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ABSTRACT. Let (N, g) be a Riemannian manifold, by using the musical isomor-
phisms » and f induced by g, we built a bridge between the geometry of the
tangent bundle TN (resp. the unit tangent sphere bundle T1N) equipped with
the Sasaki metric gg (resp. the induced Sasaki metric gg) and that of the
cotangent bundle T*N (resp. the unit cotangent sphere bundle T{N) endowed
with the Sasaki metric gz (resp. the induced Sasaki metric ggz). Moreover,
we prove that TN carries a contact metric structure and study some of its
properties.

1. INTRODUCTION

The geometry of tangent bundles of differentiable manifolds is of particular in-
terest in different areas of mathematics and physics. The research in this domain
began in 1958, with a very fundamental paper by Sasaki |[16]. He constructed a
Riemannian metric gg (called the Sasaki metric) on the tangent bundle TN of a
Riemannian manifold (N, g), which depends on the metric g. Since then, the geom-
etry of (TN, gg) or the (unit) tangent sphere bundle T1N endowed with the induced
Sasaki metric gs has acquired extensive literature; see, for instance, [4,/5(94/11}/12]
and the survey [18§].
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On the other hand, the geometry of cotangent bundles of differentiable manifolds
developed in parallel with that of tangent bundles, as can be seen in [18]. In clas-
sical mechanics, the cotangent bundle can be viewed as the phase space. Akbulut,
Ozdemir and Salimov [1] defined the Sasaki metric analogue g g on the cotangent
bundle T*N of (N, g) and studied some of its properties. Afterwards, Salimov and
Agca |15] gave some of its curvature properties. In |10], the authors proved that
the musical isomorphisms » and f induced by Riemannian metric g are isometries
between (TN, gs) and (T*N, gg).

In this paper, we shed more light on the geometry of cotangent bundle (resp.
unit cotangent sphere bundle). Firstly, by using » and § we studied the relationship
between the geometry of (T*N,gz) and that of (TN,gs) and vice versa, and this
improved the results of [15]. Secondly, after we defined the unit cotangent sphere
bundle T{N of (N,g) and endowed it by the induced Sasaki metric gz, we showed
that » and f induced by Riemannian metric g are isometries between (T1N, gg) and
(TiN,gz), which allowed us to deduce the geometric properties of (TiN,gz) from
those of (TN, gs). Finally, like the unit tangent sphere bundle of (N, g), we showed
that the unit cotangent sphere bundle of (N, g) carries a contact metric structure
and studied some of its properties.

2. SOME RESULTS ON THE GEOMETRY OF COTANGENT BUNDLE

First, we start with a brief review on the geometry of tangent and cotangent
bundles following [7,[11,|18]. Let (N, g) be an n-dimensional Riemannian manifold,
V its Levi-Civita connection and (TN, 7, N) (resp. (T*N, 7, N)) be its tangent bundle
(resp. its cotangent bundle). The tangent space T,TN (resp. TqT*N) at a point
p = (p,v) in TN (resp. at a point q = (p,v) in T*N) splits into the direct sum of
the vertical subspace V, = ker(dr |,) (resp. 17q = ker(dr |q)) and the horizontal
subspace H, (resp. ’;qq)7 with respect to V: T,TN = H, @V, (resp. TqT*N =
Hq @ Vy).

The Sasaki metric gg on TN is defined for any Yy, Ty € T'(TN) by

gS(Tlllv Tg) = gS(T% Tg) = g(Tlv TQ) O T, gS(Tvlj7 Tg) =0,

where Y% and T} are the horizontal and the vertical lifts of T respectively. It is
well known from [7] that (TN,gg,J) is an almost Hermitian manifold, where the
structure J is defined by
J(X}) =17,
Lo 25 M
for any Yy € I'(TN). Furthermore, J defines an almost Kéhlerian structure. It is a
Kéhlerian manifold if and only if (N, g) is flat.
On the other hand, the Sasaki metric gz on T*N is defined for any Y1, Ty € I'(TN)
and any w, 6 € I'(T*N) by:

