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PARTIAL DERIVATIVE EFFECTS IN TWO-DIMENSIONAL
SPLINE FUNCTION NODES

OGUZER SINAN

ABSTRACT. One of the methods is two-dimensional spline functions for to cre-
ate geometrical model of surface. In this study Eligibility of partial derivatives
values for each node was examined. These nodes are projection of creation
aimed surface. Created effects by the chosen values were evaluated. The
results of the application example was provided with a computer software de-
veloped.

1. INTRODUCTION

F1GURE 1. Conversational usage of mechanical spline.

In mathematics, a spline is a numeric function that is piecewise-defined by poly-
nomial functions([5][7]). In dictionary, the word ”spline” originally meant a thin
wood or metal slat in East Anglian dialect. By 1895 it had come to mean a flexible
ruler used to draw curves[10]. These splines were used in the aircraft and ship-
building industries. The successful design was then plotted on graph paper and the
key points of the plot were re-plotted on larger graph paper to full size. The thin
wooden strips provided an interpolation of the key points into smooth curves. The
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strips would be held in place at the key points (using lead weights called ”ducks”
or ”dogs” or "rats”)([6][7]) as shown in figurel. It is commonly accepted that the
first mathematical reference to splines is the 1946 paper by [6], which is probably
the first place that the word ”spline” is used in connection with smooth, piecewise
polynomial approximation([8][7]).

Let T = (to, t1, rev tn_1) and U = (’LLO, Uy, Un—l) here,
tp < t; <--- < tnp_y are distinct ordered real numbers and ug, uy, ‘-, Up_1
are real numbers that represent each node. It describes a spline function fs,

fot), to <t < 1y
filt), 1 <t <ty
fsp(t) =
Jns(t), thz <t <ty o
Jn2a (), tha <t <ty
f](tj):u]’ f] (t]+1):uj+17 .]207 17 T n—2.
a,b € R, a=ty < t1 < -+ < th_9 < t,_1 =0bis to be; fj : [tj,tj+1] — R,
j=0,1, -, n—2, fo :[a,b] = R. Each f; function may have any degree

that is polynomial functions. Often the first, second and third order polynomial
functions are used in practice([8][1]).

< >
t t
j J+1
FIGURE 2. f; piecewise function.
1.1. Cubic spline functions. Let T = (to, t1, - -, tn—1), U= (ug, U1, -+, Up—1)
and G = (g0, g1, -, gn_l)[. fsp [to,tn-1] = R, u = fsp (t), t € [to,tn-1]-
fj : [tj,tj_;'_ﬂ — ]’%7 fj (t) = ajt‘3 —+ bjt2 —+ Cjt + dj, j = O, 1, e, N— 2 which
satisfied the conditions f;p (t;)=gi;, =0, 1, ---, n—1 is unique [9].

fi ;) = g; and f; (t;) = v,
fi CGis1) = gj41 and f; (tj41) = ujpa
j=0,1, -, n—2

Condition can provides, at least third degree spline functions [9]. The cubic spline
function f,,( t ) has following representation [1].

1 U; — Uj—1
w; = — gi_
Yot —tion \ ti—tioa gim1

1 9i — gi—1
a; = — 2w;
ti —ti—1 \ti —tia1
by = — (ti +2ti—1) a; +w;
Ci = gi—1 — Sait?_l — 2b;t; 1
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di =iy — a;t] | — bt | — citia
i=1,2 ...,n-1
1.2. CubicSPL Cubic spline subroutine. The following subroutine representa-
tion have input values that are three vectors establish for cubic spline function and

provision sought value of ¢. The result of this subroutine is a value that u = fs,(¢).
double CubicSPL (double* T, double* U, double* G, double t)

Example 1.1. T=(1, 2, 3, 4,5),U=(-3, 3, 2, =2, 1) and G = (0, 0, 0, 0, 0)
are vectors representing the values of nodes.

#define TMax 5

T[TMax] = {1, 2, 3, 4, 5 };
U[TMax] = { -3, 3, 2, =2, 1 };
G[TMax] = {0, 0, 0, 0, 0 };
double t = 3.7 ;

u = CubicSPL(T, U, G, t);

u @ —1.1359999999998536
u = CubicSPL( T, U, G, 2.07);
u @ 2.9859860000000111

Graphical representation of the results are also observed at figure 3.

2.986 /\_\

; TSN
-1.136 / \-—/ '

FiGURE 3. Graphical representation of example 1.1.

2. Two DIMENSIONAL SPLINE

a,b,c,d € R and Q = [a,b] X [¢,d], consider the rectangle on tOx plane as
region.

a:t0<t1<--~<ti<-~~<tm_1:b;m21
c=x9 < 1 < - <x; < - <Tp_1=d;n>1
1=0,1,---,m—1,45=0,1, -+, n—1

Q region divided into (n — 1) x (m — 1)sub regions.

Qij={t,zx): t; <t < tips, 75 < @ < i}
i=0,1,---,m—2;, j=0,1, ---, n—2. For any ; ; sub region have this edge
cardinal points:

th,-, r_jaCti+1, Zjo Cti+l, Tj41 Cti,, Tj41
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The cardinal points of each ); ; sub region defines a grid €4,.q. Be introduced a
function A : Qg.q — R, X(t;,7;) = u( ;) on the grid extended on the € region [8].

