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When one of the parameters goes to 0, we succeed to get for each positive integer N, rational
solutions as a quotient of polynomials in x and ¢ depending on 2N real parameters. We
construct explicit expressions of these rational solutions for the first orders.

1. Introduction
Gardner equation is considered in the form
ur + 6u(u — 2)uy + by + 6uy = 0; (1.1)

the subscripts x and ¢ mean partial derivatives.

Gardner [1] considered this equation in 1968 in a slightly different form. This equation describes nonlinear wave effects for example, in
plasma physics [2, 3], fluid flows [4], quantum fluid dynamics [5], in dusty plasmas [6], in ocean and atmosphere [7]. It can be used to
describe large-amplitude internal waves [4, 8, 9].

We can quote many methods to get solutions to this equation, as the Hirota method [10], the series expansion method [11], the mapping
method [12] or the method of leading-order analysis [13].

We can also cite more recent work on this equation realised by Lin et al. [14], Ghanbari et al. [15], Cao et al., Bokaeyan et al. [16], Ankiwicz
etal. [17].

Here, we obtain general solutions in terms of a quotient of two Wronskians of order N. These solutions will be called solutions of
order N. They depend on 2N real parameters and can be expressed in terms of trigonometric or hyperbolic functions.

We construct rational solutions by considering a passage to the limit when one of the parameters goes to 0. We get rational solutions which
depend on 2N real parameters.

We construct solutions for the first orders.

2. Solutions to the Gardner Equation of Order N in terms of Wronskians

2.1. Solutions of order N in terms of Wronskians of hyperbolic sin functions

In the following, we use the Wronskian of order N of the functions fi,..., fy. We recall that is the determinant denoted W (f1,..., fv),
defined by det(9:~! fi)i<i<n,1<j<n: 0y defines the partial derivative of order i with respect to x and Af ' being the function f;.
aj, b are arbitrary real numbers 1 < j < N. We get the result :
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Theorem 2.1. Let f; be the functions defined by
. 1 14 .
fj(X,T) = sinh Ean—EajT—O—bj , 1<i<N,

then the function u expressed as

u(x,r) =1—dyIn (W(aX(f1)7-~-73x(fN))>x’ -

W(fi,--- fv)

represents a solution to the Gardner equation (1.1) which depends on 2N real parameters aj, bj, 1 < j < N.

Proof. We have proven in [18] that the function v defined by

V(X,T) — aX]n (W(ax(f1)77ax(fN)))

W(f1,---fn)
is a solution to the (mKdV) equation (2.1)

ur — 6u2ux +uxxx =0. 2.1)

We deduce then that the function w expresssed as

w(x,1) = dy In (W(ax(f1)7-~-7ax(f1v)))lx' -

W(fi,-.../n)
is solution to the following equation

U + 6u2ux + Uy = 0.
It can be easily checked then that the function u expressed as

W(BX(f1)7-~-7aX(fN)))
W(fi,.- . /N) |X=ix, T=—it

is a solution to the equation (1.1). O

u(x,t) = lfaxln(

2.2. Different examples of solutions to the Gardner equation using sin hyperbolic generating functions

The presence of singularities in solutions makes the representation of modules of the solutions in space (x,f) inappropriate. Thus, we will
not build any solution in space (x,?).

We only give the solutions of order 1, 2 and 3 in the case of generating hyperbolic sinus functions.

Solution of order 1

Proposition 2.2. The function u expressed as

n(x,t)
t =
ulvr) = 5
n(x,t) = Zsinh(1/2ia1x+1/2ia13t+b1>cosh(1/2ia1x+1/2ia13t+b1)+a1,
dx,g) = 23inh(1/2ia1x+1/2ia13t+b1>cosh<1/2ia1x+1/2ia13t+b1)

is a solution to the Gardner equation (1.1) depending on ay, by arbitrary real parameters.
Solution of order 2
Proposition 2.3. The function u expressed as

n(x,t)

u(x,t) = do)’