9§(W57 971) = g_l(w7 9) o 7~T7 gg(T?7 Tg) = g(Th TQ) o %7 gg(w§7 Tg) = 07
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where Y% and w” are the horizontal lift of Y1 and the vertical lift of w respectively.
Here, g~ (w, #) = g(fw, 1), in which § : w — f(w), such that f(w) is the vector field
on N defined by g(i(w), T2) = w(Y3). Note that the musical isomorphisms f§ and
M Ty = MYy) =g(Yq,.), define a bundle isomorphism between the tangent and
the cotangent bundle of N; moreover, » and f are isometries between (TN, gg) and
(T*N,g3z) [10]. Further we have

M) = (M00)7, A (Th) = 1T, 2)
and
e (W”) = (Bw)?, b (1) =TT (3)

Taking account of Eq. and Eq. and Lemma 2 in [7], the Lie brackets of
vertical and horizontal lifts to T*N are given as follows:

Lemma 1.

[wg, Hg]c =0,

[T?,wa]c = (Vylw)g,
[Tfllv T}ZL]C = [Tlv TQ}? - (R(Tlv TQ)w)gv
for any T1,To € T'(TN) and any w,0 € I'(T*N), where ( € T*N, w is a 1-form on N

such that wzcy = ¢ and R(T1,T2) = [Vr,, Vr,] = Vv, v, is the curvature tensor
of N.

From Eq. and Eq. and the Levi-Civita connection V of gg given by the
formulas (8)-(11) in [11], we obtain the following

Lemma 2. The Levi-Civita connection V of gz is described completely by

1

(Vo T3 = (Vr, To)f = 5 (R(Y1 To)@)E,

(Ve567)c = (V2,007 + 5 (R(a(), 4O T, "
(Fur T = 5(RG@), b)),

(Vi) = 0,

for any Y1,To € T(TN) and any w,0 € T'(T*N), where ( € T*N and w is a I-form
on N such that wz) = (.

Proposition 1. Let R be the curvature tensor of (T*N,gg5). Then the following
formulae hold

{R@?,TE)T?} = {R(Tl,mm + 1 R(m, B(T5, T2)tw) Ty
¢
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h

[t

+ LRt ROTY, Ta)) s + %R(bw, R(Ts, n)uw)n}

S

¢

v

+ 2{(VT3R)(T1,T2)W}C’

—_

{fz(r?,rg)w%} _ {R(Tl,Tg)w + iR(R(hw, ) Ta, T1 )
¢

v

— iR(R(bw, hw) T, Tg)w} + ;{(VTIR)(hw, Bw) T2

¢
h
~ (Ve R )T |
¢
{Rertonyri} = {Grente woms Tye+ SRon |
h
# 3| Tn R TS
o . ) )
R(Y},w")0" ¢ = —< ~R(tw,10) Y1 + ~ R4, bw) R(1ow, 50) Ty ¢
{Rertwnw} = {jre s+ Rt e m |

{Remoet} = (e wms + frw o R )T,

1 h
- Rl )R 2T

{R(w5706)y‘5} :07

¢

for any T1,Y3, T3 € T'(TN) and any w, 0, € T(T*N), where ( € T*N and w is a
1-form on N such that wz) = (.

Proof. Using Eq. and Eq. , we obtain

({6t tonts) ) = {RELTT] )
w ¢
sNuch~tha~t Mw) = ¢ and for any vector fields T1, T2, T3 on TN and any vector fields

T1,Ts, T3 on T*N. Thus, by Eq. and Theorem 1 in [11], we find the required
formulae. O
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3. UNiT COTANGENT SPHERE BUNDLE

The unit tangent sphere bundle T1N of a Riemannian manifold (N, g) consists of
all unit tangent vectors to N. As a hypersurface of TN it is given by
TN = {p = (p,v) € TN[gy(v,v) = 1}.
The vector field N, = v is a unit normal of T{N. In contrast with the horizontal

lift of a vector field, the vertical lift is not in general tangent to T{N [3]; for this
reason, it was defined the tangential lift of Y1 € T,N to p € T1N as following (3]

