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Abstract
In this paper, the Ulam-Hyers-Rassias stability is discussed and the existence and uniqueness of solutions for a
class of implicit fractional ψ-Hilfer Langevin equation with impulse and time delay are investigated. A novel form
of generalized Gronwall inequality is introduced. Picard operator theory is employed in authour’s analysis. An
example will be given to support the validity of our findings.
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1. Introduction
The concept of derivatives of arbitrary order, which is essential to fractional calculus and provides a useful tool for

characterizing the inherent properties of numerous materials and processes, has maintained its appeal to a large number of
scientists in recent years. In [1], Capelas de Oliveira and Sousa presented a generalization concerning these derivatives, in
which they combined many formulations, including the traditional Caputo and Riemann-Liouville operators, and proposed a
new fractional differential operator, known as the fractional ψ-Hilfer operator.

Parallel to fractional derivation, another theory is growing: fractional differential equations. This theory has numerous
applications, especially in the domains of signal processing, biology, physics, engineering, and finance. (Refer to [2, 3]).

One of the best examples of these fractional differential equations is the Langevin equation, which was initially proposed by
Paul Langevin in 1908. Its goal is to give descriptions of specific phenomena that physicians, engineers, economists, and other
experts may use. The Langevin equation first described the random movement of particles suspended in a liquid, which is
commonly referred to as Brownian motion. In addition to being widely applied in all fields, Brownian motion and stochastic
differential equations are also commonly used tools in all scientific fields. (see [4]-[13]).

Furthermore, the best modeling method was found to be fractional differential equations with impulse plus delay included.
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Since fractional differential equations with impulse are used to simulate evolutionary situations involving fast changes at a
finite or infinite number of instants, they represent a fascinating area of study. Similar to this, fractional differential equations
with time delay represent real dynamics. They are used in a wide range of fields, including physics, chemistry, biology, road
traffic, and medicine. Their goal is to simulate by taking into account the past. Giving someone a drug, for instance, doesn’t
result in an instant reaction; instead, you must wait a few minutes to see whether the substance has actually had an impact.
(Refer to [14, 15]).

The majority of the time, it can be difficult to solve fractional differential equations exactly, and even when it can be done,
it can be time-consuming and difficult to compute. Asking whether they are getting close to the exact solutions or if the error
we made was not that big makes it simpler to give an appropriate explanation of the approximate solutions.

The concepts of Ulam-Hyers stability, Lyapunov stability, exponential stability, and finite-time stability are employed to
evaluate the behavior of solutions to differential equations or dynamical systems under perturbations. Every kind of stability has
uses and benefits of its own. Even though Lyapunov, exponential, and finite-time stabilities are important in their own contexts,
Ulam-Hyers stability provides a special benefit by emphasizing the robustness of approximations. This makes it particularly
desirable for real-world applications where we need to be sure that small deviations won’t result in large inaccuracies because
exact conditions are rarely realized. It is a useful tool in the stability analysis toolkit due to its adaptability and wide range of
applications. (see [16]-[18]).

Abdo et al. [19] have studied the Ulam-Hyers-Mittag-Leffler stability, uniqueness, and existence of a fractional delay
differential equation 

HD
p1,p2;ψ
0+,ι w(ι) = f (ι ,wι) , 0≤ ι ≤ b,

I
1−γ;ψ
0+,ι w

(
0+
)
= w0 ∈ R,

w(ι) = ϕ(ι), −∞ < ι ≤ 0.

Recently, Lima KB et al. [20] investigated the Ulam-Hyers stability, uniqueness, and existence of the following fractional
delay impulsive differential equation:

HD
p1,p2;ψ
0+,ι w(ι) = f (ι ,wι) , ι ∈ (0,b]\{ι1, ι2, . . . , ιm} ,

∆w(ιi) = Ii
(
w
(
ι
−
i
))

= w
(
ι
+
i
)
−w

(
ι
−
i
)
, i = 1,2, . . . ,m,

I
1−γ

0+,ι w(0) = w0,

w(ι) = ϕ(ι), ι ∈ [−r,0].

Motivated by the latter work, we present in this work a fairly exhaustive study of a novel class of implicit ψ-Hilfer fractional
Langevin equation with delays and impulses given by the form:



HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = f

(
ι ,w(ι),w(σ(ι)) ,HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

)
, ι ∈ (0,b]\{ι1, ι2, . . . , ιm} ,

∆w(ιi) = Ii
(
w
(
ι
−
i
))

= w
(
ι
+
i
)
−w

(
ι
−
i
)
, i = 1,2, . . . ,m,

I
1−γ;ψ
0+,ι w(0) = w0, γ = q+(p1 + p2)(1−q) ,

w(ι) = ϕ(ι), ι ∈ [−r,0], 0≤ r < ∞.

(1.1)

Where I
1−γ;ψ
0+,ι and D

ϑ ;ψ
0+,ι represent ψ-fractional integrals in order 1− γ and ψ-Hilfer fractional derivative in order

ϑ ∈ {p1, p2} and type q respectively. 0 < ϑ < 1, 0 ≤ q ≤ 1. Also, f : [0,b]×Ω→ R a given function, Ii : R→ R
and ϕ : [−r,0]→ R continuous functions, w

(
ι
+
i

)
= limτ→0+ w(ιi + τ) ,w

(
ι
−
i

)
= limτ→0− w(ιi− τ) , ιi satisfies 0 = ι0 < ι1 <

ι2 < · · ·< ιm < ιm+1 = b < ∞ and σ : [0,b]→ [−r,b] is a delay function that is continuous and ensures σ(ι)≤ ι , ι ∈ [0,b].

Let J = [0,b], and let C (J,R) and Cn (J,R) be the Banach spaces of continuous functions, n-times continuously differentiable
functions on J, respectively. Moreover, for any f ∈ C (J,R), we have ‖ f‖C = sup{| f (ι)| : ι ∈ J}. On the other hand, we
consider the weighted space in [20], defined by

C1−γ;ψ(J,R) =
{

w : J→ R : (ψ(ι)−ψ(0))1−γ w(ι) ∈C(J,R)
}
, 0 < γ ≤ 1.