n(x,t) = =2 sinh(1/2ia;x + 1/2ia 3t + by ) cosh(1/2iarx + 1/2iay3t + bo)as? cosh(1/2iayx + 1/2ia13t + by ) sinh(1/2iapx + 1 /2iax3t +
by) + 4(cosh(1/2iayx + 1/2iar3t + by))2azai(cosh(1/2iaix + 1/2ia;3t + by))? — 2(cosh(1/2iarx + 1/2ia3t + by))%ara; —
2(cosh(1/2iayx+1/2iay3t +by))?ayay — 2 sinh(1/2iarx+1/2iart +by) cosh(1/2iayx+ 1/2iay3t + by )ay > cosh(1/2iarx+ 1/2iart +
by)sinh(1/2iayx + 1/2ia;®t + by) + ap3 cosh(1/2iayx + 1/2iar>t + by)sinh(1/2iax + 1/2iay3t + by) — sinh(1/2iax + 1/2iay3t +
by)az?ay cosh(1/2iazx + 1/2iaz®t 4 by) — sinh(1/2iayx 4+ 1/2iayt + by)ay?az cosh(1/2ia1x + 1/2ia;3t + by) + a1 cosh(1/2iarx +
1/2iar3t 4+ by) sinh(1/2iarx + 1/2iar>t + b»)

d(x,t) = 2 (sinh(1/2ia1x+ 1/2ia;>t +by) cosh(1/2iarx + 1/2iay>t + by)ay — sinh(1/2iapx + 1/2iart + by) cosh(1/2iayx + 1/2ia;3t +
by)ay)(—cosh(1/2iayx+1/2iay3t +by) sinh(1/2iarx + 1/2iaz>t + by)ay +cosh(1/2iayx +1/2iay3t + by)ay sinh(1/2iarx + 1/2ia;3t +
by))

is a solution to the Gardner equation (1.1) with ay, aa, by, by arbitrarily real parameters.
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Solution of order 3
In the case of order 3, we present solution in the particular case where a; =1, a3 =2,a3 =3,b; =0,b, =0, b3 =0.

Proposition 2.4. The function u expressed as

n(x,t)

uE) = G

n(x,t) = —150(cosh(1/2ix + 1/2it))? — 54 (cosh(3/2ix + & it))? — 384 (cosh(ix + 4it))> — 180 (cosh(1/2ix + 1/2it))?(cosh(3/2ix +
277#))2 + 480 (cosh(1/2ix + 1/2it))*(cosh(ix + 4it))> + 288(cosh(ix + 4it))*(cosh(3/2ix + 27711))2 + 320(cosh(1/2ix +
1/2it))?sinh(3/2ix + Zit)cosh(3/2ix + Zit)(cosh(ix + 4ir))> + 576sinh(1/2ix + 1/2it)(cosh(ix + 4it))?cosh(1/2ix +
1/2it)(cosh(3/2ix + ZLit))? — 180 (cosh(3/2ix + % it))?sinh(ix + 4it)cosh(ix + 4it)(cosh(1/2ix + 1/2it))? + 300 sinh(1/2ix +
1/2it)cosh(3/2ix+ &L it) cosh(1/2ix + 1/2it)sinh(3/2ix + & it) — 600 sinh(1/2ix + 1/2it) cosh(ix + 4it) cosh(1/2ix + 1/2it) sinh(ix +
4it) — 312 cosh(3/2ix + & it) sinh(ix + 4it) sinh(3/2ix + & it) cosh(ix + 4it) + 90 (cosh(1/2ix + 1/2it))? sinh(ix + 4it) cosh(ix + 4it) +
90 (cosh(3/2ix + & it))? sinh(ix + 4it) cosh(ix + 4it) — 160 (cosh(ix + 4it))?sinh(3/2ix + &L it) cosh(3/2ix + ZLir) — 288 sinh(1/2ix +
1/2it)(cosh(3/2ix + zzlit))zcosh(l/Zix+ 1/2it) — 288 sinh(1/2ix + 1/2it)(cosh(ix + 4it))? cosh(1/2ix + 1/2it) — 160 (cosh(1/2ix +
1/2it))?sinh(3/2ix + & it) cosh(3/2ix+ & it) — 724 sinh(1/2ix + 1/2it) cosh(ix + 4it) sinh(3/2ix + &L it) cosh(1/2ix + 1/2it) sinh(ix +
4it)cosh(3/2ix+ & it)

d(x,t) = 2(16sinh(1/2ix + 1/2it)cosh(ix + 4it)sinh(3/2ix + ZLit) — 9sinh(1/2ix + 1/2it)cosh(3/2ix + &L it)sinh(ix + 4ir) —
Scosh(1/2ix + 1/2it)sinh(ix + 4it)sinh(3/2ix + &L it))(16 cosh(1/2ix + 1/2it)sinh(ix + 4it)cosh(3/2ix + ZLit) — 9 cosh(1/2ix +
1/2it)sinh(3/2ix+ 2—27 it) cosh(ix+4it) — 5 sinh(1/2ix+1/2it) cosh(ix+4it) cosh(3/2ix+ 277 it))

is a solution to the Gardner equation (1.1).
2.3. Another solutions
We can consider other types of generating functions and get other types of solutions.