Ttlp = Tll)p - g(Tl’v)NP = (Tl - g(Thv)V);'
Clearly, the tangent space T,T;N is spanned by vectors of the form Th and Y%,
where there is T; € T,N. To simplify notation, we will use T for Ty — g(Y1,v)v,
then YT! = Tll). The Riemannian metric ggs on the hypersurface TN induced by gg
on TN is uniquely determined by the formulae
QS(T?’ Tg) = gS(T}lla Tg)’
ﬁS(Tﬁa Tg) =0,
9s(T1,7%) = gs(T1,T3) — as(T7, N)gs(T3, N).
Now by analogy with unit tangent sphere bundle, we define the unit cotangent

sphere bundle TiN, as the set of all unit tangent covectors to N. As a hypersurface
of T*N it is defined by

T{N = {q = (p,v) € T'N| g, ' (v,0) = 1}.

The vector field ]\N/'q = v” is a unit normal of T{N. The horizontal lift of a vector
field is tangent to TN, but in general the vertical lift is not tangent. Thus, for
w € T,N we define the tangential lift of w to q € T{N by

wg = wg — g Yw, n)ﬁq = (w—g Hw, n)n)g.

The tangent space TqTiN is spanned by vectors of the form Th and w!. For the
sake of notation clarity, we will use @ as a shorthand for w — g=!(w, b)v, then

w! = ©°. The Riemannian metric gg on the hypersurface T{N induced by gz on T*N
is uniquely determined by the formulae

g5(T1,75) = g5(T1, T5),
g5(w', T3) =0, (6)
d5(w',0") = gg(w”,6") — gg(w”, N)gg(6", N).
We have the following

Theorem 1. Let be an n-dimensional Riemannian manifold (N, g) with Riemann-
ian metric g. Subsequently, the musical isomorphisms generated by the metric g
represent isometric mappings between (TiN,gs) and (TiN,gg).
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Proof. From Eq. and Eq. , we find

(1)) = (A1), (7)
HEDESCHE (8)
Thus
M(83) (11, T5) = ga(MT, 2.T5)
= 35((310)", (A1)
= gs(T1,13), (9)
M (gz)(T5,T5) = 0= gs(T], T3), (10)
and
M(g5) (YT, Y5) = g5(NTT, M5)
= 35(T1. 13)
= gs(T7, T5), (11)
then from Eq. (9)-(11)), we find that » : (T1N,gs) — (T{N, gg) is an isometry. In a
similar way, we can also prove that f : (T{N, gg) — (T1N, gs) is an isometry. |

By virtue of Eq. and Eq. and the formulae (3.2)-(3.3) in [3|, the Lie
brackets of vector fields on T{N involving tangential lifts are given as follows:

(17,07, = (Vr,w)] (12)

[0, = a7 (w.0)0), — g7 (0, 0)],
for any Ty € I'(TN) and any w,6 € I'(T*N), here v = (z,q) € T{N and ¢ is a 1-form
on N such that ¥z, = v where 7 : T{N — N is the natural projection. Using
Eq. , Eq. , Eq. @, Eq. and the Levi-Civita connection ?S of gg given by

Proposition 3.1 in [3], we obtain the following:

~5 B
Proposition 2. The Levi-Civita connection V  of Riemannian metric gg is en-
tirely described by

-5 1 :
(Vg Th = (V2. T2)l = S(ROC T2)0)],

(V36 = (V.00 + 5 (R0, )]
- ~ (13)
(VarTh = 5 (RED, ko)),

(Vo) = —g~ (0, D),

for any T1,YTy € I'(TN) and any w,0 € I'(T*N), here v = (p,v) € T{N and ¥ is a
1-form on N such that ¥z, = v.
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Proposition 3. The curvature tensor RS of (TiN, gg) is entirely described by

