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Highlights
* This paper focuses on fractal image compression method.

« Unlike classical fractal image compression, images were decompressed by non-affine rmatio
« Similar approach is applied for audio decompression.

Avrticle Info Abstract

In this study, considering the well-known fractal image compressmn we introduce the image
Received: 25 Jan 2024 decompression method through non-affine contraction mappings. To achieve this, we convert
Accepted: 08 Nov 2024 affine contraction mappings into non-affine contraction mappings using Lipschitz continuous
functions, subject to certain assumptions. Our expectation is to obtain decompressed images of
superior quality compared to the classical fractal image compression method. We also apply our
Keywords method for audio decompression. At the end, we illustrate the proposed method with some
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1. INTRODUCTION

The concept of fractal

oped by Hutchinson [1]. Thanks to this method, many classical
fractals such as § i triangle, Koch curve, Sierpinski carpet, Box fractal, etc. which were
also discovered &g @btained as an attractor of their related IFSs. On the other hand, as an

imag i . Since Hutchinson theory is based on Banach fixed point theory, fractal image
i i concept of contractive mappings and the uniqueness of the fixed point.

in image proc€essing, such as image segmentation, edge detection, image compression, etc. The fractal
image compression method discussed in this study is one of the image compression techniques. The purpose
of this method is to approximate the original images by storing less data for a given image, which involves
contraction mappings of the associated IFSs rather than the data of the original image.

If we were to summarize, fractal image compression is a technique used to represent and compress digital
images by exploiting the self-similar properties of fractal geometry. Instead of storing pixel values directly,
the method involves encoding the image as a set of affine contraction mappings within an IFS. These
mappings transform blocks of pixels into approximate copies of other parts of the image. During the
compression process, the algorithm identifies and stores the contraction mappings that best represent the
image. In the decompression part, the original image is reconstructed by iteratively applying the stored
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mappings. The goal is to achieve compression with reduced data storage while maintaining image quality
[2, 3].

1.1. Literature Review

Fractal image compression methods given in [2, 3] have been improved over time. These studies can be
exemplified by fractal block coding in [9]. Then Fischer advanced new techniques for image compression
based on fractals in [10]. Using quadtree and adaptive quadtree partitioning methods, efficiency of the
compression methods has been enhanced, notably by reducing encoding time [8, 11, 12]. Fractal image
compression remains a popular research topic, with ongoing studies focused on improving compression
performance, optimizing methods, and further reducing encoding time [5, 13].

to obtain better or at least similar-quality decompressed images. To achieve thi
linear transformations compatible with contractions under some certai
approximation theorem in [14].

2. PRELIMINARIES

In this part, we give the basics of the fractal image compressd all the theory of IFS,

given in [1].

Definition 2.1. Let (X,d) be a complete metric space d

; (i €{1,2,...,n}) be the contraction
mappings, that is, there exists a contractivity factgr ri< 1 such t

all x,y € X

X;f1,f2,...,fa} be an iterated function system.
) defined by

etric h. Note that

tax }{Tii r; is the contractivity factor of f;}
, 2,00

is tracti onstant of F.

Furtherm unique fixed point A such that F(A) = A. This fixed point is also called the attractor
of the IFS, a reach S € # (X), FO(S):= (F e F e ... - F)(S) converges to A as k — oo.

Now, we can give the details of the fractal image compression.

Through the process of fractal image compression, the technique is mainly based on the Collage
Theorem (see [2, 10]), which states that for a given set S, if there exist contraction mappings wi, whose

attractor A is close enough to S, that is,
N
h (s, g fi(S)) <e
i=1
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then S is close enough to A, that is,
&
h(S,A) < ——
1—r

where h is the Hausdorff metric and r is the contraction constant of the system. Therefore, instead of
the original image, if we find the contraction mappings of an image, which is sufficiently close to the
original one, then we obtain a very similar image to the original one.

