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SEMI-SLANT LIGHTLIKE SUBMERSIONS
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Department of Mathematics, Amasya University, Amasya, TURKIYE

ABSTRACT. In this paper, we intend to study semi-slant lightlike submersions
from indefinite Kaehler manifolds onto lightlike manifolds. After giving defi-
nitions and basic properties, we obtain conditions for a lightlike submersion to
be a semi-slant lightlike submersion. We indicate some relevant examples. Fi-
nally, we investigate the geometric properties of foliations that appeared with
a semi-slant lightlike submersion.

1. INTRODUCTION

Studying differentiable maps defined between manifolds are one of the methods
used to compare geometric structures. One of these maps is submersion, in which
the rank of the transformation is equal to the dimension of the target manifold.
Moreover, if this map is isometric, it is called Riemannian submersion.

Riemannian submersions were first defined by O’ Neill and Gray independently
of each other [15], |7]. This definition was extended to manifolds with different dif-
ferentiable structures. After some important developments in complex and contact
geometry, the Riemannian submersions have become interesting. The differential
geometry of manifolds with special structures have been examined by using different
kind of Riemannian submersions [11(6[8H10L[17.[23L[24}[26].

On the other hand, a major shortcoming of the semi-Riemannian manifold is
that there are no suitable types of functions from one manifold to the next to
satisfy its geometrical properties.This flaw was fixed by O’ Neill in 1983 [16]. As
the generalizations of Riemannian submersions, O’ Neill introduced the notion of
semi-Riemannian submersions. A well known fact is that for a defined Riemannian
submersion between two Riemannian manifolds, the fibers are always Riemannian
but the fibers of semi-Riemannian manifolds on a semi-Riemann submersions may
not be semi-Riemannian manifold.
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The another importance of such maps is their applications in mathematics [24], in
theoretical physics (supergravity and superstring theories [13[14], Yang-Mills theory
[3127] and Kaluza-Klein theory [4,/11] ) and robotic theory [2].

On the other hand, although there have been many publications on the geom-
etry of Riemannian submersions, there have been very few on semi-Riemannian
submersions and lightlike submersions. First, Sahin investigated submersions be-
tween lightlike manifolds and semi-Riemannian manifolds [21,22]. Here, he obtained
O’Neill’s tensors defined on Riemannian submersions for lightlike submersions and
showed the differences between the two maps for these tensors. Moreover, he stud-
ied lightlike harmonic map.

In [5], Duggal investigated harmonic maps between two semi-Riemannian man-
ifolds. He showed that these maps behave differently. Moreover, he obtained that
harmonic maps between two semi-Riemannian manifolds must be subject to some
restricted classes of semi-Riemannian manifolds. Thus, harmonic maps from a semi-
Riemannian manifold into a lightlike manifold were studied only when the target
manifold is a Riemannian hypersurface of a lightlike manifold.

In [25], Sahin and Giindiizalp investigated lightlike submersions from a semi-
Riemannian manifold onto lightlike manifold. After this definition, different struc-
ture in Riemannian submersion theory began to be examined for lightlike submer-
sion as well. Firstly, Sachdeva et all. introduced slant lightlike submersions [19].
Later, Prasad et all. studied slant lightlike submersion for indefinite nearly Kaehler
manifold [18]. They established the existence theorems for slant lightlike submer-
sions and investigated geometry of foliations. Kaushal et all. introduced pointwise
slant lightlike submersions [12]. Shukla et all. studied screen slant lightlike sub-
mersions [20].

Under the motivations and the light of these studies, we defined semi-slant light-
like submersion from indefinite Kaehler manifold onto lightlike manifold. We aim
is to present some general properties of this type of submersions and after that to
obtain major results on the geometry of them. In Section 2 we review some the stan-
dard facts on semi-Riemann submersions and lightlike submersions. After giving
the definition of semi-slant lightlike submersions from indefinite Kaehler manifold
into lightlike manifold in Section 3 we indicate related examples. In section 4 we
study of minimality, integrability and totally geodesic conditions of distributions.

2. PRELIMINARIES

In this section, we introduce lightlike submersions. We define lightlike submer-
sions and O’Neill’s tensors for lightlike submersions.