{Eg(ﬁ, Té)rg} - {R(Tl, To)Ys + %R(W,R(Tg, To)59) s

h
+ R0 RO Ya)ud) o + 5 RO0,R(T1, T2)0)Ta |

1 ¢ V
+ 2{(VT3R>(T17T2)79} ;

v

{Rotoxbeth =Rt - o700 + {RORGY 5T T

- AR, 20 Ta)0 )+ o (T B, ) o

h
(Ve B30, uwm} ,

v
v

v

{Botnrt} = LR - g o) + JRE. T 10

N ;{mﬂxw, uwm}h,

14

{Rotni} =GRt - oo - 0.0,

v

1 h
+ TR0, 8 REDTL

{R'§ (W, 9%5} - {R(hw g w, 0)50, 50 — g (6, 0)50) T

v

1 h
+ 1 [R(W» ﬂw)» R(hﬁ’ hg)}’rg}y ’

{RW 0T} = a5l ol + 5l 00
for any Y1,T2, T3 € I'(TN) and any w, 0, € T(T*N), here v = (p,0) € T{N and 9
is a I-form on N such that ¥z, = v.
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Proof. Let R® be the curvature tensor of (T{N,gs). Using Eq. and Eq. (7)), we

obtain

s({Reritont) ) - @ Tt} | (14)
such that Mwv) = v and for any vector fields T1,Y5, T3 on T{N and any vector
fields Y1,T9, Y3 on T{N. Thus, the required formulae follow from Eq. and
Proposition 3.2 in [3]. O

Theorem 2. The pair (T{N, ggz) is locally symmetric if and only if the base manifold
(N, g) is flat or N is a 2-dimensional manifold with a constant curvature 1.

Proof. 1t’s clear that
s - L ~F e o~~~
M {(Vu*WRS)(h*Tl, mm*n} = (Vg R%) (Y1, T2)Ts,
and B
~S ~g — — — =5 59\ /A% mF \AR
B [ (VAW R7) (N1, M) Mg | = (Vg R?) (T, T2) T,

for any vector fields Y1, Yo, T3 on T;N and any vector fields Tl,T27T3 on TiN.
Therefore (T{N, gz) is locally symmetric if and only if (TN, gs) is locally symmetric,
combining this fact with the main result in [2] we deduce the required assertion. O

3.1. An Almost Contact Structure on T}N. We first recall some notions on
almost contact structure, for more details we refer to [2]. Let N*"*! be an odd-
dimensional smooth manifold, we say that N?”*! has an almost contact structure
if the relations
pi)=1 and F2Y; = -0y + pu(T1)s
hold on N?"*1| where ¢ is a vector field, p is a 1-form, and F is a (1,1)-tensor field
on N27t1,
Then there exists a compatible Riemannian metric g

g(FY1, FY2) = g(T1,To) — p(T1)u(T2)

for all vector fields T; and T3 on N. We call (u,<, F,g) an almost contact metric
manifold, ¢ being known as its characteristic vector field. For an almost contact
metric manifold N, its fundamental 2-form ® is defined by ®(Y1, T2) = g(F Y1, T2).
If
¢ =dp,

N is called a contact metric manifold. A contact metric manifold for which ¢ is
a Killing vector field (resp. harmonic vector field) is called a K-contact manifold
(resp. H-contact manifold). Recall that a unit vector field T; on N is harmonic if
and only if AY is parallel to T1, where AY; is the rough Laplacian of Y1 (see [8]).
In [14] Perrone showed that a contact metric manifold is H-contact if and only if
the characteristic vector field ¢ is an eigenvector of the Ricci operator.
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A contact metric structure is called Sasakian structure if it is normal. Recall
that an almost contact structure (u,<,F,g) is said to be normal if

N(TlaT2) = [faf](T17T2) + QdM(TlaT2)g = Oa
for all T1, Yy € I'(TN), here N (Y1, Y2) is (1, 2)-tensor field and [F, F] is the Nijen-
huis torsion of F,
[F, FI(Y1, o) = F2[Y1, Ya] 4 [FY1, FYo] — F[FY1, To] — F[Y1, FYo).
A powerful characterization for Sasakian manifolds is the following: An almost
contact metric manifold (u,, F,g) is Sasakian if and only if
(V’rlf)TQ = g(T17T2)§ — M(Tg)Tl; Tl, Tg S F(TN),

where V is the Levi-Civita connection of (N, g).
Next, it’s well known from [17] that the unit tangent sphere bundle T;N has a
standard contact metric structure (¢, 4/, ', g%) = (25, 31, F, 18s), where ¢, p and

F are given by
— _JN = ¢ o\"
N ort )’

p(T)) =0, w(Y}) =g(T2,v), (15)
here (p,v) € TN and Y7 € I'(TN). Note that < is the geodesic flow.