2.3.1. Solutions using hyperbolic cosine generating functions

Theorem 2.5. Let hj, h be the following functions

1 1
hi(X,T) = cosh (Ean— 5a§T+bJ») . for1<i<N,

then the function u expressed as

B W(dx (1), dx (hw))
u(x,t)fl—axln( il )X_W__it

is a solution to the Gardner equation (1.1) with aj, b; 1 < j < N arbitrarily real parameters.

2.3.2. Solutions using trigonometric generating functions

Theorem 2.6. Let g; be the functions

1 1 .
gj(X,T):cos(ian—ﬁ—ia?T—ﬁ—bj), for1 <i<N,

then the function u expressed as

—1—ouln W(dx(g1),---,9(gn))
u(x,t) =1-0yl ( Wier. . .an) )Xix;T”

is a solution to the Gardner equation (1.1), aj, bj 1 < j < N being arbitrarily real numbers.

Theorem 2.7. Let kj be the functions

1 1
kj(X,T) =sin (§an+ Ea;T—l—bj), for1 <i<N,

then the function u expressed as

W(aX(kl)w'wax(kN))
t)=1-dyl
uwt) X n( W(ky,....kn) |X =i, T=—it

is a solution to the Gardner equation (1.1), aj, bj 1 < j <N being arbitrarily real numbers.
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3. Rational Solutions to the Gardner Equation

In the following, we replace all parameters a; and b;, 1 < j < Nbyad; = Zﬁ(vzl ag(je)*1and b = ZkN:] bi(je)? ! with e an arbitrary real
parameter. We use this change of parameter to obtain rational solutions to the equation (2.1); it is enough to tend e to 0.
We get the statement:

Theorem 3.1. Let y; be the functions
v;(X,T,e) = sinh

1
2

3
N N N
oy 1 e e .
Y axlje) ‘x—2<2ak</e>2" 1) T+ Y h(e* |, fori<jsN
k=1 k=1 k=1

then the function u expressed as

M()C,l‘) =1-lim 8X In (W(aX(WI)a .. ’ax(WN)))
o Wiy, vw) |X=ix,T=—it

is a rational solution to the Gardner equation (1.1).
Proof. This can be easily deduced from the previous result. O

We can consider other generating function as trigonometric functions. The rational solutions of the Garner equation can also be expressed
without the presence of a limit. We can give the statement:

Theorem 3.2. Let y, @; be the functions

3
) 1 N 3 1 N _ N 3
y(X,T,e) = sinh 2<];lake2k 1>X—2(kzlake2k 1) T—i—];lbkeZk ],
%=1y (X,T,0
(P](X7T) = lll( _— )7f0r1§j§N7
82]‘_16

then the function v expressed as

W(a (@1)778 ((PN))
1) =1—0dxl X v
v(x1) X n( W(or,...,on) |X=ix,T=—it

is a rational solution to the equation (1.1) which depend on 2N real numbers aj, bj, 1<j<N

Proof. Itis a consequence of the combination of the columns of the determinant of the previous theorem and the passage to the limit when e
tends to O for each column. O

Some examples of these rational solutions are given in the rest of the text. We get rational solutions but which are singular.

3.1. Rational solutions of order 1

Proposition 3.3. The function v expressed as

iajx+2by +a;

1) =
V(X7 ) iayx+2by

)

is a rational solution to the Gardner equation (1.1), ay, b being arbitrarily real numbers.

