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A different approach for almost sequence spaces defined by a generalized weighted means

Giilsen Kiling*!' and Murat Candan?

ABSTRACT

In this study, we introduce f(G, B), f,(G,B) and fs(G, B) sequence spaces which consisting of all the sequences whose
generalized weighted B-difference means are found in f, f;, and f's spaces utilising generalized weighted mean and B-difference
matrices. The y-and the B-duals of the spaces f (G, B) and fs(G, B) are determined. At the same time, we have characterized the
infinite matrices (f (G, B): 1) and (u: f (G, B)), where u is any given sequence space.

Keywords: Matrix transformations, sequence spaces, matrix domain of a sequence space, dual spaces

Bir genellestirilmis agirhkh ortalama ile tanimlanan hemen hemen yakinsak dizi uzaylari icin bir
farkh yaklasim

Oz

Bu ¢alismada, B-fark matrisi ile genellestirilmis agirlikli ortalama metodu yardimiyla insa edilen f(G, B), f,(G,B) ve fs(G,B)
dizi uzaylar1 tanimlandi. Bu uzaylar, genellestirilmis agirlikli B-fark ortalamalari sirasiyla f, f; ve fs uzaylarinda olan dizilerin
uzayidir. f(G, B) ve fs(G, B) uzaylarinin y- ve B-dualleri elde edildi. Ayrica, u herhangi bir dizi uzay1 olmak tizere (f (G, B): )

ve (u: f (G, B)) sonsuz matrisleri karakterize edildi.

Anahtar Kelimeler: Matris doniisiimleri, dizi uzaylari, bir dizi uzayinin matris alani, dual uzaylar

1. INTRODUCTION

Let’s start with the definition of sequence space, which is the
basic concept of summability theory. As usual, the symbol w
denotes the space of all real valued sequences. A sequence
space is known as any vector subspace of w. By 1, ¢, cy,
[,(1 < p < ), bs and cs, we demonstrate the sets of all
bounded, convergent, null sequences, p — absolutely
convergent series , bounded series and convergent series,
respectively. At the same, we are going to use representation
that e = (1,1,...,1,...) and e™ is the sequence space in
which only non-zero terms is 1 in the n-th place for eachn €
N, where N = {0,1,2,...}.

Let 9 and 1 be arbitrary sequence spaces and A = (a,;,) be
an infinite matrix of real numbers a,;, where n,k € N. we

* Corresponding Author/Sorumlu Yazar

can defines a matrix transformation as follows. If Ay =
{A,(y)}, the A —transform of y, is in 1 for each y = (y;) €
9, we call 4 as a matrix transformation from 9 into n and
denote the class of all such matrices by (9, 7). If a matrix A
is an element of this class, then the series A,(y) is
convergence for eachn € N and y € 9, where

A,(¥) = Xk aniyr, foreachneN

and A, = (@) ren 18 the sequence of elements in the n-th
row of A. For sake of briefness, henceforward, the
summation without limits runs from 0 to oo.

A matrix E is called triangle if main diagonal’s elements
aren’t zero and elements on the top of the main diagonal are
zero. For triangle matrices E,F and a sequence Y, the
equality E (Fy) = (EF)y holds. Further, a triangle matrix W
uniquely has an inverse W~ = Z, also a triangle matrix. The
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equality y =W (Zy) =Z(W ) yields for talked about
matrices.

If there exists a single sequence (c,) of scalars satisfied the
following equation, then the sequence (c,) is known a
Schauder basis (or shortly basis) for a normed sequence
space u, where mentioned above equation is, for every y €

Mi
n
y - Z Ay Cy
k=0

The series Y, @b, which has the sum y is called the
enlargement of y according to (c,), and written as y =
Yk AiCx. Schauder basis and algebraic basis coincide for
finite sequence spaces. Let us present the definition of some
triangle limitation matrices which are required in text.

Let U be the set of all sequences u = (u;) such that u; # 0

for all k € N. For u € U, let 1= (i) Let u,v € U and
u Ug
define the matrix G (u, v) = (gnx) by
Uy, (k<n),

Ink = Y UnVn, (k=mn),
0, (k >n),

lim =0.

n—-oo

for all k,n € N, where u,, is only attached to n and v, bounds
up with only k. The matrix G(u,v) described above, is
entitled as generalized weighted mean or factorable matrix.
Another matrix B(r,s) = {b,x(r,s)} known as generalized
difference matrix is defined as below:

r, (k=n),
b (r,s) =<s, (k=n-1),
0, 0<k<n-—1lork>n),

where r and s are non-zero real numbers. The matrix B(r, s)
can be degraded to the difference matrix A in case of r =
1, s = —1. Therefore, the obtained conclusions concerned
with domain of the matrix B(r, s) are the generalization of
the consequences corresponding of the matrix domain of
AD where AW = (8,,;,) is described as

5 _{(—1)""", n—-1<k<n),
"k~ o, (0<k<n-—1or k>n).

