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This article addresses the equiform rectifying, normal, and second type osculating

curves within Minkowski space-time E1 . We expose the requisite and satisfactory

criteria for a curve to qualify as a rectifying, normal, and second kind osculating curve

with respect to equiform geometry within Minkowski space-time El . We derive the

correlation between the curvatures of these curves to be congruent to a rectifying,
normal and second kind osculating curve according to equiform geometry ir

Minkowski space-time E; .

1. Introduction

In Euclidean space E3, a curve is characterized
through the Frenet frame {T,N,B}. The planes,
spanned by the vectors, {T, B}, {N, B} and {T, N}
are respectively called as the rectifying plane, normal
plane, and osculating plane. A curve is called as a
rectifying (resp. normal, osculating) curve if its
position vector always lies in its rectifying (resp.
normal, osculating) plane. In other words, the
rectifying, normal, and osculating planes of these
curves consistently include a specific point. A widely
recognized principle states that when all the normal or
osculating planes of a curve in three-dimensional

Euclidean space E® intersect ata specific point, then
the curve either lies on a sphere or is a planar curve,
depending on the context. Furthermore, it is
established knowledge that if all rectifying planes of

anon-planar curve in E® intersect at a specific point,
then the ratio between torsion and curvature for such
a curve is accepted as a non-constant linear function
[3]. Chen defined the concept of the rectifying curve
in his study [2]. Given that the position vector of
rectifying curve establishes instantaneous rotation
axis at each point along the curve, the author also
showed that these curves are necessary for mechanics,
kinematics and differential geometry. In Minkowski
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3-space Ef, rectifying curves exhibit analogous
geometric properties to those in Euclidean 3-space
E®. Spacelike, timelike and null rectifying curves in

Ef were examined in [8]. Furthermore, the

characterizations of rectifying curves were introduced
in 4-dimensional Euclidean and Minkowski spaces in
[1], [7], [9]. The equiform geometry of rectifying
curves were studied in Galilean 4-space in [19].

Normal and osculating curves have been
examined in various studies in three and four-
dimensional spaces. The characterizations of the
normal and osculating curves in 3-dimensional
Euclidean and Minkowski spaces were introduced in
[10], [11], [13]. In addition, the characterizations of
the normal and osculating curves in 4-dimensional
Minkowski space were obtained in [12], [14], [15],
[16]. The equiform geometry of normal and
osculating curves were introduced in Galilean 4-space
in [20], [21].

This paper focuses on equiform rectifying,
normal and second kind osculating curves in Ef . We

examine the characteristics of rectifying, normal and
second kind osculating curves based on their
equiform curvature functions, establishing essential
and sufficient conditions for any curve to qualify as
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rectifying, normal and second kind osculating curve,
respectively.

2. Preliminaries

The Minkowski space E14 is a Euclidean space

provided with the indefinite flat metric given by

<X’ y> ==X Y XY, t XY, XY,
is called Lorentzian inner product. For any vector
Je Ef can have one of three causal characters; it can
be spacelike (%,3)>0 or $=0, timelike if
(8,3)<0 and null if (3,9)=0 and 3+#0. The
pseudo-norm of a vector non null 4 is defined by
9= l(s.9) a1, 161, 1271

Let o =«(S) is a regular spacelike curve in
E14 with timelike vector field 53. The Frenet

. 4 .
formulae in E; can be written as

t'(s) 0 k,(s) 0 0 t(s)
S6)|_|k(s) 0 k() 0 |[&(s)| (21)
GE)| | 0 —k(s) 0 K(s) | 5(5)
85(s) 0 0 Kk(s) 0 |80

where K,K, and K; are curvature functions of
spacelike curve «. Here, {t,0,,0,,0,} satisfy the
following equations (t,t)=(d,,6,)=(d,,5,) =1
(6,,6,)=-1 (t,6,)=(t,6,)=(t,8,)
=(6,,6,)=(5,,6,)=(5,,8,) =0 [6], [18].

rectifying,

and

Now we define normal and
. - 4

osculating curves in E; .
The curve « is termed as rectifying curve in

E14 whose position vector consistently resides in the
orthogonal complement 5f of its principal normal

vector field 51 Hence, position vector of rectifying
spacelike curve can be expressed as:

a(8) = 14 (SIL(S) + 14,(5)5, () + 445(5) 55 (5)

for some differentiable functions 4 (s), z,(s) and
14,(s) inarclength function s [7].