Now we can mention about the encoding process of a digital image. A gray-scale image can be
represented by functions as follows:

Let an n x n pixel resolution gray-scale image be given. Then taking | = [0,1], define f :

that
flx,y) = zz Pijlijn(x,y)

i=1j=1
where

1, (n,y) € (2] x (2]

0, (x,y) € P\(Z2 x (g (2.1)

1ijn(x,y) = {

can be used, where pjjangyfi;C8
the space of all graphs/8 %

definition in (2.1), the grap

piece an imilar to different portion of its another piece (see Figure 2). There can also

be ymmetries of the square, which are obtained by rotation and reflection. Now
forag iXelresolution gray-scale digital image, divide 12into m? (m is a divisor of n) non-
overlappi with equal area (inclusion or exclusion of borders do not change the area),

k—1 k -1 1 k-1 k I-1 1
(S (G e
m m m m m m m m

such that

Rk,l = 12
k,l1=1
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and, only p x p (p = n/m) pixel resolution parts of the image lie on each Rg;. Moreover, divide I1?into
all possible (overlapping) blocks with equal area Djjsuch that g x ¢ pixel parts of the image lie on D;;
(usually it is assumed that g = 2p), where q > p.

Z-axis

0.6

Figure 2. Some self-similar parts of Lena

Here Ry a ij#ffe called by range blocks and domain blocks respectively. For each Ry, we need to
contraction mappings

Wik vk (Di,j X I) N graph(f) = Ry X I

in the following form

Qg 1jis bik,z,jk,l 0 x i virt
Wik,bfk,l(x’ ¥,2) = Cirpins dik,l,jk,l 0 y]+ hik,l.]'k,l (2.2)
0 0 Ciriny/ Oy Lkt
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Wik,l-jk,l(x’ Y z) = (aik,l'jk,lx + bik,l'jk,ly + i vine Cikpir® + dik,l'jk,ly + hik,bjk,z' Ciy ik + Oik,bjk,z)

such that the distance between

Wit Lk, ((Di,j X 1) n graph(f))
and
(Riey x I) N graph(f)

is minimum. Here the mapping w;, , ;. , has both spatial part (first two components) and |

(third component), which are independent of each other. We first find the coefficient
component of w;, , ., (this actually means we seek Dij, whose pixel values above i

number of pixels, we divide Di;into p?equal size of non-overlapping sub-blo
part of the image, and take one from each as a representative part. Subseque

Then we compare the distance

d,2 (Wik,lrjk,l ((Di,j x1)n graph(f)) ,(R I

for all i,j, and store the coefficients ¢;, , ;, , and o;, , ;, , map

Wik,l'jk,l: (Eik,l’jk,l X I) n ph(f) b (Rk,l X I) n graph(f),

which gives the minimum distance for each Kk,
block Dij, which is obtained by refjections and rota
first two component a;, , j, ,, b; d;

store the pairs (ix, jk,1), Which tells

Iso consider the symmetry group of the domain
f itself). In addition, instead of finding the
kLJk 1 gik,l:jk,l and hik,l'fk,l for Wi vik it is enough to

ps to Rg,. It is worth mentioning that, since

we have ' is part. Once this process is applied for all Rx;, we have the contraction
mappi i3 e image, which is called by encoding process. This process is time

co oding process is faster and easier.
Assume n x n pixel resolution gray-scale image. The contraction mapping of W of the
image f is as follows:

W (graph(1) = | Wiy (B X 1) 0 raph())

k=1

where the domain blocks D;jcorrespond to the image f,,. Then by iterating W, we can obtain the image
f with some error, since

W ™ (graph(f,)) = graph(f).

Remark 2.1. In the theory above, one question may arise that domains D;jjand ranges Ry, may not be
compact, which may result to the failure of Theorem 2.2. However, our aim is not exactly to obtain the
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graphs of the given images, but to obtain the pixel values. Therefore, instead of the Dij and Ry, defined
above, taking compact subsets of them can complete the theory literally.

3. DECOMPRESSION BY NON-AFFINE CONTRACTION MAPPINGS

In this section, we aim to decompress images compressed using FIC method, through non-affine
contraction mappings. Our decompression method is mainly based on the following theorem.