The matrix S = (sy;) is defined as

. _{1, 0<k<n),
k0, (k>n),

The domain of an infinite matrix K on a sequence space |1 is

a sequence space denoted by py and this space is recognized

by the set

ug ={y = (k) E w:Ky € u}. (1

Generally, the new sequence space iy is the enlargement or
the shrinkage of the original space p, in some cases it can be
sighted that those spaces overlap. Also, If y is one of the
sequence space of bounded, convergent and null sequence
spaces, then inclusion relationship pg € u strictly holds.
Further it can be acquired easily that the inclusion
relationship p € u, @) yields for u € {lo,, ¢, co, 1}

Combined with a linear topology a sequence space | is
denominated a K —space, if for each i € N, coordinate maps

pi: i = C, described by p;(y) = y; are continuous, where C
is the complex numbers field. A K —space which is a
complete linear metric space is entitled an FK space. An
FK —space whose topology is normable is called a BK —
space [1] which comprises ¢, the set of all finitely nonzero
sequences.

Let us assume that K is a triangle matrix, in that case, we can
obviously say that the sequence spaces pg and u are linearly
isomorphic, i.e., ug = p and if u is a BK —space, then pg
is also a BK —space with the norm given by ||yl ., =
IKy|l,, for all x € pg. As well as above mentioned
sequence spaces ly, c,cy and almost convergent sequence
space f are BK —spaces with the ordinary supnorm
described by

Iyl = suplyil.
keN

Also [,, are BK —spaces with the ordinary norm defined by

1
p
Iyl = (Z |yklp> , (s=p<o)
k

A continuous linear functional ¥ on l,, is said a Banach limit,
if
i) Foreveryy = (yr), () 20,

ii) w(yp(k)) = Y (yy), where p is shift operator
which is described onto w with
p(k) =k +1,
iii) (e) =1, wheree = (1,1,1,...).

A sequence y = (y,) €l, is entitled to be almost
convergent to generalized limit [, if all Banach Limits of y
are [ [2] and denoted by f —1im = . In an other saying,
f—=1lim, =1 iffuniformly inn

m
lim — Z .y
m%om+1 Vietn = &
k=0

We indicate the sets of all almost convergent sequences by f
and series by fs and define as follow:

f={y=00ew lim.,0 =1,
where [ exists uniformly in n and

1 m
Smn(¥) = m—HZ Vi+n
k=0
and
fs={y=(yk)EW:3lE(C3

; m n+k Vi _ ; ;
,}ll;“zho ijo — = Luniformlyin n}.
As known that the containments ¢ C f C [, are precisely
acquired. Owing to these containments, norms ||.||; and
[l lo of the spaces f and [, are equivalent. Therefore the
sets f and f, are BK- spaces having the following norm

||Y||f = Suplsmn(y)l-
mn
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For a sequence y = (y,), we demonstrate the difference
sequence space by Ay = (Vi — Yix—1). Kizmaz first
presented the difference sequence spaces as follows:

p) ={y = ) € w:Ay = (Vi — Yi+1) € 13-
It was proved by Kizmaz [3] that u(A) is a Banach space
with the norm

Iylla = ly1l + 14yllee; ¥ = (k) € u(4)

and the containment relation y € u(A) strictly holds. The
author at the same time investigated the a—, B—,y — duals
of the difference spaces and determined the classes ((A): v)
and (v: ,LL(A)) of infinite matrices, here u, v € {l,, c}. When
we look according to summability theory perspective, we can
see that to define new Banach spaces by the matrix domain
of triangle and investigate their algebraical, geometrical and
topological properties is well-known. Therefore, many
authors were interested in this subject and by using some
known matrices, many studies were done.
In literature, it was investigated domain of following
matrices on the almost convergent and null almost
convergent sequence spaces in the sources mentioned: the
generalized weighted mean G in [4], the double band matrix
B(r, s) in [5], the Riesz matrix in [6], Cesaro matrix of order
1 in [13], the matrix B in [7] can be seen. Further, using
generalized difference Fibonacci matrix, Candan and
Kayaduman defined ¢/ space [24]. Furthermore, it can
be looked at those works about this topic nearly: [9], [10],
[11],[25], [26], [27], [28], [29], [30], [31][32] [33] [34] [35],
[36].
Recently, A. Karaisa and F. Ozger [12] the spaces
fu,v,8), fo(u,v,A) and fs(u,v,A) defined and studied.
By taking inspiration from this work, we decided to study
this subject of this paper. By using generalized weighted
mean and B —difference matrices, we familiarize f (G, B),
fo(G,B) and fs(G,B) sequence spaces consisting of all
sequences whose generalized weighted B —difference means
are in the f, f; and f's spaces .
We assume throughout this paper u = (u;) and v = (vy) €
U (as above talk about) and 7, s € R — {0}, further, we shall
write for briefness that R = R(G,B) = G(u,v).B(r,s),
where

