + 1 B(y)T ()
R p(x-&) | _(x-8)7Q(5)-(5-%""Q(%)
1//+2 w+3  yl+Ty+12 (v +1)B(w)C(v)
: _20-y)Q()
T f§5<x)> f >( =) o)
+ + "
L4 V)\¥v ) ) ( _gel),,, H 1 ]
{ Q"(x)f &) pe-%" (w+1)Bw)T(v) | a(ype+ pe+1)
" (w+2)(w+3) w+3  yi+Ty+12] 1 o x—&)
7(5—“( () +Q"(&) )‘%J
Corollary 8: In Theorem 4, if we choose x = & 252 , We (& —x)"”z ( 1 ]
have (w+1)B(y)T(w) [ Lu(yu+p+l)
1 1 (o 2 lor(e 7| 2& %)
(AQBIW)Q(é—;ng"_(ABIg)Q(5142_52j +;(Sj.(Q (X)| +|Q (‘:Kz)| )—TJ]
_%(Q(Q)JFQ(Q)) where y €[0,1], xe[&,&], 7 +n7 =1, n>1,T is
( ) " Gamma function and /S is Beta function.
&-4) VEN Ay (21)
“’*1(1//+1 () (v )(Q (4)-Q(%)) Proof: By using Lemma 1 and Young inequality, we

obtain

)B
19”Q(:+;)

B(w) ‘
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(F17)Q(x)+(*1z)(x)
_(x=4)"Q(&)+(&-x)" (&)
B(w)I'(v)
(x=&)""Q(&)-(& 1"
(v +1)B(¥)C(v)
201-v)Q(x)
B(v)
< (X—él)w+2 o 1
sk
(gz_x)wz LR i
DB b
. (X_{:l)wz
~(w+1)B(y)I(w)

><|:1(J‘01(1— r)(wl)ﬂ dz') + %(mQ”(rx +(1-7)& )|” dr)}

U

. (fZ—X)Wz
(v +1)B(w)r(v)

x{%(ﬁr(wl)”d 1) + %(E|Q"(r§2 +(1-7) X)|” d‘r)}.

Q'(&)

1- T)Wl |Q”(TX +(1-7)& )| dr

T)X)|dT

By using strongly s—convexity of [Q"[" and by simple
computation, the proof is completed.

Corollary 9: Under the assumption of Theorem 5 with
s=1, we obtain
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Corollary 10: In Theorem 5, by setting x = & 252 , We
get
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Theorem 6: Suppose that Q:[&,&,]— R be a twice
differentiable mapping on (&,&,) with & <&, and
L[&,&]- 1F|Q"" is strongly s—convex on [&,&,], for

some se(0,1] with modulus p>0 then following
inequalities hold,
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where v €[0,1], xe[&.5,] . U:Ll, u>1,T is
>

Gamma function and g is Beta function.

Proof: By using Lemma 1 and Holder-iscan inequality,

we obtain
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1 1
1 (wd)u+ u " n 7
+(J'0 W ldz')” (.[oT|Q (zfz +(1-7) X)| dr)”].
By using strongly s— convexity of |Q"|" and by
computing the above integrals, we have desired result.

Corollary 11: Under the assumption of Theorem 6 with
s =1, we obtain
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Corollary 12: : In Theorem 6, by setting x = —51 ;fz
get
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3. DISCUSSION AND CONCLUSION

In this study, new integral inequalities for strongly convex
functions have been obtained with the help of Atangana-
Baleanu fractional integral operators. Additionally, new
upper bounds have been obtained by applying different
types of auxiliary inequalities. It has also been observed
that some of these results are generalizations of
inequalities previously obtained in the literature.
Researchers interested in this subject can produce new
identities and obtain different types of strongly convex
function classes, as well as generalize the results with
strongly convex function classes by using inequalities in
the literature.
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