Define the Banach space

PC1−γ;ψ(J,R) =
{

w : J→ R; w ∈C1−γ;ψ ([ιi, ιi+1] ,R) , i = 0, . . . ,m,
and there exist w

(
ι
+
i

)
,w
(
ι
−
i

)
,withw(ιi) = w

(
ι
−
i

)
, i = 1,2, . . . ,m

}
, 0 < γ ≤ 1,
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using the norm
‖w‖PC1−γ;ψ = sup

ι∈J

∣∣(ψ(ι)−ψ(0))1−γ w(ι)
∣∣ .

We then specify the space.

Ωγ;ψ =
{

w : [−r,b]→ R : w ∈C([−r,0],R)∩PC1−γ;ψ(J,R)
}
,

using the norm ‖w‖Ωγ;ψ = max
{
‖w‖C,‖w‖PC1−γ;ψ

}
. One can verify that

(
Ωγ;ψ ,‖ · ‖Ωγ;ψ

)
is a Banach space ( see [19, 20]).

2. Preliminaries
Definition 2.1. ([1]) For p > 0, and ψ ∈C1(J,R), the fractional ψ-Riemann-Liouville operator with order p for an integrable
function w can be written as

I
p;ψ
0+,ι w(ι) =

1
Γ(p)

∫
ι

0
ψ
′(s)(ψ(ι)−ψ(s))p−1w(s)ds, (2.1)

in which ψ ′(ι)> 0, ∀ι ∈ J.

Definition 2.2. ([1]) For 0 < p < 1, w ∈ C(J,R), ψ ∈ C1(J,R) with ψ ′(ι) > 0, ∀ι ∈ J, the fractional ψ-Hilfer derivative
operator with order p and type 0≤ q≤ 1 of w is represented as

HD
p,q;ψ
0+,ι w(ι) = I

q(1−p);ψ
0+,ι

(
1

ψ ′(ι)

d
dι

)
I
(1−q)(1−p);ψ
0+,ι w(ι). (2.2)

Lemma 2.3. ([1]) Let 0 < p < 1, 0≤ q≤ 1, w ∈C1(J,R), then

I
p;ψ
0+,ι

HD
p,q;ψ
0+,ι w(ι) = w(ι)− (ψ(ι)−ψ(0))ρ−1

Γ(ρ)
I

1−ρ;ψ
0+,ι w(0), (2.3)

where ρ = p+q(1− p).

Lemma 2.4. ([1, 21]) Let p,q > 0,δ > p and w ∈C(J,R). Following that ∀ι ∈ J there are
(1) Ip;ψ

0+,ιI
q;ψ
0+,ι w(ι) = I

p+q;ψ
0+,ι w(ι),

(2) HD
p,q;ψ
0+,ι I

p;ψ
0+,ι w(ι) = w(ι),

(3) Ip;ψ
0+,ι(ψ(ι)−ψ(0))q−1 = Γ(p)

Γ(p+q) (ψ(ι)−ψ(0))p+q−1,

(4) Iq;ψ
0+,ι(1) =

(ψ(ι)−ψ(0))q

Γ(q+1) ,

(5) HD
p,q;ψ
0+,ι (ψ(ι)−ψ(0))δ−1 = Γ(δ )

Γ(δ−p) (ψ(ι)−ψ(0))δ−p−1,

(6) HD
p,q;ψ
0+,ι (ψ(ι)−ψ(0))δ−1 = 0, 0 < δ < 1.

Lemma 2.5. ([1]) Let 0≤ γ < 1 and f ∈C1−γ;ψ [0,b]. Then

I
p;ψ
0+,ι f (0) = lim

ι→0+
I

p;ψ
0+,ι f (ι) = 0, 0≤ 1− γ < p.

To show the Ulam-Hyers-Rassias stability for problem (1.1), we generalise the definitions for ψ-Hilfer given by Rizwan et
al in [22].

Take ε > 0,θ > 0 , φ ∈Ωγ;ψ , and considering{ ∣∣∣HDp1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)− f

(
ι ,w(ι),w(σ(ι)) ,HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

)∣∣∣≤ εφ(ι), ι ∈ J,

|∆w(ιk)− Ik
(
w
(
ι
−
k

))
| ≤ εθ , k = 1, . . . ,m.

(2.4)

Definition 2.6. ([20]) Problem (1.1) is Ulam-Hyers-Rassias stable in terms of (φ(ι),θ), when a real number cF,m,φ > 0 exists
in which, for all ε > 0 and all v ∈Ωγ;ψ solution of (2.4), there is a solution w ∈Ωγ;ψ to the problem (1.1) with{

|v(ι)−w(ι)|= 0, ι ∈ [−r,0],∣∣(ψ(ι)−ψ(0))1−γ(v(ι)−w(ι))
∣∣≤ cF,m,φ ε(φ(ι)+θ), ι ∈ J.
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Remark 2.7. ([20]) A continious function v ∈Ωγ;ψ is a solution of (2.4) only if g ∈Ωγ;ψ a function and gk , k = 1,2, . . . ,m a
sequence ( both depends on v ) exist in which
(1) |g(ι)| ≤ εφ(ι), ι ∈ J, |gk| ≤ εθ , k = 1,2, . . . ,m,

(2) HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = f

(
ι ,w(ι),w(σ(ι)) ,HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

)
+g(ι), ι ∈ J,

(3) ∆w(ιk) = Ik
(
w
(
ι
−
k

))
+gk, k = 1,2, . . . ,m.

Definition 2.8. ([23]) Consider the metric space (E ,d). If there is a w∗ ∈ E in which
1. FT = {w∗}, in which FT = {w ∈ E : T (w) = w}.
2. {T n (w0)}n∈N converges to w∗ for each w0 ∈ E .
Then the operator T : E → E is a Picard operator.

Lemma 2.9. ([24]) Take T : E → E an increasing Picard operator with FT =
{

w∗T
}

, and take (E ,d,≤) an ordered metric
space. Then, for each w ∈ E ,w≤T (w) shows w≤ w∗T .