Up VT + UpViyqS, k <m,
R(G,B) = {rax} = {unvnr, k=mn,
0, k >n.
In following  definitions, let vy = (y,)be the
R(G, B) —transform of a sequence x = (x;). Then
Yo = TUgVoXe andfor k=1

vie = we (TS

(rv; + svi)x; + rvkxk), 2)

and for each j, k € N we shall write for briefness

) 3)

rl k”k+1

j—k sik
Jk_ (-1 (rl kg, +

and if y = (y,) = R(G,B)(x) € f, it means that 3l € C
such that uniformly in n,

li m_Zk 0 uk+n(2k+n ! (rv; + svi)x; +
m-ooo m+1

rvk+nxk+n) =1 (4)
Now, let us define the sequence space f (G, B)

f(G,B) ={x = (x;) e w:R(G,B)(x) € f}.

Similarly, we can define f,(G, B) and fs(G, B) spaces as

fo(G,B) = {x = (x) Ew:R(G,B)(x) € fo},
ify = (yx) € f,, we know that in (4), @« = 0. Further,

fs(G,B) ={x = (x) e w:R(G,B)(x) € fs},
ie. vy = (yx) = R(G,B)(x) € fs, then 3l € C 3, uniformly
inn,

_{51”7}0 m+1 k+n [u] (Z{ 0 (rvl. + Svl+1)xl

rvjxj)] =1l

We can redefine the spaces fs(G,B), f(G,B) and f,(G, B)
by the notation of (1),

fo(G,B) = (fO)R(G,B): f(G,B) = (f)R(G,B):
fs(G,B) = (fS)R(G,B)-

In this paper, we investigate some topological properties,
beta- and gamma- duals of these spaces and study to acquire
some matrix characterizations between these spaces and
standard spaces.

2. SOME TOPOLOGICAL PROPERTIES OF THESE
SPACES

Theorem 1: i) The sequence space f (G, B) is normed space
with

il ey = $up [ T icen (S5 (v +

SV + rvk+nxk+n) |'

ii) The sequence space fs(G,B) is normed space with

1
11l £s¢6.5) = sup |m ke ( Yhin u](Z{ o (ry;

+sv;,.1)%; + rvjxj))|.

Theorem 2: The sets f(G,B), fo(G,B) and fs(G,B) are
linearly isomorphic to the sets f, f, and fs respectively, i.e.,

f(G,B) =f, fo(G,B) = fo, fs(G,B) = fs.

Proof: Firstly, let us attest that f(G,B) = f. For this
purpose, we have to show that there exists a linear bijection
among the spaces f(G, B) and f. Let us take into account the
transformation T described by the relation of (1) from
f(G,B) to f with x >y =Tx =R(G,B)x € f, for x €
f (G, B). The linearity of T is clear. Moreover, it is obvious
that x = 0 when Tx = 0, thus T is injective.

Let us assume y = (y;) € f and describe x = (x;) by

1
E - ]Y] — Yk, (kEN)
TUR Vg

Then, we have
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k-1

Uy Z (I'V]-+SV]' +1)Xj‘|'rVka
j=0

-1 j-1

(rvitsv )| < Tt

=Ug VTSV 4 —ViViT

- .=0ui I‘u]-V]-
) 1

=

¥

L

k-1

1._
+ukrvk Z ;V

j=0

1
k]Y] vy Yk

~
N

j-1
1_
= uk(rV]'+S V]' +1) Z ;V] Vi
i=

E

+
=~
0
-
=~
=

1_
Uy (rv tsv; +1) y]+ukrVk E Vigy; | +vx

I
E

R
8

j-1
1_
= uk(rV]'+S V]' +1) Z ;V] Vi
iz

E

k-1 k-1 1
Z (rV 1SV +1)—+rvkz Eij Uy y;+yk
j=0 Y i=0

=Yk

for all k € N, which leads us to the truth that

k+n-1 i
75111@0 ——y Zk =0 uk+n(2 (rv; +

SVi41)x; + rvk+nxk+n)