U = {u©0,0), 40,1)s " » U0n-1)> U1,0) "> Um—1,n—1)}
Gt = {gt(op)a to,1)> " Gt(on—1)s 9t(1,0) " gt(m71,n71)}
G, = {gw(0,0)v 9z(0,1)) "5 9z(0n—1)» 9z(1,0 > gI(m—l,n—l)}

UGig) € s giig) € By o) € R
Aty z5) = ug gy, A (s @) = Gy A (LisTj) = 9a ()

i=0,1, -, m—1j=0,1, -, n—1
The purpose is find f: Q@ — R, f (¢, z) derivable real function [8].

H(t07$), H(tlvx)a H(t27x)a RS H(tm—lv'x)a Zo S x S Tm—1
S(t,LEQ), S(t,ml), S(t,l‘g), ceey S(t,xn_1), to S t S tn—l
H(tj,z), i=0,1, ---, m—1, zg < x < x,-1 describe direction of x spline
functions and S (t,z;), =0, 1, ---, n—1, t¢ < t < t,,_1 describe direction

of ¢ spline functions|8].
U, G, and G; data sets according with £4,.q. These sets provides m amounts

Us = {uay |i=0,1, -, n—1} and G¢ = {gw(m) ‘ij, 1, -, n—l}
vectors for each H (t;, z) spline functions direction of z and n amounts
Uz = {uy [i=0,1, -, m—1} and G = {gt(i’j) ’i:(), 1, -, m—1}

vectors for each S (¢,z;) spline functions direction of ¢. At the end of the m +n
amounts supply one-dimensional spline functions can be calculated.

A
Xn-11
[
le
X1
X!

— oo -

b &1 t (3 tm-1

FIGURE 4. m + n amounts one-dimensional spline functions.
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FIGURE 5. The demonstration will consist of an auxiliary spline
function according to the direction.

3. ANY f(t,z) ON THE

Calculations can be started with the any direction spline functions the direction
of t or direction of x arbitrarily chosen. Let tg < | < t;p_1andxzg < k< xp_1 -
If t direction spline functions are chosen, a supplementary spline function can create
using these spline functions.The solution is shown below.

Let k € (w0, 2n—1) and [ € (to, tm—1). u,,,, jy =S, x;), 7=0,1, ---, n—
1, f(l, k) = H(tsup, k). In detail uy,, ;) = CubicSPL(T, Ui" Gi" l); for

j=0,1, -+, n—1 create a new U= vector for use in x direction. Therefor

sup

CubicSPL function need a G§ vector represent = direction derivative values of

sup

H (tsup, ) ti < 1 < ti41, G= and G; vectors represent partial derivative
i+1

X, +
values relationship H (¢;, =) and H (t;4+1, x) spline functions on direction z. Get
help these two vectors to determine G§Sup. U§Supwas obtained. t; < I < t;41
and j =0, 1, ---, n—1. As shown in figure 6.

FIGURE 6

[tiv1 — 1 It: — 1
( Xsup)j (gXi)j |ti+1 - til Xit1 J ‘ti+1 - ti‘

f(, k)= CubicSPL(X, U=, G= , k);

sup Xsup
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4. SMOOTH SURFACE

At the direction of ¢t and the direction of x, partial derivative values can be
arbitrarily chosen on the grid nodes. Nevertheless the created surface able to reach
somewhat smoothness using some basic rules. For spline functions direction of ¢ :

(97,). = (7,),~ (45,

t1 —to
(g: ) _ (u?j)m—Q - (u?j>m,—l
Ti/)m—1 tm_g - tm—l
(g: ) _ (ui‘)i B <u?j)i71 [tit1 — ti n (ui)iﬂ_(ui‘)i [tiz1—t4]
Ti/i by —ti—1 [tit1—tiz1] tiv1—t; [tit1—ti—1]
i=1,2 -, m—2 =01, - ,n—1.

For spline functions direction of x :

U= —(u=
(g;) _( Xi)l ( Xi)o
Xi/o T1—Xo
iz, (%)
7< Xi)n—2 Xi)n—1
9%.) i ™
i/n—1 Tpn—2—Tn-1
ix),~ (%) (=), (=)

(F) _ ( XiJg N X g gyl VX e VXY )
Xi/j Tj—Tj-1 |j 41—z Tj41—1; |j 41—z

i=0, 1,---;m—1, j=1,2, -+ n—2.

5. RESULTS AND DISCUSSION

A computer program was developed as a result of this study is. Using the
http://oguzersinan.net.tr web address that is accessible to this computer program.

3 4 3 0 0O 0 0 O
U = 4 5 4 ], G, = 0 0 O and G; = 0 0 O get in that
3 3 3 0 0O 0 0 O

way. Surface appearance is shown in figure 7. Computer software by the method
described hereinabove, when it determines partial derivatives of nodes is calculated

1 0 -1 1 1 1
as G, = 1 0 -1 and Gy = 0 0 0 . New surface appearance
0 0 O -1 -2 -1

is shown in figure 7.
Determine the value of partial derivatives with the weighted arithmetic mean
method on two-dimensional cubic spline functions reveals appropriate results.
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FIGURE 7. On left side without correction, on right side after
smoothness correction.
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