Let (M, gar) and (B, gg) be a semi-Riemannian manifold and an r-lightlike man-
ifold, respectively. Therefore, we have a submersion 1) : M — B. Moreover, 1~ '(q)
is a submanifold of M, where dimy ™" = dimM — dimB. Then, for q € B, w_l(q)
is said to be fiber.
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Thus, the kernel of ¢, at the point p is defined by
kery, ={X € T,M : ¢, (X) =0}.
On the other hand, we denote
(kerp,)r ={Y € T,M : gpr(X,Y) =0,YX € ker, }.

Since T, M is a semi-Riemannian manifold, (ker ¥,)t cannot be a supplement to
ker,.

Assume A = ker v, N (kery, )+ # {0}. Therefore, we have different four cases
of submersions:

Casel: Then consider 0 < dim/A < min{dim(ker ¢, ), dim(ker,)*}.

Thus A is the radical subspace of T, M.

On the other hand, ker, is a reel lightlike vector space.Then, there is supple-
mentary non degenerate sub-space to A. Let S(kerv,) be a supplementary non
degenerate sub space to A in ker,. Thus we given by

kervy, = ALS(kerv,).
By a similar method, we see that
(kervp, )™ = ALS(kery, )",

where S(ker 1, )" is a supplementary sub-space of A in (ker,)*. However S(ker,)
is non-degenerate in T, M, we have

T,M = S(kerv,) LS (ker i, )

where S(ker 1), )" is the supplementary sub-space of S(ker,) in 7, M. On the other
hand S(kert,) and S(kert, )" are non degenerate, we deduce,

(S(ker¢p,))t = S(kertp,) " L(S(kery, )t )" .
In that case, for all a, 8 € {1,...,t} and 4,j € {1,...,r}, we get
gm (&5 &) = gm(Niy Nj) =0, gm (&, Nj) = 645
g (Wa,&5) = gu(Wa, Nj) =0,  gu(Wa, Ws) = €adag,
where {¢;} is base of A, {N;} are null vector fields of (S(ker,)+)*, {W,} are

bases of S(ker,)t. We can construct the set of vector fields {N;} for itr(ker1,),
therefore, we arrive

tr(kerqp,) = ltr(kersp,) LS (ker ¢, )t

We emphasize that ker, and ltr(kert,) are not orthogonal. Therefore, we show
that H =tr(ker,) the horizontal space and V =ker, the vertical space of T, M
as is usual in the theory of Riemannian submersions. Hence we have,

ToM =V, ®H,.

We note that H and V are not orthogonal.
Now, we can give the definition of a lightlike submersion.
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Definition 1. [25], Let v : (M, g ) — (B,gg) be a submersion, where M and B
are a semi-Riemannian manifold and an r-lightlike manifold, respectively. There-
fore, 1 is said to be an r-lightlike submersion if,
(i) dim A = dim{ker 1),N(ker v, )} = r,0 < r < min{dim(ker 1, ), dim(ker, )" }.
(i1) grr(X,Y) = gn (), X, 9, Y) for all X,Y € T(H).

Case2: dim A = dimker ), < dim(ker,)".
Therefore, H =S(ker ¢, )+ Litr(kert,) and V =A\. Then, v is said to be an isotropic
submersion.

Case3: dim A = dim(ker¢, )+ < dimker,.
Therefore H =ltr(kerv, ) and V =S(ker ¢, ) LA. Then, 1 is said to be a co-isotropic
submersion.

Case4: dim A = dim(ker, )+ = dimker,.
Therefore H =ltr(kert,) and ¥V =A. Then, 9 is said to be a totally lightlike
submersion.

Now, we follow the lemma that we will use in the definition of semi-slant lightlike
submersion.

Lemma 1. [19], Let ¢ : (M, J,gn) — (B,gB) be a r-lightlike submersion from
an indefinite Kaehler manifold to an r-lightlike manifold. Let JA be a distribution
on M such that AN JA = 0. Then any distribution complementary to JA @
J(ltr(ker,)) in S(ker,) is Riemannian.