= Z Yisn (uniformlyinn)

m—»oo m +

= f = limyy,

It means that x = (x;) € f(G, B). Hereby, we reach the truth
that T is surjective. So, T is a linear bijection, and it means
that the spaces f(G,B) and f are linearly isomorphic, as
desired. The fact f(G, B) = f,, can be analogously attested.
Due to the well known fact that the matrix domain A, of the
normed sequence space denoted by A, has got a base iff A has
got a base, whenever a matrix A = (a,;) is a triangle [14]
(Remark 2.4) and since the space f has no Schauder basis,
we have;

Corollary 1: The space f (G, B) has no Schauder basis.
3.THE a—, —,y —DUALS OF THESE SPACES

The a—, f—,y —duals of the sequence space X are defined
by

X* ={a = (ay) € w:ax = (axx;) € Ly,
Vx= (xk) € X}’

XB ={a = (a;) € w:ax = (axxy) € cs,
Vx=(x)€X}
and
={a = (ay) € w:ax = (apxy) € bs,
Vx=(x) € X}

here cs and bs are defined to be sequence spaces of all
convergent and bounded series, respectively.

Lemma 1: [15] So as to the matrix A appertains to the matrix
class from f to l,, is necessary and sufficient condition

supz |apk| <

neN
k

is satisfied.

Lemma 2: [15] So as to the matrix A appertains to the
matrix class from f to c is necessary and sufficient
conditions

1) SUPneN Zk |ank| < oo,

i) lim, o Qpi = Ak, foreachk €N,

iil) limy, 00 2 Ok = @,

iV) llmn_,oo Zk |A(ank - ak)l = 0,
are satisfied.

Theorem 3: The y —dual of the space f(G,B) is the
intersection of the sets

ak
Urvgk

n 1

b, = {a = (a;) Ew: sup z

4
]k
] k+1 a]| < oo}

<<}

Proof: For an optional sequence a = (a;) € w and take
into consideration the following equality

n n
—o ApXy = ko Q -V
Lk=0 QX = Y=o k(Z; 0 KkjYj T Tukayk)

b, = {a = (a;) Ew: sup

UnVn

— a 1 - & an 5
= [2713:3 m:vk + -2 ijaj] Yiet - In ®)
= (Ey)n

where the general term e, of the matrix E is determined as
follows:

n-1 _ Gk Iyn-1 § . _
oy 0 Taevr Yok Vi), O0sks<sn-—1,

an k — n' (6)

)
TUnVUn

0, k>n,

for all k,n € N. Thus, we deduce from [5] that a;, x; € bs
whenever x = (x;) € f(G,B) necessary and sufficient
condition Ey € l,, whenever y = (y,) € f, where E =
(enx) is described in (6). That’s why with assistance of
Lemma 1, f(G,B)" = b, N b,.

Theorem 4: The [ —dual of the space f(G,B) is the
intersection of the sets
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b; = {a = (ay) € w: limey, exists},
n—-oo

b, = {a = (a) € w: lim enk exists},
n—oo =
bs = {a = (a) € w: lim Z Aley, — ag] < 00},
n—-oo
K

where aj, = lim,_,enk. Then {f (G,B)}f =n3_, by,

Proof: Let us take any sequence a € w. By (5), ax =
(apxy) € cs whenever x = (x;) € f(G, B) necessary and
sufficient condition Ey € ¢ whenever y = (y;,) € f, where
E = (ey) is designated in (6). We reproduce the
consequence by Lemma 2 that {f (G, B)}¥ =n3_, by

Theorem 5: The y —dual of the space fs(G,B) is the
intersection of the sets,

bg = {a = (ay) € W:supz |[de,, | < 00},
n
K

b, = {a = (ay) Ew: }é%enk = 0}.
In another saying, we get {fs(G,B)}Y = bg N bs.

Proof: This might be acquired in a similar concept as talk
about in the proof of Theorem 3 with Lemma 1 in lieu of
Lemma 4 (iii). So, we neglect details.

Theorem 6: Defined the set
bg = ia = (ag) € w: lim z [42e,,| < 00}.
n—-oo
K
Then, {fS(G,B)}B =b3 nbﬁnb-;ﬂbg.