(2.2)

- 4
Subsequently, a normal curve in E can be
defined as a curve whose position vector consistently
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resides in its normal space. As a result, the position
vector of normal spacelike curve can be written as:

() = 6,(8)6,(8) +5,(8)5,(5) + 3 (8) () (23)
for some differentiable functions ¢, (s),s,(s) and
¢, (s) inarclength function s [12].

Finally, we establish the definition of first kind
or second kind osculating curve in Ef where its
position vector concerning a selected origin
consistently lies in the orthogonal complement 5; or

5; , respectively. Therefore, position vector of

spacelike and timelike first kind osculating curve can
be written as:

a(s) = 4 (S)L(S) + 4, (8),(8) + 4,(8) 5, (S)

and position vector of spacelike and timelike second
kind osculating curve can be written as:

a(s) = A (S)L(S) + 4, (8)0,(8) + A;(8) 55 (S)

where 2 (s),4,(s) and A (s) are differentiable
functions in arclength function s [14].

2.4)

(2.5)

For a regular spacelike curve a1 — E4, let
the equiform parameter of «(S) defined by

1
— is the radius of curvature

azj'klds where p = k1

ds
of the curve a. Hence, it follows p:d—. Let

o
{T.7.¢,,<,} be the equiform Frenet frame of the

curve «, where T(o)= pt(s) is equiform tangent
vector, 7(o) = po,(s) is equiform principal normal
vector, &, (o) = po,(s) is equiform first binormal
vector and ¢, (o) = pos,(s) is equiform second

binormal vector. Moreover, equiform curvatures of
the curve o =a(o) are defined by K, (o) =p,

k k

K,(0)=-% and K;(0)==2. Thus, the equiform
kl kl

Frenet formulae in E14 is written as follows:

T'(0)] [K(o) 1 0 0 [T(o)

1@ | | 1 Ke) K)o | @] O

élll(o-) 0 _Kz(o-) Kl(O') K3(O') gl(J)

¢3(0) 0 0 Ki(o) Ky(o) ] &(0)
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e (=] (1 T)= ()= (66} ="

<§2’;2>:_,02 and <T’n>:<T’§1>:<T’§2>:
<77’§1>:<77|é’2>:<§1’§2>:0 [5].

The paper focuses on rectifying, normal and
second kind osculating curves within the context of

equiform geometry in E;, characterizing these
curves based on their equiform curvature functions.

3. Spacelike Equiform Rectifying Curves in E;

Theorem 3.1. Assume that ¢ is a unit speed
spacelike curve in E; with spacelike vector fields

T,¢, and timelike vector field ¢&,. Then « is a
rectifying curve if and only if

!
!

111 1
—| =—+(c+9)| —
Kzl K; K,
(3.1)
:w_ﬁ i+(C+S)[iJ
2 Ks| Ky K,

where K, K,,K, are non-zero equiform curvatures

and c is non-zero constant.
Proof, Let a be a unit speed spacelike rectifying
curve in E;! with equiform curvatures K,, K, and

K, with respect to the equiform invariant parameter
o . Hence, by definition we have

a(0) = 14 (0)T(0) + 1,(0)¢,(0) + 14,(0)¢, (o)

for some differentiable functions 4, g2, and g4 in
E;. Differentiating (3.2) with respect to o and using
Eq. (2.6), the following equation is gathered

3.2)

T = (s + Ko )T + (e = 1K)

+(/UI2 +,U2K1+;U3K3)§1+(/‘é + 15Ky +/U2K3)§2-

It follows that
 + 1K, =1=0,
= 1K, =0,
Ho + 1Ky + 115K =0,
s + 16,Ky + 1K, =0

and therefore

(3.3)
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C+S C+Ss
b=, Hy = )
P PK,
' 3.4
SR PGS o
'u3 K3 K2 K2 .
where ¢ is non-zero constant. In this way, the
functions y4(o), (o) and (o) can be

expressed in terms of the equiform curvatures K.,
K, and K,. Thus

C+S
PK,

a(o)

S5 (0)+
o)

¢ (o)
1

el e

—+(c+5s)
2

Furthermore, employing the last equation in (3.3) and

the relation (3.4), it can be deduced that the equiform

curvature functions K;, K, and K, satisfy the

equation

(3.5)
1

K

1

&

3 2

!

111 1
—| —+(C+5s)| —
Ks| K, K,
(3.6)
:w_ﬁ i+(c+s)(i}
PK, Ks| Ky K,

Consider the vector X e E;* expressed as

C+S
pK,

1 ! .
[K_ZJ ¢,(0)

Then, we can easily find X'=0, that is, X is a
constant vector. Hence, « is rectifying curve.
Theorem 3.2. There are no spacelike rectifying
curves in E;' with constant equiform curvatures K,
K, and K,.