Lemma 2.10. ([25]) Take w,v be two functions on J that are integrable. Consider ψ ∈C1(J,R) is an increasing function in
which ψ ′(ι) 6= 0,∀ι ∈ J. Suppose that
(i) Both w and v are positive.
(ii) For any J, (gi)i=1,..n are bounded and monotonic increasing functions.
(iii) pi > 0(i = 1,2, . . . ,n). If

w(ι)≤ v(ι)+
n

∑
i=1

gi(ι)
∫

ι

a
ψ
′(s)(ψ(ι)−ψ(s))pi−1w(s)ds,

then

w(ι)≤ v(ι)+
∞

∑
k=1

(
n

∑
1′,2′,3′,...k′=1

∏
k
i=1 (gi′(ι)Γ(pi′))

Γ
(
∑

k
i=1 pi′

) ∫
ι

a

[
ψ
′(s)(ψ(ι)−ψ(s))∑

k
i=1 pi′−1

]
v(s)ds

)
.

Assume further that v(ι) is a nondecreasing function on J. Next, the inequality given by [25, Corollary 2.1], for n = 2, gives
us

w(ι)≤ v(ι)
[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
,

where ψ
p
g (ι ,0) := g(ι)Γ(p)(ψ(ι)−ψ(0))p, and Ep is the Mittag-Leffler function defined in [2] by

Ep(z) =
∞

∑
n=0

zn

Γ(np+1)
,z ∈ C,Re(p)> 0.

Lemma 2.11. For n = 2. Let w ∈Ωγ;ψ satisfying the following inequality

w(ι)≤ v(ι)+
2

∑
l=1

gl(ι)
∫

ι

0
ψ
′(τ)(ψ(ι)−ψ(τ))pl−1w(s)ds+ ∑

0<ιk<ι

βkw(ιk) , ι ≥ 0, (2.5)

where βk > 0,k = 1, . . . ,m is a nonnegative constant and v ∈Ωγ;ψ is nonnegative too. Following that

w(ι)≤ v(ι)
(
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)])k [Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
, ι ∈ (ιk, ιk+1] , (2.6)

where β = max{βk : k = 1,2, . . . ,m}.

Proof. For n = 2, and by lemma 2.10, we derive

w(ι)≤ v(ι)
[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
, ι ∈ [0, ι1], (2.7)

w(ι)≤

[
v(ι)+

k

∑
j=0

β jw(ι j)

][
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
, ι ∈ [ιk, ιk+1]. (2.8)
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By induction, for k = 0, inequality (2.6) holds by (2.7). Suppose that for k = j < m, (2.6) holds. After that, using (2.8) and
the nondecreasing nature of v and Ep, we obtain for ι ∈

(
ι j+1, ι j+2

]
,

w(ι)≤

[
v(ι)+

j+1

∑
i=0

βiw(ιi)

][
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
≤

[
v(ι)+

j+1

∑
i=1

βiv(ιi)
(
1+β

[
Ep1

(
ψ

p1
g (ιi,0)

)
+Ep2

(
ψ

p2
g (ιi,0)

)])i−1 [Ep1

(
ψ

p1
g (ιi,0)

)
+Ep2

(
ψ

p2
g (ιi,0)

)]]
×
[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
≤

[
v(ι)+β

j+1

∑
i=1

v(ι)
(
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)])i−1 [Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]]
×
[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
,

then

w(ι)≤

[
v(ι)+βv(ι)

1−
(
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]) j+1

1−
(
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]) [
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]]
×
[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
=
[
v(ι)+ v(ι)

((
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]) j+1−1
)][

Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
≤
[
v(ι)+ v(ι)

(
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]) j+1− v(ι)
][

Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
= v(ι)

(
1+β

[
Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]) j+1 [Ep1

(
ψ

p1
g (ι ,0)

)
+Ep2

(
ψ

p2
g (ι ,0)

)]
.

This finishes the proof.

3. Formula of Solutions
Lemma 3.1. Let 0 < p1, p2 < 1, 0≤ q≤ 1, and h : J→ R be continuous. A function w ∈Ωγ;ψ given by

w(ι) =

[
w0−I

p1+p2;ψ
0+,ι ha +λI

p2;ψ
0+,ι w(a)

(ψ(a)−ψ(0))γ−1

]
(ψ(ι)−ψ(0))γ−1 +I

p1+p2;ψ
0+,ι h(ι)−λI

p2;ψ
0+,ι w(ι) (3.1)

is the unique solution for the problem that follows

{
HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = h(ι) , ι ∈ J,

w(a) = w0, a > 0,
(3.2)

in which I
p1+p2;ψ
0+,ι ha = I

p1+p2;ψ
0+,ι h(ι)

∣∣∣
ι=a

.

Proof. Taking the fractional ψ-integral operator of order p1 + p2 on each side of (3.2). Then utilizing Lemma 2.3, we arrive at

w(ι)− e1(ψ(ι)−ψ(0))γ−1 +λI
p2;ψ
0+,ι

(
w(ι)− (ψ(ι)−ψ(0))γ1−1

Γ(γ1)
I

1−γ1;ψ
0+,ι w(0)

)
= I

p1+p2;ψ
0+,ι h(ι) , (3.3)

where γ1 = q+ p1 (1−q), and e1 is an arbitrary constant.
Since 1− γ < 1− γ1, lemma 2.5 implies that I1−γ1;ψ

0+,ι w(0) = 0.
Hence (3.3) reduces to

w(ι) = e1(ψ(ι)−ψ(0))γ−1 +I
p1+p2;ψ
0+,ι h(ι)−λI

p2;ψ
0+,ι w(ι). (3.4)
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In (3.4), the boundary condition w(a) = w0 leads to e1 =
w0−I

p1+p2;ψ
0+,ι

ha+λI
p2;ψ
0+,ι

w(a)

(ψ(a)−ψ(0))γ−1 . We substitute e1 in (3.4), we obtain
(3.1).

On the other hand, suppose w can be the unique solution satisfying (3.1), taking the fractional ψ-Hilfer derivative HD
p2,q;ψ
0+,ι

on either side of (3.1), and using lemma 2.4, we can obtain

HD
p2,q;ψ
0+,ι w(ι) = I

p1;ψ
0+,ι h(ι)−λw(ι),

then taking fractional HD
p1,q;ψ
0+,ι again, it follows

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = h(ι) .

Hence, the proof is complete.

We obtain the following result from 3.1, which is useful in what follows.