3.2. Rational solutions of order 2

Proposition 3.4. The function v expressed as

n(x,t) = —a>x* + 8ia1* b1 4+ 2ia 3 X +24a13b12x% +12a1*b1x% — 12a, % tx + 24iay 2byx — 32ia,2xb 2 — 24ia;3xb, 2 — 24iayxayb, —
12ia1%t —16a1by* 4+ 48 by bray — 48 ashy> — 24 bya)® +24ajayby +24ibyar*t — 16a,%b,?,

d(x,t) = (ia1x+2by ) (ia1*x® + 6a13b1x2 — 12ia,2xby % + 12ia,*t + 24 byay — 24asby —8ayb;3)

is a rational solution to the Gardner equation (1.1) depending ay, ay, by, by arbitrary real numbers.
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3.3. Third order rational solutions

Proposition 3.5. The function v expressed as

n(x,t):fial12x9718a111b1x873a112x8+48ia1”b]x7+144ia|'0b12x7+336a1]0b12x67144b2a19x6772ia1lztx6+l44a2b]a18x6+
672a1°b13x0 + 144ia,°byx® — 144ia;8x5b1ay — 72a12tx° — 1344ia,°x7b13 — 864a; 1by1x> + 1728ibya;8b1x° — 2016ia;8x°by* —
1728iaxb1%a;’x> + 8640bya;”b1%x* — 14404, bsx* — 3360a183b;*x* — 4320a;°ax2b1x* + 4320a,%arbyx* + 720ia; Mibjx* —
8640arb1°a1%x* + 1440a13b1byx* — 4032a,7b17x* + 4320ia;0tb2x* — 14404, b1 %axx* + 1440a,%a3b1x* + 5376ia;°b,%x° +
11520ia;°b3b1x> +23040iarb1 % a5 x> — 23040ibra10x3b1 > + 115204, °b 3 1x° — 2880ia, x> b3 + 8640ia; Sarbrx® — 11520ia; ¥ azb, > —
5760ia;"x3b12b, — 34560ibya X biay — 8640ia;°x3ax2b; + 2880a;'0%th; 23 + 2880ia;%azbix® + 34560iax2b%a*x +
5760ia;°b3arx® + 5376ia,7b0x> + 34560ayb a;*x? — 11520a,%byb3x2 — 34560a,%biPazx® + 17280a;°azb 2 +
17280a;°brash1x2 4+ 17280a,%b,2x% — 34560bya,°b;*x* — 17280a;°b3b1x* + 103680a22b;3a;3x2 + 11520a7ab1*x +
5376a,%b;°x2 —5760ia,2x%th; > — 4320 a; '212x2 — 103680 bya; *b 1 2arx® + 34560 a,5b 2b3x2 — 17280ia,8x2tasb; — 345604 *ar2b 2x2 —
17280ia;3tx2b;* + 46084, b, x% + 17280ia, 1hyx% 4+ 691204, 8bthox — 27648 iazb,%a;3x + 207360 ibra;2ar2b i x — 3072ib; " a) x —
138240ia,2b1*a12x + 518404, %t azbyx — 2304 ia; * b1 8x + 46080ia,3b1*azx — 51840 a;51ar%byx + 17280ia; 1 b12x — 691204, by 2tarx +
17280a;%tazbix + 138240ibya;3bi3asx + 11520ib1*a;’box + 34560ib3ar2a’x — 69120ia;7xb1by? + 34560iarb,%aza®x +
34560ibi2asbyar*x — 138244, 7 b tx+ 27648 ibya; *b17x — 103680 iby2ar3arx — 11520ib1 > ay *xay — 34560ib 3 azxa;* —17280a, " thyx —
34560ibya;3asxb; + 34560ib2bsa;’x — 34560iarb1bza;’x — 46080ia,%b13bsx — 103680iax3b)%xa; + 34560ibya;*bsx —
5760b1%a;8tx — 103680b22a13ay + 17280b12a11%2 — 23040b1%aza;® — 69120ib12a; thy + 34560bya;%b3 + 17280ia,thy —
103680ia;%tby% — 69120b12by2a;* + 2304ib°a;’t + 69120ib13a1%a, — 51840iai%tarby + 4608ia;%th® — 51840arbya;8t +
51840bya1°1? + 103680ia;°thyarb; + 8640ia; 123 — 69120b53a13 — 138240a,3b13 — 512a13b,° — 768b18a1* + 34560ia,%tb3b; —
34560ia;tazbi> + 51840ia5tar?by — 17280ia;%azb; + 69120b13brai3ay + 207360brai2ax?b; — 34560brai3azh, +
34560azb1%ai%az — 34560ab1bza)® + 69120bsrai2arb* + 69120bya;3b3b; — 69120byai2azb)? + 207360byajax2b> —
69120a3b12b3a12 + 69120asb13aza; + 9216b2a13b1% — 69120a,2b1°a; — 9216421’ a12 — 23040a13b,%b; + 230404a,2b1%a; —
1036804 a23b > + 46085 bra;* — 4608b1%ara;® +23040b3b3a;*