Proof. The clarity of the statement is evident from
Theorem 3.1.

Theorem 3.3. Assume that o is a unit speed
spacelike curve in E; with non-zero equiform
curvatures K;, K, and K, with respect to the

equiform invariant parameter o. Hence, is
rectifying curve if

X(0)=a(0) == =T (0) =260

111
+|—| —+(c+5S)
K3 K2

a
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K, =constant, K, =constant,

3.7

Kl — (C + S) K§ ( )
where c is non-zero constant.

Proof. Suppose that K,=constant  and

K, =constant. By using the equation (3.6), we get
(3.7).

Corollary 3.1. Let « be a unit speed spacelike curve
with non-zero equiform curvatures K, K,,K,and
vector fields T, &, and &, in E;. If a is a rectifying
curve then the following relations satisfied:

(i)

The principal tangent component of position
vector of rectifying curve is expressed as

(a,T)=p(c+s).

The first and second binormal components of
position vector of rectifying curve can be
expressed as

(i)

<a’§l>:pclz-28’
1 1)
<a,g’2>—K—3 K_2+(C+S)(K_J

4. Spacelike Equiform Normal Curves in E;

Theorem 4.1. Assume that « is a unit speed
spacelike curve in E;* with spacelike vector fields 7,
¢, and timelike vector field £,. Then o is a normal
curve if and only if

"ok2
i K2_|_ ﬁ +ﬁ
K3 K2 KZ
(4.1)
"ok2
:—K1K3_ﬁ K2+ ﬁ +ﬁ
KZ K3 K2 KZ
where K, K, and K, are non-zero equiform
curvatures.

Proof Let « be a unit speed spacelike curve in E;
with non-zero equiform curvatures K,, K, and K,

with respect to the equiform invariant parameter o .
Hence, by definition we have
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a(0) =6,(0)17(0) +5,(0)¢,(0) +5;(0)5 (o) (4.2)

for some differentiable functions ¢,,¢, and ¢, in E;.

Differentiating (4.2) with respect to ¢ and using the
Eq. (2.6), the following equation is gathered

T=—gT +(§1, +6,K = 6,K,)n
+ (6K, +§2’ +6,K, +6,K;)E,
+(§2K3+§3K1+§3')§2-

It follows that

-5, —1=0,
6 +6K —6,K; =0, 43)
6K, +6; +6,K +6;K; =0, |
$:Ks + 63K, +65 =0
and therefore
K
:_11 :__11
gl g2 K2
1 K K2 (4.4)
C3=— K2+(—1] +—L |,
Ks K, K,

In this way, the functions ¢, (o), ¢,(c) and ¢, (o)

can be expressed in terms of the equiform
curvatures K,, K, and K,. Thus

a(0) =-1(0) -1 6,(0)

{8

Additionally, employing the last equation in (4.3)
and the relation (4.4), it is straightforward to
determine that equiform curvature functions K,

K, and K, satisfy the equation

4.5
1 (4.5)
+ —

K3

Ky

K,

K?

_K_2 ¢, (o).

K1K3 _ﬁ KZ + ﬁ +K_12
KZ K3 KZ KZ
, (4.6)
! 2
:L&{ﬁ%ﬁ
K3 KZ 2

Consider the vector X e E; expressed as
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X(0)=a(0) +1(0) +1-4,(0)

3
K2
gives X'=0,and X isa constant vector. Hence,
a isanormal curve.

Theorem 4.2. Assume that o is a unit speed
spacelike curve in E' with non-zero constant
equiform curvatures K,, K, and K, with respect to
the equiform invariant parameter o. Then ¢ is
normal curve if K7 +K2=K?.

Proof. The clarity of the statement is evident from
Theorem 4.1.

Theorem 4.3. Assume that o is a unit speed
spacelike curve in E; with non-zero equiform
curvatures K,;, K, and K, with respect to the

equiform invariant parameter . Then « is a normal
curve if

+K_l 42(0')

-~ lK
2 K2

Ks

K, =constant, K, =constant,

(4.7)
K. = +eki(e+0) 1+K!
’ e £ (14 K7
where ¢ is non-zero constant.
Proof. Suppose that K, =a,, K,=a, and
2
K, +%=a3, where a,a,,a, are non-zero

2
constants. By using the equation (4.6), we get

i a'1 3
K,=aK,-——K,.
3 a’l 3 3.233 3

Then the solution of differential equation (4.8) gives
@4.7).