Lemma 3.2. A function w ∈Ωγ;ψ has a solution of (1.1) if and only if w ∈Ωγ;ψ is a solution of the given fractional integral
equation

w(ι) =

 ϕ(ι), ι ∈ [−r,0],[
w0

Γ(γ) +∑
m
i=1

Ii(w(ι
−
i ))

ℜ
γ
ψ (ιi,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι), ι ∈ J,

(3.5)

in which Fw (ι) = f (ι ,w(ι),w(σ(ι)) ,Fw (ι)), and ℜ
γ

ψ(ι ,0) = (ψ(ι)−ψ(0))γ−1.

Proof. Assume that w satisfies (1.1), then w satisfies

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = f

(
ι ,w(ι),w(σ(ι)) ,HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

)
.

Take HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = Fw (ι). It follows that Fw (ι) = f (ι ,w(ι),w(σ(ι)) ,Fw (ι)). Then, we have

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = Fw (ι) .

If ι ∈ [−r,0], clearly that w(ι) = ϕ(ι). For ι ∈ [0, ι1],
HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = Fw (ι) can be writen as

HD
p1+p2,q;ψ
0+,ι w(ι)+λ

HD
p2,q;ψ
0+,ι w(ι) = Fw (ι) . (3.6)

Taking the fractional ψ-integral operator of order p1 + p2 on each side of (3.6). Then utilizing Lemma 2.3, we arrive at

w(ι)− (ψ(ι)−ψ(0))γ−1

Γ(γ)
I

1−γ;ψ
0+,ι w(0)+λI

p2;ψ
0+,ι

(
I

p1;ψ
0+,ι

HD
p1,q;ψ
0+,ι w(ι)

)
= I

p1+p2;ψ
0+,ι Fw (ι) . (3.7)

Utilizing again Lemma 2.3, we can get

w(ι)− (ψ(ι)−ψ(0))γ−1

Γ(γ)
I

1−γ;ψ
0+,ι w(0)+λI

p2;ψ
0+,ι

(
w(ι)− (ψ(ι)−ψ(0))γ1−1

Γ(γ1)
I

1−γ1;ψ
0+,ι w(0)

)
= I

p1+p2;ψ
0+,ι Fw (ι) , (3.8)

where γ1 = q+ p1 (1−q) .
Since 1− γ < 1− γ1, lemma 2.5 implies that I1−γ1;ψ

0+,ι w(0) = 0.

Hence by I
1−γ;ψ
0+,ι w(0) = w0 and ℜ

γ

ψ(ι ,0) = (ψ(ι)−ψ(0))γ−1, equation (3.8) reduces to

w(ι) =
w0

Γ(γ)
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι). (3.9)

If ι ∈ [ι1, ι2] then HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = Fw (ι) with w

(
ι
+
1

)
= w

(
ι
−
1

)
+ I1

(
w
(
ι
−
1

))
By lemma 3.1, one obtain
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w(ι) =

[
w
(
ι
+
1

)
−I

p1+p2;ψ
0+,ι F ι1

w +λI
p2;ψ
0+,ι w(ι1)

ℜ
γ

ψ(ι1,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι)

=

[
w
(
ι
−
1

)
+ I1

(
w
(
ι
−
1

))
−I

p1+p2;ψ
0+,ι F ι1

w +λI
p2;ψ
0+,ι w(ι1)

ℜ
γ

ψ(ι1,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι)

=

[ w0
Γ(γ)ℜ

γ

ψ(ι1,0)+I
p1+p2;ψ
0+,ι F ι1

w −λI
p2;ψ
0+,ι w(ι1)+ I1

(
w
(
ι
−
1

))
−I

p1+p2;ψ
0+,ι F ι1

w +λI
p2;ψ
0+,ι w(ι1)

ℜ
γ

ψ(ι1,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)

−λI
p2;ψ
0+,ι w(ι)

=

[ w0
Γ(γ)ℜ

γ

ψ(ι1,0)+ I1
(
w
(
ι
−
1

))
ℜ

γ

ψ(ι1,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι)

=

[
w0

Γ(γ)
+

I1
(
w
(
ι
−
1

))
ℜ

γ

ψ(ι1,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι).

If ι ∈ [ι2, ι3] then again by lemma 3.1

w(ι) =

[
w
(
ι
+
2

)
−I

p1+p2;ψ
0+,ι F ι2

w +λI
p2;ψ
0+,ι w(ι2)

ℜ
γ

ψ(ι2,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι)

=

[
w
(
ι
−
2

)
+ I2

(
w
(
ι
−
2

))
−I

p1+p2;ψ
0+,ι F ι2

w +λI
p2;ψ
0+,ι w(ι2)

ℜ
γ

ψ(ι2,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι)

=


[

w0
Γ(γ) +

I1(w(ι
−
1 ))

ℜ
γ
ψ (ι1,0)

]
ℜ

γ

ψ(ι2,0)+I
p1+p2;ψ
0+,ι F ι2

w −λI
p2;ψ
0+,ι w(ι2)+ I2

(
w
(
ι
−
2

))
−I

p1+p2;ψ
0+,ι F ι2

w +λI
p2;ψ
0+,ι w(ι2)

ℜ
γ

ψ(ι2,0)

ℜ
γ

ψ(ι ,0)

+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι)

=

[
w0

Γ(γ)
+

I1
(
w
(
ι
−
1

))
ℜ

γ

ψ(ι1,0)
+

I2
(
w
(
ι
−
2

))
ℜ

γ

ψ(ι2,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι).

Repeating the same fashion in this way for ι ∈ [ιk, ιk+1] , we get

w(ι) =
[

w0
Γ(γ) +∑

k
i=1

Ii(w(ι
−
i ))

ℜ
γ
ψ (ιi,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι), k = 1,2, . . . ,m.

In contrast, Suppose w can be the unique solution satisfying (3.5). If ι ∈ [−r,0], clearly that w(ι) = ϕ(ι). If ι ∈ [0, ι1],
taking the fractional ψ-Hilfer derivative HD

p2,q;ψ
0+,ι on either side of

w(ι) =
w0

Γ(γ)
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι), (3.10)

using lemma 2.4, we can obtain
HD

p2,q;ψ
0+,ι w(ι) = I

p1;ψ
0+,ι Fw (ι)−λw(ι).

Then taking fractional HD
p1,q;ψ
0+,ι again, it follows

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = Fw (ι) .