Theorem 3.1. ([14]). Let {X;f1,f2,...,fm} be an IFS and Hy - X — X'is a sequence of Lipschitz continuous

im lim F(S) = lim F™(S) = 4
n—->oo

|
k—o0 n—oo
holds, where A is the attractor of {X;fi,fo, ..., fm}, F(S) = UR,f; (S) and
fi) (S). Here we assume M is sufficiently small such that M*r <1, where r is t
of {X;f1,f2,...,fm}.
Remark 3.1. Note that the Lipschitz constant M >1, since
|Hy(w) — H,(W)| < Mlu—v
for all u,v € X and k € N (where the Lipschitz constant is uni
Ili_f){)lomk(u) - H W =u

e but eventually contractive (see
larger values of m, in this case
ugh contractivity factor r € (1,1.2], the system can

page 52, [10]), that means w is not contractive b
the theory still holds. Experiments show that,
be eventually contractive [10].

Now, in this paper, using non-
qualities with respect to classj
we allow some error in
it possible to overco
literature, in order to me
11 with respect t

gl of the decompressed »n xn pixel resolution gray-scale image
e will use PSNR (peak signal to noise ratio) metric

1
PSNR = 20 log;, (—)
VMSE

Y e[l (M, N) = L (M, N)]?

nZ
and 1i(M,N) c@fresponds to (M,N)’th pixel of the image I; for i = 1,2. According to the above definition,
higher PSNR values means better images.

We remark that our method gives the possibility of having a higher quality image. In addition, since
limg —oo H (S) = S (see Lemma 2.1 in [14]), taking sufficiently large k € N, we at least get the same
guality image, which is obtained by classical FIC. Furthermore, if we assume H(u) = u for all k € N,
then our decompression method reduces to the classical case.

We assume that p = 8 and g = 16 in the above method and compress “Lena”’s 256 x 256 pixels image
given in Figure 4f using the FIC method. Now, we obtain two 32 x 32 matrices and one 2 x 32 x 32
matrix, which correspond to coefficients of the contraction mappings and the places of the domain and
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range blocks. This means that we compress Lena at a 1/16 ratio. In the decoding process we will use
non-affine contraction mappings, which are obtained by applying Hx to third component of each
contraction mappings (Wik’l,jk'l)3 = &y jiZ + Oi g, (s6€(22)), 16,

Hy, ((Wik,l,jk,l)g) = Hy (eik,bfk,lz + Oik,bfk,z)'
Here we assume that

ku3
u? —0.0116°

Hk(u) = k

7 ',‘,“JJ‘J‘VQ-".I’W\&?L‘% x‘e‘\
' A ,‘ "'. '. \.. \ A

.
-

Figue 3. Initial Image (Baboon)

Table ité e select the optimal integer k that yields the best PSNR. To this end, we

consi i al [1,150] (to determine the interval [1,150] for each iteration, we first checked
w reasing and decreasing with a step size of 50 unit and decided to focus on this
interval , afterJ®btaining the contraction constants, determined the k parameter for the given H,
using Mat step can be considered part of the encoding process. The computational time (in

seconds) requjfed to find the parameter k, is shown in Figure 5. The encoding time using the classical
encoding method for the 256 x 256 pixels Lena image is approximately 7 minutes. If we also consider
the time needed to determine the parameter k, the total time is roughly 7-8 minutes. On the other hand,
since this is a compression method, all quadtree partitioning techniques or other methods can be used
to reduce the computational complexity of the encoding time.
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(c) 3rd iteration

(e) 9th iteration (PSNR=29.3483) (f) Original Image (Lena)
Figure 4. Non-affine iterations of Baboon for k = 64
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Table 1. Comparison of PSNR values of the images

PSNR PSNR iteration Kk

(classical (non-affine number
decompression) decompression)

15.4755 15.5077 2 101
19.3177 19.3296 3 80
23.3928 23.4170 4 50
26.4164 26.4353 5 50
27.3533 27.3647 6 57
29.0256 29.0317 7 50
29.2631 29.2671 8 90
29.3467 29.3483 9 6

25

20T

y -

1 2 3 4 5 ] 7 ] 9 10
iteration number

Figure 5£&lapsed timean the best parameter k

We show that this method can alSo seful for gudio compression. It is worth mentioning that a digital

signal. Similar to the imag€s,a Iso be resresented by a function. Since the idea behind

FIC is the existence ofSgh A e image in itself, we think that the same theory can also
be applied for audio com check on Matlab, many sounds contain self-similar parts in
itself. Therefor thod to audio compression and compare the sound’s quality with the
classical method aIC that is modified for digital audios.