Proof: This might be acquired in a similar concept as talk
about in the proof of Theorem 4 with Lemma 2 in lieu of
Lemma 4 (iv). So, we disregard details.

4. SOME MATRIX TRANSFORMATIONS

For briefness, we write
n

Ank = Z Qjg,

j=0

m
a(n' klm) = m+ ].ZO an+]’,k,
]:

Aapy = apg — Ank+1-

=

Theorem 7: [16] Let  be an FK -space, U be a triangle, P
be its inverse and U be optional subset of w. Then we have
A = (ay) € (My:V) necessary and sufficient condition

c™ = (ci)) € @,c) foralin €N, (7)
C = (cni) € (m:v), (8)
where,
m
mk T ) 4T
j=k
0, k>m,

and

[ee)

Cnk = Z anjbjk, forall k,m,n € N.
j=k

Lemma 3: So as to the matrix A appertains to the matrix
class from f to f is necessary and sufficient conditions:

up> el <
neN A

foreach fixedk €N, f —11im,, = a, exist,

f- limz A = @,

and uniformly inn

lim |[da(n, k,m) —a]| =0,
m—oo
K

are satisfied.

For an infinite matrix A = (a,,;,), we shall write for briefness
that,

g = Ange (M) = rogrg ket
1 ~
u_kz;nzk+1 Vjranj, (k <m), ©)
and

1

1 ~
Ao = Qppe = A + — D52k Vian;, (10
nk nk TURVE nk ukZ]—k+1 jkYnj, ( )

foralln,k,m € N,

ok = Un(EiZg (rv; + SVi1) e + TV ). (11)

Theorem 8: Let us assume that the entries of the infinite
matrices given by A = (ay) and H = (hy) are related by
the following relation

hoke = Ak (12)

for all k and n €N, u is an arbitrary sequence space.
Then, A € (f(G,B): ) necessary and sufficient condition
forall n €N, {ay}ken € f(G,B)P and H € (f: ).

Proof: We assume that y is a given sequence space. Let us
assume that (12) yields among the entries of A = (a,;) and
H = (hy;), and consider the fact that the spaces f (G, B) and
f are defined to be linearly isomorphic.

We take A € (f(G,B): 1) and any y = (y,) € f . Thus,
H.R(G,B) does exist and {a,; }eny ENs=; bx Which yields
that {h,; }xen € I, foreachn € N. Hence, Hy exists and thus
foralln € N

2k Py = Xk QX (13)
we have by (12) that Hy = Ax, which leads us to
consequence H € (f: ).
Conversely, let {au}xen € f(G,B)? for each n € N and
H € (f: ) yield, and take any x = (x;) € f(G,B). Then,
Ax exists. Thus, we acquire from the following equality for

eachn € N,
m
Z Ane Xk =
k=0
k-1 1s . 1
Poo [Z553 200k ansy; + i ameri, (14)

as m— oo that Ax = Hy and this shows that A €

(f(G, B): ).
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This completes the proof.

Theorem 9: A € (f(G,B):c) necessary and sufficient
condition D™ = (d)) € (f:c) and D = (dp) € (f:¢).

Theorem 10: A € (f(G,B):l,) necessary and sufficient
condition D™ = (d,%z) E(fic)and D = (dyy) € (file)-

If we change the roles for the spaces f(G,B) and f with pu,
we have;

Theorem 11: Assume that the entries of the infinite matrices
A = (any) and L = (L) are connected with the relation
Lo = Gni, (11), for all kk,n €N and p be any given
sequence space. Then, A € (u:f(G,B)) necessary and
sufficient condition L € (u: f).

Proof: Let x = (x;,) € p and take into account the following
equality

n-1
(R(G,B)(A)},=u, z (0v,45 v, 12) (AX) 1+ 1, v, (AX),
j=0

n-1
=u, z (rv]--i-s Vj +1)Z aApiX; -i-runvnz AKXk
j=0 j

K
n-1

= Z z Uge(TVacHS Vet )an X H Un Vi
K \Jj =%

Z(Lx)n'

which leads us to consequence that Ax € f(G, B) necessary
and sufficient condition Lx € f.
This step completes the proof.