Now we show that the initial condition I
1−γ;ψ
0+,ι w(0) = w0 also holds. We apply I

1−γ;ψ
0+,ι on both sides of (3.10), then lemma 2.4

implies that
I

1−γ;ψ
0+,ι w(ι) = w0 +I

1−γ+p1+p2;ψ
0+,ι Fw (ι)−λI

1−γ+p2;ψ
0+,ι w(ι).
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Since 1− γ < 1− γ + p1 + p2 and 1− γ < 1− γ + p2, lemma 2.5 implies that

I
1−γ;ψ
0+,ι w(0) = w0.

If ι ∈ [ιk, ιk+1], k = 1,2, . . . ,m. Using again lemma 2.4, we obtain

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = Fw (ι) and w

(
ι
+
k

)
−w

(
ι
−
k

)
= Ik

(
w
(
ι
−
k

))
.

Hence, the proof is complete.

4. Existence, Uniqueness and Stability
We present the following hypothesis in order to show the existence, uniqueness, and stability of the solution.

H1: f : J×R3→ R is continuous and L > 0, 0 < L f < 1 are constants satisfy :

| f (ι ,w1,w2,w3)− f (ι ,v1,v2,v3)| ≤L (ψ(ι)−ψ(0))1−γ {|w1− v1|+ |w2− v2|}+L f |w3− v3|,

ι ∈ J and w1,v1,w2,v2,w3,v3 ∈ R.
H2: Ii : R→ R,(i = 1, . . . ,m) satisfy :∣∣Ii

(
w
(
ι
−
i
))
− Ii

(
v
(
ι
−
i
))∣∣≤LIi

∣∣w(ι−i )− v
(
ι
−
i
)∣∣ ,

where w,v ∈Ωγ;ψ and LIi > 0.

H3: The inequality

K := mLI +
2L (ψ(b)−ψ(0))1−γ+p1+p2(

1−L f
)

Γ(p1 + p2 +1)
+
|λ |Γ(γ)(ψ(b)−ψ(0))p2

Γ(p2 + γ)
< 1,

where LI = max{LIi : i = 1,2, . . . ,m} .

H4: A non-decreasing function φ , bounded in J, and a constant λφ > 0 exist in which, for each ι ∈ J,

I
p1+p2;ψ
0+,ι φ(ι)≤ λφ φ(ι).

Theorem 4.1. Suppose that H1–H4 are true. Then
(i). There is a unique solution to problem (1.1) in the space Ωγ;ψ .

(ii). Problem (1.1) is Ulam-Hyers-Rassias stable.

Proof. Part 1: In this part we will prove the existence as well as the uniqueness of solutions to problem (1.1).
Considering Lemma 3.2, we set the operator A : Ωγ;ψ −→Ωγ;ψ

(A w)(ι) ==

 ϕ(ι), ι ∈ [−r,0],[
w0

Γ(γ) +∑
m
i=1

Ii(w(ι
−
i ))

ℜ
γ
ψ (ιi,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι), ι ∈ J,

(4.1)

where Fw (ι) = f (ι ,w(ι),w(σ(ι)) ,Fw (ι)).
As we can see, the solution to problem (1.1) will be the fixed point of A .

We demonstrate that on Ωγ;ψ , A is a contraction map. Let, w,v ∈Ωγ;ψ . Then for ι ∈ [−r,0], we have:

‖A w−A v‖C = 0. (4.2)

Further, for any ι ∈ J, we have

|(A w)(ι)− (A v)(ι)| ≤ℜ
γ

ψ(ι ,0)

[
m

∑
i=1

∣∣Ii
(
w
(
ι
−
i

))
− Ii

(
v
(
ι
−
i

))∣∣
ℜ

γ

ψ(ιi,0)

]
+

1
Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s) |Fw (s)−Fv (s)|ds

+
|λ |

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s) |w(s)− v(s)|ds,
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where N p
ψ (ι ,s) = ψ ′(s)(ψ(ι)−ψ(s))p, p = p2, p1 + p2.

Using (H1), (H2), and

|Fw(ι)−Fv(ι)| ≤L (ψ(ι)−ψ(0))1−γ{|w(ι)− v(ι)|+ |w(σ(ι))− v(σ(ι))|}+L f |Fw(ι)−Fv(ι)| .

It follows that

|Fw(ι)−Fv(ι)| ≤
L (ψ(ι)−ψ(0))1−γ

1−L f
{|w(ι)− v(ι)|+ |w(σ(ι))− v(σ(ι))|}.

Therefore, we have

|(A w)(ι)− (A v)(ι)|

≤ℜ
γ

ψ(ι ,0)

[
m

∑
i=1

LIi(ψ(ιi)−ψ(0))1−γ
∣∣w(ι−i )− v

(
ι
−
i
)∣∣]

+
L(

1−L f
)

Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)(ψ(s)−ψ(0))1−γ ×{|w(s)− v(s)|+ |w(σ(s))− v(σ(s))|}ds

+
|λ |

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s) |w(s)− v(s)|ds.

Then

|(ψ(ι)−ψ(0))1−γ ((A w)(ι)− (A v)(ι)) | ≤
m

∑
i=1

LIi(ψ(ιi)−ψ(0))1−γ
∣∣w(ι−i )− v

(
ι
−
i
)∣∣

+
L (ψ(ι)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)(ψ(s)−ψ(0))1−γ

×{|w(s)− v(s)|+ |w(σ(s))− v(σ(s))|}ds

+
|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1

× (ψ(s)−ψ(0))1−γ |w(s)− v(s)|ds.

Then
|(ψ(ι)−ψ(0))1−γ ((A w)(ι)− (A v)(ι)) |
≤ mLI‖w− v‖PC1−γ;ψ

+
2L (ψ(ι)−ψ(0))1−γ(

1−L f
)

Γ(p1 + p2)
‖w− v‖PC1−γ;ψ

∫
ι

0
N p1+p2

ψ (ι ,s)ds

+
|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2)
‖w− v‖PC1−γ;ψ

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1ds

≤ mLI‖w− v‖PC1−γ;ψ +
2L (ψ(ι)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2 +1)

‖w− v‖PC1−γ;ψ × (ψ(ι)−ψ(0))p1+p2

+
Γ(γ)|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2 + γ)
‖w− v‖PC1−γ;ψ × (ψ(ι)−ψ(0))p2+γ−1

≤

[
mLI +

2L (ψ(b)−ψ(0))1−γ+p1+p2(
1−L f

)
Γ(p1 + p2 +1)

+
Γ(γ)|λ |(ψ(b)−ψ(0))p2

Γ(p2 + γ)

]
‖w− v‖PC1−γ;ψ .