On the other hand, O’Neill was defined tensors 7 and A for Riemannian sub-
mersions [15]. Sahin and Giindiizalp are characterized tensors T and A for lightlike
submersions as follows:

M M
TeF = hV ,gvF + 0V, ghF (1)
and
M M
AEF = hthhF+thEUF, (2)

for all E,F € T'(T'M), where h and v are the horizontal and vertical projections.
Therefore from and , we have

VoV =ToV +oV, V (

M M
VX =TuX +hVy X (
ViU =oVyU+ AxU (5
(

M M
VyiY = AxY + hVyY,

for all U,V € T'(kery,) and X, Y € I'(tr(kerv,)), [25)].

Now, let’s remember the definition of indefinite Kaehler manifold. A 2m-dimensional
differentiable manifold M = (M, J, gar) is said to be indefinite Kaehler manifold if
there exist a semi-Riemannian metric gp; and a complex structure J,
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J?=—I, gu(JE,JF)=gu(E,F) (7)
and
(VeJ)F =0, (®)
for any E, F € T(TM).

3. SEMI-SLANT LIGHTLIKE SUBMERSIONS
Firstly, let’s define the semi-slant lightlike submersions and give examples.

Definition 2. Let (M, J,gr) and (B, gp) be an indefinite Kaehler manifold and
r-lightlike manifold, respectively. Let ¢ : (M,J,gpm) — (B,gp) be an r-lightlike
submersion. Therefore, v is called a semi-slant lightlike submersion if there exist
on M two non-degenere orthogonal distributions Dy and Do such that

(i) JA is a distribution in ker ¢, such that AN JA = 0;

(ii)

S(ker,) = (JA @ J(ltr(kere,)) LD, LDy;

(#ii) Dy is an invariant distribution, under J, that is JD1 = Dy;

(iv) Do is slant distribution with angle 0(X), such that for all x € M and
X € (D3),.

Moreover, the angle 6 is saidto be the semi-slant angle of the lightlike submersion.
In particular, if D; = 0, therefore M is a slant lightlike submersion.
Hence we get,

™ = VoH
{AL(JA @ J(lirkery,)) LDy LDy} @ {¢(D2) LuLitr(kerd,)},
where p is the orthogonal sub-bundle complementary to ¢(Ds) in S(keriy, ).

Example 1. Every slant lightlike submersion from indefinite Kaehler manifold onto
r-lightlike manifold is semi-slant lightlike manifold with D1 = 0.

Example 2. Let (Rj% 19,91,J) and (R] o6,92) be an indefinite Kaehler mani-
12
fold and lightlike manifold, g1 = —(dxz1)? — (dx2)? + Y. (dx;)? is semi-Riemannian

i=3
7
metric and go = Y. (dy;)* is a degenerate metric, where x;, i = 1,...12 and
j=2
yj,j = 1,..7 are the canonical coordinates on R'? and R respectively. If we set
J(x1, 22,y w11, T12) = (—22,71,..., —T12,711) then J2 = —I and J is complex
structure on R'2. We define the following map

¥ : R - RT
T5 +T7 Te + T3

V2 V2

(X1, .y 12) = (1 + T4, T2, T3, ,sin axg — cos ax11, T12).
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On the other hand, kernel of ¥, is

kery, = Sp{Vlzfai%Jr%,%:%,vg:%? 4:8%5,8%7,
Vs = aif%_3ixs’v6__COba%_SIHQGjll’V7:axiw}'
Then, we arrive
(o)t = Sp{zi= gt o= b = Ly
2y = sz —cosazto 2= o,

On the other hand, we have ker ¢, N(ker v, )+ = Sp{V1}. Moreover, we get ltr(kert,) =

Sp{N = (aw1 + a:p )}. Then the horizontal and vertical spaces are given by
= {Nu Z?v Z37 Z47 ZS}v V= Sp{vlv V27 ‘/Eiu V47 V57 ‘/67 V7}7

Also by direct computations we obtain, g1 (N, N) = go(¥ N, ¥, N), and g1(Z;, Z;) =
92 (U, Zi, 0, Z;) foralli =2,...,5. Hence ) is a 1-lightlike submersion. On the other
hand, we have JVy = —=V5,JVs = Vy. Thus it follows that Dy = Sp{Vy,V5} and
Dy = Sp{Vs,Vz} are a invariant and slant distribution with slant angle 0 = «,
respectively. Moreover JVi = Vo + V3, JN = %(—Vg + V3) such that JA and
J(Itr(ker,)) are distributions on R3%. Thus 1) is a semi slant lightlike submersion.