The defigitjon of t i NR metric for audios is taken as follows:

PSNR := 20 log;,(maxval/vVMSE)

Y=, [signal1(i) — signal2 (i)]2
n

MSE =

where signall and signal2 are the given audio signals,

maxval = max{ max |signall(i)|, max |signal2(i)|}
i=1,...n i=1,..n

and n is the sample number of the digital audio signal.

Now, let us analyze the famous quote of Mustafa Kemal Atatiirk, the founder of Tiirkiye: “Peace at
home, peace in the world”. We had the computer say “Peace at home, peace in the world” sentence
and then we obtain the signal in Figure 6a. When we import the audio file into Matlab, we see that the
audio file has n = 106800 sample points, that is, it is stored by 1 x 106800 matrix. In the encoding
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process, as a domain D;, we take (overlapping) line blocks, which contain 30 elements of the original
audio and as a range Ry, we take (non-overlapping) line blocks containing 10 elements. Similar to the
FIC, we also consider the reflection of the audio file in encoding process. When we applied the
compression method, we store the audio signal by two 1 x 10680 matrices and one 2 x 10680 matrix,
which correspond to the coefficients of the contraction mappings and the places of domain and range
blocks. As can be seen from this, the given audio file can be obtained by half time elements of the
original one. After obtaining the contraction mappings, we compare the classical method with non-
affine iteration method to bring the audio file back. For this aim, we consider a random audio file with
106800 sample points. When we iterate the random audio file 1500 times, taking Hx as

kus
Hk (u) = m (31)
with a Lipschitz constant of M = 1.12, through non-affine contractions, we s Ily\ec the

original audio file for k = 6000. The obtained signal is plotted in Figure 6b

Amplitude of the speech

1.5 2

-5 . L
0 0.5 1
t (seconds)
(@) Weech “Peace at home, peace in the world”
3 ; ; , .

Amplitude of the speech

0 O‘I5 1 1]5 2
t (seconds)
(b) Signal of the speech decompressed by non-affine iteration
Figure 6. Original audio and decompressed audio
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We also compare the PSNR values, which are obtained by non-affine and affine methods. PSNR of the
non-affine decompression method is evaluated by 56.9228, while PSNR of the classical method is 50.2436.
Therefore, in this specific case our method gives less noisy audio file than the classical one. We should also
note that 1500 times iteration does not take much time, which is computed by a regular computer in almost
20 seconds. In addition, if we iterate the system for 10 times, we still get an understandable audio file in
almost 0.2 seconds with more noise. Moreover, we still get better PSNR value with respect to classical
method in this case.

4. RESULTS AND CONCLUSION

In this study, we explored a novel approach to decompress images encoded using classi
compression (FIC) methods by employing non-affine contraction mappings. The primary ai
whether these non-affine mappings could yield better decompressed image quality co
affine-based FIC techniques. We assessed the quality of decompressed images
Noise Ratio (PSNR), a widely used metric in image processing for quantifyi
improvement in PSNR may appear modest, it is significant that the ne
obtaining better images with different kind of Lipschitz functions H.

fractal image
was to assess
ared t§the classical
ealy Signal-to-

eth

) |

We also remark that a smaller contractivity factor leads to faster convergence. Since M > 1 holds in all
cases, it is advantageous to select the Hy functions with a smaller Lipschitz constant, ideally close to or
equal to 1. However, it is equally important to ensure that the choice of H disrupts linearity, particularly
within the interval [0,1] as pixel values of images are normalized within this range. This approach enables
the system to better tolerate the approximation error introduced by the Collage Theorem.

roposedmetmm classical decompression method.

the 256 x 256 pixel Lena image. We used the same Hy
100. From 1 to 100 iterations, as shown in Figure 7,
in computational times is sufficiently slight.

Now, we compare the computational time of th
Here, we utilized from the contraction mappin
as the one mentioned above for Lena image for
although our method takes more time, t

2.5

T T T T T T T
""""" computational time of classical decompression method
computational time of the proposed decompression method

15T

time (seconds)

05T

0
0 10 20 30 40 50 60 70 BO 50 100

iteration number
Figure 7. A comparative analysis of the computational time for decompression methods

The results demonstrate that even though the computational complexity of the decompression process
increases slightly, we can get better-quality images.
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