Therefore,

‖A w−A v‖PC1−γ;ψ = sup
ι∈J

∣∣(ψ(ι)−ψ(0))1−γ((A w)(ι)− (A v)(ι))
∣∣≤K ‖w− v‖PC1−γ;ψ . (4.3)

From (4.2) and (4.3), we have

‖A w−A v‖Ωγ;ψ = max
{
‖A w−A v‖C,‖A w−A v‖PC1−γ;ψ

}
≤K max

{
0,‖w− v‖PC1−γ;ψ

}
≤K ‖w− v‖Ωγ;ψ .
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As K < 1, Banach’s fixed-point theorem shows that the operator A has a fixed point, which is the unique solution to problem
(1.1).

Part 2: Now, let us discuss the Ulam-Hyers-Rassias stability.
Take v ∈Ωγ;ψ as the solution to (2.4) and w ∈Ωγ;ψ as the unique solution to the problem:

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) = f

(
ι ,w(ι),w(σ(ι)) ,HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

)
, ι ∈ (0,b]\{ι1, ι2, . . . , ιm} ,

∆w(ιi) = w
(
ι
+
i
)
−w

(
ι
−
i
)
= Ii

(
w
(
ι
−
i
))

, i = 1,2, . . . ,m,

I
1−γ;ψ
0+,ι w(0) = w0, γ = q+(p1 + p2)(1−q) ,

w(ι) = ϕ(ι), ι ∈ [−r,0].

(4.4)

According to Lemma 3.2, we have

w(ι) =

 ϕ(ι), ι ∈ [−r,0],[
w0

Γ(γ) +∑
m
i=1

Ii(w(ι
−
i ))

ℜ
γ
ψ (ιi,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fw (ι)−λI

p2;ψ
0+,ι w(ι), ι ∈ J.

(4.5)

By assuming that v is a solution of (2.4). Hence, based on Remark 2.7, the solution of

HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
v(ι) = f

(
ι ,v(ι),v(σ(ι)) ,HD

p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

)
+g(ι), ι ∈ (0,b]\{ι1, ι2, . . . , ιm} ,

∆v(ιi) = Ii
(
v
(
ι
−
i
))

+gi, i = 1,2, . . . ,m,

I
1−γ;ψ
0+,ι v(0) = w0, γ = q+(p1 + p2)(1−q) ,

v(ι) = ϕ(ι), ι ∈ [−r,0].

It can be formulated as follows:

v(ι) =

 ϕ(ι), ι ∈ [−r,0],[
w0

Γ(γ) +∑
m
i=1

Ii(v(ι
−
i ))+gi

ℜ
γ
ψ (ιi,0)

]
ℜ

γ

ψ(ι ,0)+I
p1+p2;ψ
0+,ι Fv (ι)−λI

p2;ψ
0+,ι v(ι)+I

p1+p2;ψ
0+,ι g(ι), ι ∈ J,

(4.6)

where, Fv (ι) = f (ι ,v(ι),v(σ(ι)) ,Fv (ι)).

Now let, w,v ∈Ωγ;ψ . Then for ι ∈ [−r,0], we have:

‖w− v‖C = 0. (4.7)

Further, for any ι ∈ J, we have

|w(ι)− v(ι)| ≤ℜ
γ

ψ(ι ,0)

[
m

∑
i=1

∣∣Ii
(
w
(
ι
−
i

))
− Ii

(
v
(
ι
−
i

))∣∣
ℜ

γ

ψ(ιi,0)

]
+ℜ

γ

ψ(ι ,0)
m

∑
i=1

|gi|
ℜ

γ

ψ(ιi,0)
+I

p1+p2;ψ
0+,ι |g(ι)|

+
1

Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s) |Fw (s)−Fv (s)|ds+
|λ |

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s) |w(s)− v(s)|ds.

Using (H1), (H2), and remark 2.7, we’ve obtained

|(ψ(ι)−ψ(0))1−γ(w(ι)− v(ι))| ≤
m

∑
i=1

LIi(ψ(ιi)−ψ(0))1−γ
∣∣w(ι−i )− v

(
ι
−
i
)∣∣+ m

∑
i=1

εθ(ψ(ιi)−ψ(0))1−γ

+
L (ψ(ι)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)(ψ(s)−ψ(0))1−γ

×{|w(s)− v(s)|+ |w(σ(s))− v(σ(s))|}ds

+
|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1

× (ψ(s)−ψ(0))1−γ |w(s)− v(s)|ds+(ψ(ι)−ψ(0))1−γ
ελφ φ(ι).
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Then, if M = max
{

m(ψ(b)−ψ(0))1−γ ,λφ (ψ(b)−ψ(0))1−γ
}

, we get

|(ψ(ι)−ψ(0))1−γ(w(ι)− v(ι))| ≤Mε (θ +φ(ι))+
m

∑
i=1

LIi(ψ(ιi)−ψ(0))1−γ
∣∣w(ι−i )− v

(
ι
−
i
)∣∣

+
L (ψ(b)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)(ψ(s)−ψ(0))1−γ

×{|w(s)− v(s)|+ |w(σ(s))− v(σ(s))|}ds

+
|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1

× (ψ(s)−ψ(0))1−γ |w(s)− v(s)|ds.

(4.8)

And now for every z ∈C ([−r,b],R+), we define T : C ([−r,b],R+)→C ([−r,b],R+) as

(T z)(ι) =


0, ι ∈ [−r,0],
Mε (θ +φ(ι))+∑

m
i=1 LIi (z(ιi))

+L (ψ(b)−ψ(0))1−γ

(1−L f )Γ(p1+p2)

∫
ι

0 N p1+p2
ψ (ι ,s)(z(s)+ z(σ(s))ds

+ |λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

∫
ι

0 N p2
ψ (ι ,s)(ψ(s)−ψ(0))γ−1z(s)ds, ι ∈ J.

(4.9)

We show that T is a Picard operator. Let z,w ∈C ([−r,b],R+). Then,

‖T z−T w‖C = 0. (4.10)

Further, for any ι ∈ J, we have

|(T z)(ι)− (T w)(ι)| ≤
m

∑
i=1

LIi

∣∣z(ι−i )−w
(
ι
−
i
)∣∣

+
L (ψ(ι)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)×{|z(s)−w(s)|+ |z(σ(s))−w(σ(s))|}ds

+
|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1×|z(s)−w(s)|ds.