Example 3. Let (R 10,91,J) and (RS 4,92) be an indefinite Kaehler mani-
12

fold and lightlike manifold, g1 = —(dz1)? — (dw2)? + Y (dx;)? is semi-Riemannian
i=3

6

metric and go = Y (dy;)* is a degenerate metric, where x;, i = 1,..12 and
j=3
Y;,3 = 1,...6 are the canonical coordinates on R'? and RS respectively. If we set
J(x1, 29, ..., w11, 212) = (—T2,21,..., —T12,711) then J? = —I and J is complex
structure on R'2. We define the following map
¥ :R? - R

T3 —T7 Ty — T8 T9 — T12

($17 ---75'312) — (331 + x5, T2 + Tg,

On the other hand, kernel of Y, 1s

kery, = Sp{V1 = azl dac5 Vo= dxg dafg Vs = axg + am Vi = +%v
_ _ 0
V= g e Vo = ain b
Then, we arrive
0 0 0 0 0 0
ke Lo Sz == - = Z=— = o=
( erw*) p{ ! 6561 (91175’ 2 6:62 (9£E67 3 8x3 6587



988 R. SARI

0 0 0 0 0

Zy = — - zi=— = % z= "y
4 (3'134 (91’87 g 6569 (917127 6 3:1711}

On the other hand, we have ker, N (keri, )t = Sp{Vi,Va}. Moreover, we get
ltr(kerv,) = Sp{N, = %(6%1 + a—i’),Ng = %(622 + 8%6)}' Then the horizontal and
vertical spaces are given by

H= {N17N23 Z37Z4a Z57Z6}7V = Sp{vl7‘/27‘/33 V47V57‘/6}7

Also by direct computations we obtain, g1(N;, N;) = g2(¢, N;, ¥, N;), and g1(Z;, Z;) =
92 (U, Zi, 0, Z;) foralli =3,...,6. Hence ) is a 2-lightlike submersion. On the other
hand, we have JV3 = —Vy, JVy = V3. Thus it follows that D1 = Sp{V3,V4} and
Dy = Sp{Vs,Vs} are a invariant and slant distribution with slant angle 6 = ¢,
respectively. Moreover JVi = Vo + V3, JN = %(—Vg + V3) such that JA and
J(Itr(kerp,)) are distributions on R32.  Thus 1 is a semi slant lightlike submer-
stomn.

Now, let ¢ be a r-lightlike submersion. Therefore for U € I'(V) and X € T'(H),
we get

JU = ¢U +wU, JX =BX +CX, (9)

where wU(CX ) and ¢U(BX) are the transversal component and tangential of
JU(JX), respectively.

Denote by Py, P2, Ps, Py, Ps the projections onto the distributions A, JA, J(ltr(ker,)),
D1, Ds, respectively.

Thus, for any U € I'(V), we can write

U=PU-+ PRU+ PU+ P,U + PsU.
We applying J to last equation, we get
JU =JP,U + JPU + JP3U + JPU + ¢PsU + wPsU, (10)

where ¢PsU (resp. wPsU) denotes the tangential (resp. transversal) component of
JPsU. Then, we have

JPU = ¢P U € T(JA), wPU =0,
JPU = ¢P,U € T(A), wPU =0,
JPU = wPsU € T(ltr(ker,)), ¢P3U =0,
JPU = ¢P,U € T(Dy),
oPsU € T(Dy), wPsU € T'(1(Ds)).

Therefore, we can write

oU = oP\U + ¢ U + ¢P5U.
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Theorem 1. Let ¢ : (M,J,gn) — (B,gg) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold, respectively. There-
fore 1 is a semi-slant lightlike submersion if and only if

i) Jltr(ker,) is a distribution on M,

ii) for all U € T'(kerv,),

&*PsU = APsU, (11)
where, A = —cos? 0 and Odenotes the semi-slant angle of Ds.
Proof. Firstly, let 1) be a semi-slant lightlike submersion. Therefore JA is a dis-

tribution on S(kert,). Then, using Lemma 1, J(ltr(ker,)) is a distribution on
M.