d(x,1) = (ia1*x> + 6a3bx* — 12ia;2b,2x + 12ia,*t — 8a1by® + 24 bya; — 24a5b1)(—a8x5 + 12ia, by x> + 60a,%b2x* — 60a;81x° +
120ibya;°x® — 160ia;°x3b,3 — 120ia;*°biay — 720a;3b,2axx® + 720a;*b1byx® + 360ia; th; x* — 240a;*b,*x? — 1440ia3xa;2b, —
1440ia,3xb12by + 720a1%1b1 2x — 4320ibsa; 2arx + 4320iar2a1byx + 1440ibsa;3x + 1440ia;2b13arx + 192ia13b°x + 9605, *ajap —
2880byajazb; + 2880b3a12b; — 480ia; thy> + 720a;81% — 2880b,%a12 — 2880ia; thy + 64b1%a;% + 5760a22b12 — 2880aza;b1® +
2880ia;*tasby —960bya;%b;>)

is a rational solution to the Gardner equation (1.1).

3.4. Fourth order rational solutions

By choosing aj = bj = jfor 1 < j <4, we obtain the following rational solution:

Proposition 3.6. The function v expressed as

n(x,1) = x10 —36ix!5 — 600x1 4 6160ix!3 4 2401x!3 4 43680x12 — 6840 irx'2 — 89280 1x!! — 227136ix! 4 707520irx'0 — 896896 x10 +
1008072x10 4 38016007x° — 237600ir2x° + 2745600ix° 4 6589440x3 — 246240072x% — 14636160irx3 — 12446720ix” — 415641601 +
14860800ir2x” + 17280013x7 + 5806080072x° + 88197120irx0 — 18450432x0 + 21245952ix0 + 1451520013%° + 1398988801 —
153861120ir2x° — 96768000ir3x* + 18636800x* — 163891200irx* + 181440007%x* — 280627200:2x* — 108864000it*x> +
348364800it2x° — 12042240ix> — 2903040003 x> — 1378713601x> + 464486400 ir3x% — 5406720 .x% 4 282009600 12x2 -+ 78888960 irx* —
217728000¢*x2 + 38707200013x + 1507328ix — 2177280007 x + 145152000ir*x + 275251201x — 134553600it2x — 4423680ir —
28753920¢2 + 653184000 it + 196608 — 132710400 i

d(x,t) = (=x® + 120 + 60x* — 6013 — 160ix> 4 360irx> — 240x% + 720¢x + 192ix + 7207% 4 64 — 480it)(—x'0 4-20ix? + 180x% —

1807x7 —960ix” 4+ 2520itx® — 3360x° + 151202x° + 8064 ix> + 13440x* — 50400 itx* — 15360 ix> — 1008007x° — 115202 + 120960 irx +
5120ix — 3024003 x + 80640 £x 4 1024 — 23040 it + 6048003

is a rational solution to the Gardner equation (1.1).
3.5. Fifth order rational solutions

By choosing a; = jand b; = 0, for I < j <N, we get the following rational solution:

Proposition 3.7. The function v expressed as
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with
n(x,t) = ix® + 55x2* — 1440ix — 23920x%2 + 600i1x?% + 283360ix2! + 286801x2! + 2550240x2° — 650160itx20 — 18135040ix'% +
100800ir2x1 — 9307200:x!® + 418320012x18 + 94483200irx'8 — 104600320x!3 + 498389760ix!7 + 723945600¢x!7

81648000ir2x'7 + 1987406080x'0 + 6955200ir3x!® — 997315200+2x10 — 4349802240irx'® — 6694420480ix!> — 210159820807x! +
22740480013x15 + 8554291200i2x15 + 83051827200irx'* — 19170385920x!% — 3483648000i3x!* + 5478036480012x14 +
2715804672003 — 33191424000/3x'3 — 271763251200ir2x!3 + 254016000ir*x13 + 46860943360ix!3 + 2201472000003 x12 —
740421427200itx'2 + 97981972480x'2 — 106928640000072x'2 + 9398592000712 + 3387499315200i2x!! — 1690327941120¢x!! —
175272099840 ix'! — 146313216000ir*x'! + 10778406912003x!1 — 4029574348800ir3x'0 — 396264960007 x1° — 267776819200x'0 +
3236183408640itx10 4+  87196741632002x10 —  1318851072000¢4x'0 —  11734474752000:3x° + 51898957824007x°