Then
|(T z)(ι)− (T w)(ι)| ≤mLI‖z−w‖c

+
2L (ψ(ι)−ψ(0))1−γ(

1−L f
)

Γ(p1 + p2)
‖z−w‖c

∫
ι

0
N p1+p2

ψ (ι ,s)ds

+
|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2)
‖z−w‖c

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1ds

≤mLI‖z−w‖c +
2L (ψ(ι)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2 +1)

‖z−w‖c× (ψ(ι)−ψ(0))p1+p2

+
Γ(γ)|λ |(ψ(ι)−ψ(0))1−γ

Γ(p2 + γ)
‖z−w‖c× (ψ(ι)−ψ(0))p2+γ−1

≤

[
mLI +

2L (ψ(b)−ψ(0))1−γ+p1+p2(
1−L f

)
Γ(p1 + p2 +1)

+
Γ(γ)|λ |(ψ(b)−ψ(0))p2

Γ(p2 + γ)

]
‖z−w‖C.

Therefore,

‖T z−T w‖C = sup
ι∈J
|(T z)(ι)− (T w)(ι)| ≤K ‖z−w‖C.
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By K < 1, the operator T is a contraction mapping. According to [26, Theorem 2.1], we obtain that T is Picard operator
and FT = z∗. Then for all ι ∈ [−r,b],

z∗(ι) =Mε (θ +φ(ι))+ ∑
0<ιi<ι

LIiz
∗(ιi)

+
L (ψ(b)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)× (z∗(s)+ z∗(σ(s))ds

+
|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1× z∗(s)ds.

(4.11)

Next, we prove that z∗ is increasing. Take ι1, ι2 ∈ [−r,b] with ι1 < ι2. Then for ι1, ι2 ∈ [−r,0], we have z∗ (ι2)− z∗ (ι1) = 0.
Further, for 0 < ι1 < ι2 ≤ b. Define N1 = mins∈[0,b] (z∗(s)+ z∗(σ(s))) and N2 = mins∈[0,b] z∗(s), we have

z∗ (ι2)− z∗ (ι1) =Mε (θ +φ(ι2))−Mε (θ +φ(ι1))+ ∑
0<ιi<ι2

LIiz
∗(ιi)− ∑

0<ιi<ι1

LIiz
∗(ιi)

+
L (ψ(b)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

(∫
ι2

0
N p1+p2

ψ (ι ,s)(z∗(s)+ z∗(σ(s)))ds

−
∫

ι1

0
N p1+p2

ψ (ι ,s)(z∗(s)+ z∗(σ(s)))ds
)

+
|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

(∫
ι2

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1× z∗(s)ds

−
∫

ι1

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1× z∗(s)ds
)

≥Mε (φ(ι2)−φ(ι1))+ ∑
0<ιi<ι2−ι1

LIiz
∗(ιi)+

N1L (ψ(b)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2)

(∫
ι2

0
N p1+p2

ψ (ι ,s)ds

−
∫ t1

0
N p1+p2

ψ (ι ,s)ds
)

+
N2|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

(∫
ι2

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1ds

−
∫

ι1

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1ds
)

≥ ∑
0<ιi<ι2−ι1

LIiz
∗(ιi)+

N1L (ψ(b)−ψ(0))1−γ(
1−L f

)
Γ(p1 + p2 +1)

(
(ψ (ι2)−ψ(0))p1+p2 − (ψ (ι1)−ψ(0))p1+p2

)
+

N2|Γ(γ)λ |(ψ(b)−ψ(0))1−γ

Γ(p2 + γ)

(
(ψ (ι2)−ψ(0))p2+γ−1− (ψ (ι1)−ψ(0))p2+γ−1

)
>0.

Therefore, The operator z∗ is increasing. Since σ(ι)≤ ι ,z∗(σ(ι))≤ z∗(ι), ι ∈ J. By (4.11), we get

z∗(ι)≤Mε (θ +φ(ι))+ ∑
0<ιi<ι

LIiz
∗(ιi)

+
2L (ψ(b)−ψ(0))1−γ(

1−L f
)

Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)z∗(s)ds

+
|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)(ψ(s)−ψ(0))γ−1× z∗(s)ds.

(4.12)
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As 0 < γ < 1, then (ψ(s)−ψ(0))γ−1 < 1. So, (4.12) reduce to

z∗(ι)≤Mε (θ +φ(ι))+ ∑
0<ιi<ι

LIiz
∗(ιi)

+
2L (ψ(b)−ψ(0))1−γ(

1−L f
)

Γ(p1 + p2)

∫
ι

0
N p1+p2

ψ (ι ,s)z∗(s)ds

+
|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)

∫
ι

0
N p2

ψ (ι ,s)z∗(s)ds.

(4.13)

Using lemma 2.11, with

w(ι) = z∗(ι), v(ι) = Mε (θ +φ(ι))

g1(ι) =
2L (ψ(b)−ψ(0))1−γ(

1−L f
)

Γ(p1 + p2)
, g2(ι) =

|λ |(ψ(b)−ψ(0))1−γ

Γ(p2)
, β = LI ,

we obtain

z∗(ι)≤Mε (θ +φ(ι))

×

(
1+LI

[
Ep1+p2

(
2L (ψ(b)−ψ(0))1−γ(

1−L f
) (ψ(ι)−ψ(0))p1+p2

)
+Ep2

(
|λ |(ψ(b)−ψ(0))1−γ(ψ(ι)−ψ(0))p2

)])k

×

[
Ep1+p2

(
2L (ψ(b)−ψ(0))1−γ(

1−L f
) (ψ(ι)−ψ(0))p1+p2

)
+Ep2

(
|λ |(ψ(b)−ψ(0))1−γ(ψ(ι)−ψ(0))p2

)]

≤Mε (θ +φ(ι))×

(
1+LI

[
Ep1+p2

(
2L (ψ(b)−ψ(0))1−γ+p1+p2(

1−L f
) )