At this time, we are going to denote the following conditions:
sup g |ank| < oo, (15)
neN

lima,, = ay, foreachfixe& €N, (16)

n—-oo
lim Yy, an = a, (17)
n—-oo
Lim 3y 14(an — @)l =0, (18)
sup Xy 14(an)| < oo, (19)
neN
Iéimank =0,foreachfixed €N, (20)
lim ¥ |4%ay| = a, 21)
n—-oo

for each fixed k € N
f = lima,, = ay exists, (22)
uniformly in n
lim ¥, a(n, k,m) — ay| = 0, (23)
m—oo
uniformly in n

f—lim%y ape = @, (24)
uniformly in n

lim ¥ [A[a(n,k,m) — ]| = 0, (25)

m-oo

uniformly in n

. 1 ,

éi’?o Yk pwey L, Ala(n +i,k) — ]| =0, (26)
sup Zk |Aa(nl k)l < 0, (27)
neN

for each fixed k € N,

f —lima(n, k) = ayexists, (28)

uniformly in n

. 1 .

lim Ty 2[5 42atn + 1) — | = 0, (29)
sup Zk |a(n' k)l < o, (30)
neN
Y Anx = ay, for each fixed k € N 31
Zn Zk Ak = &, (32)
lim Y, |4a(n, k) —a;| = 0. (33)
n—-oo

Let A = (a,;) be an infinite matrix. In that case, the
following expressions yield:

Lemma 4: i) A = (a,,) € (Y f) necessary and sufficient
condition (15), (22) and (23) yield. [17]

ii) A= (ay) € (f:f) necessary and sufficient condition
(15), (22), (24), and (25) yield. [17]

iii) A = (ayy) € (fs:4y) necessary and sufficient condition
(19) and (20) yield.

iv) A = (any) € (fs:c) necessary and sufficient condition
(16), (19) and (21) yield. [18]

v) A= (ay) € (c: f) necessary and sufficient condition
(15), (22) and (24) yield. [19]

vi) A = (any) € (bs: f) necessary and sufficient condition
(19), (20), (22) and (26) yield. [20]

vii) A = (au) € (fs: f) necessary and sufficient condition
(20), (22), (25) and (26) yield. [21]

viii) A = (any,) € (cs: f) necessary and sufficient condition
(19) and (22) yield. [22]

ix) A = (any) € (bs: fs) necessary and sufficient condition
(20), (26) and (28) yield. [20]

x) A = (au) € (fs: fs) necessary and sufficient condition
(26) and (29) yield. [21]

xi) A = (ank) € (cs: fs) necessary and sufficient condition
(27) and (28) yield. [22]

xii) A = (an) € (f:cs) necessary and sufficient condition
(30) and (33) yield. [23]

Corollary 2: The following statements hold:

i) A = (ay) € (f (G, B):ly) necessary and sufficient
condition {apny }xen € f(G,B)P for alln € N and (15) yields
with Ay, lieu of ayy,.

ii) A= (ay) € (f(G,B):c) necessary and
sufficient condition {au}xen € f(G,B)? for all n € N and
(15), (16), (18) yield with 4, lieu of a.

iii) A= (ay) € (f(G,B):bs) necessary and
sufficient condition {an}xen € f(G,B)P for alln € N and
(30) yields.

iv) A= (ay) € (f(G,B):cs) necessary and
sufficient condition {any}xen € f(G,B)P for alln € N and
(30), (33) yield with @y, lieu of a,.
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Corollary 3: The following statements hold:

i) A=(ay) € (lw:f(G,B)) necessary and
sufficient condition (15), (22) and (23) yield with G, lieu of
-

i) A= (aw) € (f:f(G,B)) necessary and
sufficient condition (15), (22), (24) and (25) yield with G,
lieu of ayy.

iii) A= (aw) € (c:f(G,B)) necessary and
sufficient condition (15), (22) and (24) yield with G, lieu of
A

Corollary 4: The following statements hold:

i) A= (any) € (bs:f(G,B)) necessary and
sufficient condition (19), (20), (22) and (26) yield with G,
lieu of ayy.

i) A= (an) € (fs:f(G,B)) necessary and
sufficient condition (20), (22) and (26) yield with Gy, lieu of
A

iii) A= (an) € (cs:f(G,B)) necessary and
sufficient condition (19), (22) yield with @, lieu of a,,.

Corollary 5: The following statements hold:
i) A= (any)€ (bs:fs(G,B)) necessary and
sufficient condition (20), (26) and (28) yield with G, lieu of

Ank.
ii) A= (an) € (fs:fs(G,B)) necessary and
sufficient condition (26) and (29) yield with G, lieu of ayy.
iii) A= (ay)€ (CS:fS(G,B)) necessary and
sufficient condition (27) and (28) yield with Gy, lieu of ayy,.
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