Further, since v is semi-slant lightlike submersion, the slant angle betwen JU
and D5 is constant. Then using and @, we get

gu(U, (6P5)2U)

coslp, = .
’ [7U[ loBsU||
On the other hand, from , we obtain
[7U]]
coslp, = —(/——.
loPsU ||
By the last two equations, we have
U, (¢pP5)*U
contt, 00 OPV)
loPsU ||

Since the angle 6 is constant on Dy, we give

$*PsU = N2 PsU,

where A = — cos? .
Conversely, from (i), JA is a distribution on S(ker, ). Moreover, if lemma 2 is
used, the proof is complete. ([

Corollary 1. Let v : (M, J,gm) — (B,gg) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore, for all
U,V eT(kervy,)

gM(QSU? ¢V) = COS2 99M(U7 V)7 (12)
gu (WU, wV) = sin? Ogp (U, V). (13)

4. MINIMALITY, INTEGRABILITY AND TOTALLY GEODESIC FOLIATIONS

In this section, we investigate minimality,totally geodesic and integrability of
distributions.
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Theorem 2. Let ¢ : (M,J,gn) — (B,gg) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore Dy is
integrable if and only if

JTodPsV — TvoPsU ¢ T'(¢(D2))

ZZ) gM(’UVU¢P4V - UVV¢P4U, BN) = gM(Tv¢P4U - TU¢P4VY, CN)

1) vy PV — vVyoPyU ¢ T(A),

where U,V € I'(D1), K € I'(D2), W € T'(Jitr(ker,)), N € T'(ltr(kerv,)).

Proof. For all U,V € T'(D1), since [U, V] € T'(V) we arrive g ([U, V], X) = 0, where
X € T'(H). Thus, for all K € I'(D3), W € T'(Jltr(kerv,)) and N € I'(ltr(kerv,)),
we get D; is integrable if and only if gy ([U, V], K) = 0,gm([U, V], N) = 0 and
gu([U, V], W) = 0. Firsly using (7)) and (8), we have

au(VoV,K) = —gu(VuJV = (VyJ)V, JK)
= —gu(Vu IV, JK). (14)
Then, from @, and we get
gM([U, VLK) = —g]\/[(VUV7 J¢P5K) —|—gM(VUJV,wP5K)

+9u(VvU, JOPsK) — gu (Vv JU, wBs K).
Also, using , , and we have
gu([UV],K) = cos®0gn(VuV, K) + gu(TugpPaV, wPsK)
—cos” 0gu (Vv U, K) — g (T 9PaU, wPs K).
After some calculations, we obtain
sin® Ogas ([U, V], K) = gu(TopPaV — Tv ¢ PyU, wPs K)
which proves (i).
For N € I'(Itr(kerv,)), from (10)), (1)), we obtain
gu([U,V],N) = gu(Vu¢P,V — Vy¢PU, JN).
Thus, using and @, we get
g (U, VI,N) = gu(wVyodP,V —ovVyoPU,BN)
+9m (Tu PV — Ty ¢ PLU,CN)
which gives (ii).
Finally, W € T'(Jitr(kert,)), from (10)), (14]) and (3)), we arrive at
g ([U, V], W) = gy (Vo PV — oV y @ PLU, g P, W)
which proves (iii). O
Theorem 3. Let ¢ : (M,J,gn) — (B,gg) be a semi-slant lightlike submersion

from an indefinite Kaehler manifold to an r-lightlike manifold, where gp; is semi-
Riemannian metric of index 2r. Therfore, the invariant distribution Dy is minimal.
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Proof. The distribuiton D; is minimal iff TV + Ty JV = 0, for all V € T'(Dy).
By virtue of , and , we obrtain

g1y V +TyvJV,X) = g(VvJV,JX) — g(VvV,JX)

which gives our assertion. (]
Theorem 4. Let ¢ : (M, J,gp) — (B,gB) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore Dy is
integrable if and only if
i) gu(VVkdPsL — oV 1P K, 9Py U) = —gu (TkwPs L — TLwPs K, 9 PyU)

’LZZ) gB(i/)*(thwpsL)—i/}*(thwpg,K),1[}*(’LUP3W)) = gM(TK¢P5L— TL¢P5K, ’LUP3W),
where K, L € T'(D3),U € T'(Dy),W € T'(Jltr(kerv,)), N € T'(ltr(ker¢,)).