Corollary 4.1. Let « be a unit speed spacelike curve
with non-zero equiform curvatures K, K,,K, and

vector fields 7,¢;, &, in E. If a is a normal curve,

then the following relations are satisfied:
(i) The principal normal component of position
vector of normal curve can be expressed as

(4.8)

(a,m)=—p".
(if) The first and second binormal components of

position vector of normal curve can be expressed
as
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K
<a!§1>=_p2K_11
2
2 ! 2
P Kl] K,
a,l)=—2 K, 4| =2 | 2|
< 2> Ks ’ {Kz K,

5. Spacelike Equiform Second Kind Osculating
Curvesin E}

Theorem 5.1. Assume that o is a unit speed
spacelike curve in E;* with spacelike vector fields T,

1 and timelike vector field &, . Hence, a is a second
kind osculating curve if and only if

|

Proof Let o be a unit speed spacelike osculating
curve in E; with non-zero equiform curvatures K,

K, and K, with respect to the equiform invariant
parameter o . Hence, by definition we have

a(0) =4 (0)T(0) + A (0)n(0) + A4(0)S,(0)

for some differentiable functions 4,4, and A, in
E; . Differentiating (5.2) with respect to ¢ and using
the Eq. (2.6), the following equation is gathered

T=(4L+A4K - )T +(4+ 4 +K )y
+ (LK, + 4K )E + (A + AK)G,.

It follows that

A+ 4K, =2, ~1=0,

A+, +KA, =0,

ﬂ"sz +/13K3 =0,

A+ ,K =0

K3

and therefore
_J eiJ. Kido

Sk
KSJE—IKlda,

=—C| —
=

ﬂs _ Ce—IKlda
where ¢ is non-zero constant. Accordingly, the
functions 4,(o), 4,(o) and A,(o) can be expressed
in terms of the equiform curvatures K,, K, and K,.
Thus

Ks

_]” _

& " leJ‘Klda,
KZ

K, ¢

ceR. (5.1)

(5.2)

(5.3)

(5.4)
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K

szﬂ(d) . (55)

K,)
a(o) _ce Jee (K_J T(O-)_[
+¢,(0)

Furthermore, utilizing the first equation in (5.3) and
the Eq. (5.4), the equiform curvature functions K.,

K, and K, satisfy the equation

j" _

Consider the vector X € E;' expressed as

Ky
I‘<2
(5.6)

&_i_leJlKldg’
K, ¢

cel.

X (o) =a(c) - c(%} e 17 ()
+ c%eI (o) - ce’ e (o)

gives X'=0, and X is a constant vector. Hence, «
is a second kind osculating curve.
Theorem 5.2. There are no spacelike second kind

osculating curves in E,' with non-zero constant
equiform curvatures K, K, and K.

Proof. The clarity of the statement is evident from
Theorem 5.1.
Theorem 5.3. Let « be a unit speed spacelike second

kind osculating curve in E,' with non-zero equiform
curvatures K,, K, and K, with respect to the
equiform invariant parameter o. Hence, o is a
second kind osculating curve if

K, =constant,

K, =—I(

K,

where c,d;,d, eR.

Proof. Suppose that K, =constant . By utilizing the
equation (5.6), we obtain differential equation

5

Solution of the differential equation (5.8) can be
formulated as

K, =—I{

jﬁda (5.7)
K

]dow%e'(l“ +d,o+d,
c
2

1

K

& " EeKljdo"
KZ

K, ¢

ceR. (5.8)

K,

Ko
e +do+d,,

1

jﬁdajdoﬂr L
K c

2
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where c,d,,d, eR.

Corollary 5.1. Let o be a unit speed spacelike curve
with non-zero equiform curvatures K, K, and K,

and vector fields T, 7 and £, in E;. If a is a second

kind osculating curve then the following relations are

satisfied:

(i) The tangential and principal normal components
of position vector of second kind osculating
curve are expressed as respectively

K , —'[Klda'
a,T =Cp2£—3j e ,
fa)=op'[ &
_ 2 K3 7"‘K1do'
(a,n)=—cp —Kze

(if) The second binormal component of position
vector of second kind osculating curve is
expressed as

IKldU

<a,§2> =—cp’e
6. Conclusion

This study gives rectifying, normal and second kind
osculating curves according to equiform geometry in

Ef . We examine rectifying, normal, and second-kind

osculating curves based on their curvature functions
and identify the essential and sufficient conditions for
rectifying, normal and second kind osculating curves
to be congruent to rectifying, normal and second kind
osculating curves according to equiform geometry in

E;', respectively.
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