+Ep2

(
|λ |(ψ(b)−ψ(0))1−γ+p2

)])k

×

[
Ep1+p2

(
2L (ψ(b)−ψ(0))1−γ+p1+p2(

1−L f
) )

+Ep2

(
|λ |(ψ(b)−ψ(0))1−γ+p2

)]
≤c f ,m,φ ε (θ +φ(ι)) , ι ∈ J,

where

c f ,m,φ =M

(
1+LI

[
Ep1+p2,ψ

(
2L (ψ(b)−ψ(0))1−γ+p1+p2(

1−L f
) )

+Ep2,ψ

(
|λ |(ψ(b)−ψ(0))1−γ+p2

)])k

×

[
Ep1+p2,ψ

(
2L (ψ(b)−ψ(0))1−γ+p1+p2(

1−L f
) )

+Ep2,ψ

(
|λ |(ψ(b)−ψ(0))1−γ+p2

)]
.

Specifically, when z(ι) = (ψ(ι)−ψ(0))1−γ |w(ι)− v(ι)|, using (4.8), we obtain z≤T (z), where the Picard operator T is
increasing. Next, applying Lemma 2.9, we get to z≤ z∗.Therefore, it follows∣∣(ψ(ι)−ψ(0))1−γ(w(ι)− v(ι))

∣∣≤ c f ,m,φ ε(φ(ι)+θ), ι ∈ J. (4.14)

Thus, problem (1.1) is Ulam-Hyers-Rassias stable.

Remark 4.2. As a consequences of theorem 4.1, we can obtain the Ulam–Hyers stability (U-H).
While φ is increasing function for any ι ∈ J, the inequality (4.14) reduce to∣∣(ψ(ι)−ψ(0))1−γ(w(ι)− v(ι))

∣∣≤ c f ,m,φ ε(φ(b)+θ), ι ∈ J.

Therefore ∣∣(ψ(ι)−ψ(0))1−γ(w(ι)− v(ι))
∣∣≤ c f ε, ι ∈ J,

where c f = c f ,m,φ (φ(b)+θ), and problem (1.1) is Ulam-Hyers stable.
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5. Example

Example 5.1. Taking the following problem:



HD
p1,q;ψ
0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι) =

(ψ(ι)−ψ(0))2
(
1+ |w(ι)|+ |w(ι− 1

2 )|
)

30e(ψ(ι)−ψ(0))2+2(|w(ι)|+ |w(ι− 1
2 )|)

+
1

43
(

1+
∣∣∣HDp1,q;ψ

0+,ι

(
HD

p2,q;ψ
0+,ι +λ

)
w(ι)

∣∣∣) , ι ∈ (0,1]\
{

1
2

}
,

I1

(
w
(

1
2

−))
=

1+ |w
(

1
2
−
)
|

11|w
(

1
2
−
)
|
,

I
1−γ;ψ
0+,ι w(0) = 1, γ = β +(p1 + p2)(1−q) ,

w(ι) = 0, ι ∈ [−1,0].

(5.1)

Define f : (0,1]×R3→ R by

f (ι ,w,v,u) =
(ψ(ι)−ψ(0))2 (1+ |w|+ |v|)

30e(ψ(ι)−ψ(0))2+2(|w|+ |v|)
+

1
43(1+ |u|)

,

and I1 : R→ R by

I1(u) =
1+ |u|
11|u|

.

For ι ∈ (0,1], we have

| f (ι ,w1,v1,u1)− f (ι ,w2,v2,u2)|

≤ (ψ(ι)−ψ(0))2

30e(ψ(ι)−ψ(0))2+2

∣∣∣∣1+ |w1|+ |v1|
|w1|+ |v1|

− 1+ |w2|+ |v2|
|w2|+ |v2|

∣∣∣∣+ 1
43

∣∣∣∣ 1
1+ |u1|

− 1
1+ |u2|

∣∣∣∣
≤ (ψ(ι)−ψ(0))2

30e2 (|w1−w2|+ |v1− v2|)+
1

43
|u1−u2|

≤ (ψ(ι)−ψ(0))γ+1

30e2 (ψ(ι)−ψ(0))1−γ (|w1−w2|+ |v1− v2|)+
1
43
|u1−u2|

≤ (ψ(1)−ψ(0))γ+1

30e2 (ψ(ι)−ψ(0))1−γ (|w1−w2|+ |v1− v2|)+
1

43
|u1−u2| .

This implies that f satisfies (H1) with L = (ψ(1)−ψ(0))γ+1

30e2 , and L f =
1
43 .

Also,

|I1(w)− I1(v)|=
1

11

(∣∣∣∣1+ |w||w|
− 1+ |v|
|v|

∣∣∣∣)≤ 1
11
|w− v|.

Therfore, (H2) is satisfied with LI1 = LI =
1
11 .

Now, take p1 =
1
2 , p2 =

1
4 ,q = 1,λ = 1

2 and ψ(ι) = ι2. Then γ = 1, and L = 1
30e2 .

As m = 1, we have K := 1
11 +

2× 1
30e2

(1− 1
43 )Γ( 3

4+1)
+

1
2

Γ( 1
4+1)

= 0,652593 < 1 and (H3) is satisfied.

Furthermore, by selecting φ(ι) = ι2, for any ι ∈ (0,1], we have

Ip1+p2;ψ
0+,ι φ(ι) = I

3
4 ;ι2

0+,ι φ(ι) =
16

21Γ( 3
4 )

ι
7
2 =

16
21Γ( 3

4 )
ι

3
2 φ(ι)≤ 16

21Γ( 3
4 )

φ(ι).

By setting λφ = 16
21Γ( 3

4 )
, we get (H4). So all conditions of theorem 4.1 are satisfied. Hence, (5.1) has a unique solution and is

Ulam-Hyers-Rassias stable.
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6. Conclusion
During this paper, we have examined the existence and uniqueness of a class of fractional implicit ψ-Hilfer Langevin

equations with time delay and impulsive. The obtained results are proven using Banach’s fixed-point theorem. Additionally, the
Ulam-Heyrs-Rassias stability for problem (1.1) is considered via a novel form of generalized Gronwall inequality and Picard
operator theory. Finally, we provide an example to show how the theoretical findings stated previously are valid.
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