Proof. For all K, L € T'(D3),U € I'(Dy), using , , and , we get
g (Ve L,U) = gu(Tk dPs L + vV g dPs L + hV gwPs L + TxwPs L, o P,U).
After some calculations, we have

gu([K,L],U) = gu(VkoPsL —VioPsK,pP,U)
+gM(TK¢P5L — 7-L(]5P5K, ¢P4U)

which proves (i).

For N € I'(Itr(ker,)), from (10)), and ([12)), we arrive at
gu([K, L, N) = cos®0ga (Vi L, N) + gu (TkwPs L, BN) + gar (W gwPs L, CN)
—cos? 0gn (VL K, N) — gn (TowPs K, BN) — gy (WY LwPs K, CN).

Now, using the character of i, we obtain

sin Ogp ([K, L], N) = gum(TxwPsL — TrwPsK, BN)

which proves (ii).
For W e T'(Jltr(ker,))

gM([Kﬂ L]v W) = gM(TK¢P5L —TLdPsK, 'LUPSW)
+gM(hVKwP5L — hViwPsK, wP;;W).

Then, using the character of 1, we have

gu (K LLW) = gy (Tk¢PsL — TpgPs K, wP3 W)

which proves (iii). O
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Theorem 5. Let ¢ : (M,J,gn) — (B,gg) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore A\ is a
totally geodesic foliation on M if and only if

g (TIP3 Z + TgwPs Z, JL) = gpf (Vg JPoZ + Vg JPyZ + Vg dPs Z, JL),
for any K, L € T'(A),Z € S(ker,,).

Proof. For any K,L € T(A), Z € S(ker,), using, (10]) in (I4), we have
gu(VrL,Z) = —gu(VgJPZ,JL)— gy (VxJP3Z,JL) — gy (Vg JPyZ, JL)
— g (VrdPsZ, JL) — gy (VrwPs Z, JL).

Then by and , imply

gM(VKL7 Z) = —gM(VKJPzZ, JL) - gM(TKJP;J,Z, JL) - gM(VKJP4Z, JL)
—gm(VgdPsZ, JL) — gy (TkwPs Z, JL)
which gives our assertion. [l

Theorem 6. Let ¢ : (M, J,gp) — (B,gp) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore Dy is a
totally geodesic foliation on M if and only if

9 (Tu¢PsZ, JV) = —gu(VudPs Z, V)
and
VuJN ¢ T(Dy), VyJW ¢ T'(Dy),
for all U,V € T'(D1),Z € T(Dy), W € T'(Jltr(ker v, )), N € T'(ltr(ker,)).
Proof. Invariant distribution D; defines a totally geodesic foliation iff gp, (Vi V, Z) =
0, gu(VuV,Z) = 0 and gy (VyV,W) = 0 for any U,V € I'(D1),Z € T'(Ds),
N e T'(ltr(kerv,)), W € T'(Jitr(kerv¢,)).
For U,V € I'(Dy), Z € T'(Ds), using (7) and (8), we have

gu(VuV, 2) = —gu(VuJZ,JV). (15)
By virtue of , and in imply that
g (VuV, Z) = —gm(TupPs Z, JV) — gy (VudPs Z, V).
Moreover, for N € I'(ltr(kerv,)), W € T'(Jitr(kerv,)), using (7), (). and (),

we arrive at
gu (Vo V,N) = —gu(VyJN,JV)
—gm(VVyJN,JV)

and W e D(Jltr(kerv,))
gu(VuV,W) = —gu(VyJW,JV)
= *gM(’UVUJW,JV),

which gives our assertion. (I
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Theorem 7. Let ¢ : (M,J,gn) — (B,gg) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore slant
distribution D is a totally geodesic foliation on M if and only if

gM(TUJZ,wV) = *gM(’UVUJZ, ¢V),

gM(TUJN, ’LUV) = —g]\/[(UVUJ]V7 ¢V)
and

for all U,V € T'(Ds), Z € T(Dy), W € T'(Jltr(kerv,)), N € T'(ltr(ker,)).
Proof. For all U,V € I'(Ds), Z € T'(D1),using @ and , we give
gM(VUV,Z) = —gM(VUJZ, JV). (16)
Now, from and @, we arrive at
gM(VUV, Z) = —gM(TUJZ, wV) — gM(vVUJZ7 ¢V)
Moreover, for W € T'(Jltr(kerv,)) and N € I'(ltr(kerv,)), using (9), and (),
we have
gM(VUV, N) = —gM(TUJN, wV) - gM(vVUJN, (Z)V)
and
gu(VuV,W) = —gu(To JW, V) — gu (W u JW, wV)
which gives our assertion. [