18317588889600ir2x° + 348109864960ix° — 5334336000001 x° + 7823692800000ir*x + 382763335680x° + 2469035520000 x3 +
26900729856000i13x8 —3141135728640012x8 4+325912688640001*x8 — 6944204390400 irx3 — 76967313408001x” — 352835338240 ix’ +
365783040000 it%x7 +43797970944000 ir2x” — 98712649728000ir*x” + 7315660800007 x7 4 487091404800003x7 — 269269073920x° +
102419251200002%x° + 6988022415360itx® — 69432665702400i3x° + 4923060387840012x° — 221030498304000:%x° +
40967700480000ir°x° — 770973106176003x° — 43966424678400ir%x° + 366953545728000it*x> + 5111579934720

92177326080000i%x° + 167132528640ix> + 202790117376000°x° — 512096256000000ix* — 409677004800000:0x* +
65374912512000i3x*  — 2939132313600irx* + 82239815680x* — 30490125926400:2x* —  76814438400000it"x* +
4470681600000007*x* — 768144384000000¢7x° — 30870077440ix> — 389128126464000ir*x — 12793675776001x° +

15834651033600it2x3 + 40924348416000:3x3 + 1024192512000000i:°x3 — 784238837760000°x> + 5796790272000¢2x2 —
17836277760000i3x2 — 229419122688000*x% — 8304721920x% + 737418608640000irx> + 1474837217280000:5x2 +
2765319782400000it x> + 396361728000itx2 + 1426063360ix — 4835613081600£3x + 82195513344000ir*x + 778882252801x +
4301608550400000¢7x — 1147095613440000it%x — 1334417817600ir2x + 394070261760000°x — 460886630400000i8x —
7298088960 — 2458062028800000it — 374561832960000:° — 460886630400000:8 + 117440512 + 1352584396800074 —
1453326336002 — 92079783936000 i1 + 614360678400 i

and,

d(x,t) = (—x'0 +20ix® + 180x% — 180£x7 — 960ix” 4 2520itx® — 3360x° 4 151202x° + 8064 ix> + 13440x* — 50400 itx* — 15360 x> —
1008002x> — 11520x% + 120960itx> + 5120ix — 302400£3x + 806401x + 1024 — 23040t + 6048003 ) (—ix'> — 30x'* + 420ix!3 —
420irx'2 4 3640x'2 — 21840ix!! — 100807x'! — 96096x10 + 110880irx'0 + 320320ix° — 25200ir2x° + 7392002x° — 45360012x8 —
3326400 irx® + 8236808 +3628800ir2x” — 106444801x” — 1647360ix” —2116800ir3x° — 2562560x° +24837120itx° + 169344002x6 —
50803200i2x> + 3075072ix0 + 425779201x° — 25401600£3x° + 2795520x* — 53222400itx* — 10160640072x* + 1270080003 x* +
254016000it*x> + 135475200ir2x> + 33868800013x° — 1863680ix> — 473088007x° — 860160x2 + 28385280 irx2 + 11612160072x% —
508032000ir3x2 + 15240960007*x2 — 3048192000ir*x — 58060800ir2x + 103219201x + 245760 ix — 40642560013 x — 1290240012 +
13547520013 + 32768 — 20321280001* — 1720320t + 1524096000ir°)

is a rational solution to the Gardner equation (1.1).

4. Conclusion

Two types of solutions to the Gardner equation have given in this work.

We first construct solutions in terms of Wronskians of order N depending on 2N real parameters with trigonometric or hyperbolic functions.
Using a passage to the limit when one parameter goes to 0, we get rational solutions to the Gardner equation depending on 2N real parameters.
So we construct very easily rational solutions.

This work presents different new representations of the solutions to the Gardner equation.

These results give also an efficient method to construct an infinite hierarchy of multi-parametric families of rational solutions to the Gardner
equation as a quotient of polynomials in x and 7 depending on 2N real parameters.
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