Theorem 8. Let ¢ : (M,J,gn) — (B,gg) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore V is a
totally geodesic foliation on M if and only if

g (WVEBN + TpCN, JF) = —ga (T BN + hV gCN, JF)
and
OV EOPLF + vV 5 PoF + vV 5 PyF + vV 5 PsF + TpwPsF + TpwPs F ¢ T(D,),
where E,F € T'(V), N € T'(Itr(ker,)).
Proof. For any E,F € T(H), N € I'(ltr(ker,)), using ([7), and (9)), we have
9 (VEF,N) = —gu(VEBN + VECN, F).
Then, from and , we arrive at
g (VEF,N) = —gy(Te BN + vVgBN + TgCN + hVgCN, JF).
On the other hand, for K € T'(Ds), using (7)), (8) and (10]), we get
g (VEF, JK) = g (JV 5o PLF+JIV pd Py F+JN ¢ P F+JV 5 Py F+JV 5o Ps F, JK).
By virtue of and , we arrive at
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which completes proof. O

Theorem 9. Let ¢ : (M, J,gm) — (B,gp) be a semi-slant lightlike submersion
from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore H is a
totally geodesic foliation on M if and only if

g (AxBY + hVxCY,wPsK) = gy (vWxBY + AxCY, ¢ P5K),
AxCY +vVxBY ¢ T(D,),
and
AxBY + hVxCY ¢ I'(ltr(kerv,)),
where X, Y € T(H), K € T'(Ds).
Proof. For all X,Y € I'(H), K € I'(Dy), from (7)), ([8) and (9], we have
9(VxY, K) = —ga(Vx BY + VxCY, JK).
By virtue of and @7 we get
91 (VxY, K) = —gr(vVx BY + AxBY + AxCY + hVxCY, 6P K + wPsK).
Moreover, for U € I'(D;) and for W € T'(Jitr(ker1,)), by virtue of (5) and (6) we

arrive at
g (VxY, K) = —gn(vVxBY + AxCY | K)
and
g (VxY, W) = —gp(AxBY + hV xCY, wPsW),
which gives our assertion. O
Theorem 10. Let ¢ : (M, J,gp) — (B, gp) be a semi-slant lightlike submersion

from an indefinite Kaehler manifold to an r-lightlike manifold. Therefore M is a
locally product manifold of the leaves of V and H if and only if

gr(WVEBN +TpCN, JF) = —gp (T BN + hVgCN, JF),
UVE(bPlF + ’UvEngQF + UVEQI)P4F + UVE¢P5F + TEU)P3F + TEU)P5F ¢ F(DQ),

and
gm(AxBY + hVxCY,wPsK) = gy (vWxBY + AxCY, ¢ P5K),

AXCY + ’UVXBY ¢ F(Dl),
AxBY + hVxCY ¢ D(ltr(ker,)),
where E,F € T(V), N € T'(itr(kerv,)), X, Y €e I'(H), K € I'(D3).
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Conclusion 1. Submersions, lightlike manifolds and semi-Riemannian manifolds
have potential for applications in many fields of physics, engineering and math-
ematics. In particular it is applicable to the theory of liquid crystals (Harmonic
morphisms), theory of spacetimes, theory of relativity. Research in this theory
has been increasing in recent years After the defination of submersions from semi-
Riemannian manifolds onto lightlike manifolds, slant lightlike submersions were
studied. In this paper, the idea of examining semi-slant lightlike submersions are
emphasized. We defined and studied semi-slant lightlike submersions from an in-
definite Kaehler manifold to an r-lightlike manifold. We introduced geometry of
foliatons. The works on this subject will be useful tools for the applications of semi-
slant lightlike submersion with various manifolds.
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