3.1.1. An almost Kdhlerian structure on T*N. Let (N, g) be a Riemannian manifold
of dimension n and (T*N, gg) its cotangent bundle endowed with the Sasaki metric.

On T*N we define the structure .J by
{ T = (1", )

J(@") = — ()",

for any Ty € T'(TN) and w € T'(T*N). It is clear that (T*N,J) is an almost complex
manifold. Moreover, since
85(J(T1),w") = w(T1) = —g5(TT, T(w"),
95(J(w"),0") = 0= —gg(w", J(67)),
and B N
05(J(T1), 15) = 0= —g5(TT, J(Y3)),
for any Y1, Yo € I'(TN) and any covectors w and 6 on N, then (T*N,gg, j) is an
almost hermitian manifold. Furthermore, the 2-form 25 defined by:

Oz =g5(J")
is closed. In fact, we know

Qg =0 g5((Vg, J) T2, Ts) + 95((Vg, ) T3, T1) + 95((V, /) Y1, T2) =0,
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for any vector fields Ty, T2, T3 on T*N. Using the algebraic Bianchi identity, Eq.
and Eq. , we get dQg = 0. Hence, we may state the following:

Theorem 3. Let be an n-dimensional Riemannian manifold (N, g) with Riemann-
ian metric g be. Then (T*N,gg,J) is an almost Kdhlerian manifold.

Theorem 4. Let be an n-dimensional Riemannian manifold (N, g) with Riemann-
ian metric g be. The musical 1somorphisms » and i are holomorphic maps between

(TN, g5, Js) and (T*N, gg,J). Moreover, (T*N, gg, J) iis a Kdhlerian manifold if and
only if (N, g) is flat.

Proof. From Eq. , Eq. , Eq. and Eq. we obtain M.J = J, and
b.J = Jhs, it follows that M and f are holomorphic maps. Thus, by a direct
computations we get

J‘*(VH*TIJ)h*Tg = (Vg J) T2,
and N B

h*(VJ\*YlJ)J‘*TQ = (Vx,J) T2,
for any vector fields T.,T> on TN and any vector fields T1,To on T*N, then
(T*N,gg,J) is a Kahlerian manifold if and only if (TN, gs,.J) is, or equivalently
(N, g) is flat. O

3.1.2. An almost contact structure on TiN. With the help of the almost complex
structure J, we can define a unit vector field <, a 1-form g and a (1, 1)-tensor field
F on T*N, as given below:
{=-JN, F=J-a®N.
Explicitly <, @ and F are given by
~ 0 5

T = Ul(azi)h7 (18)
W) =0, () =g (3T1.0), (19)
Flw') = =) + g7} (w,0)5, F(TT) = (3T1)". (20)

Note that < is the cogeodesic flow.

~/

Proposition 4. (T{N,< ,ﬁ/,]?', @'g) is an almost contact metric manifold, where we
have (&, 11, F',§5) = (X, 37, F, 183)-
Proof. By definition, we shall show that (', i, 7, ﬁ'g) satisfies
B =1, F?=-T+i'®7 and §5(F Y1, F'Ts) = g5(T1, To) — 1 (T)F (T2)
for all vector fields Y1 and Ts on TiN. From Eq. -, we yield

AR =1 F)=0
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FRwh) = —F (1))
= —ut (21)
and
FR(Th) = F((011)7)
= TP 4 g7 (0T, 08
= P+ W (rhT (22)

~12
By Eq. and Eq. , we see that ¢/ =T+ ®7<. By virtue of Eq. and
Eq. , it follows that

55(3' (), 3 (6) = 185(6 (&1),8 (67)
= 107 0) — 5w, 0)g (6, 0))
= 1 @s(h,6) — W)
= §5("0) — 7 (W) (0), (23)
and
55(5 (1), 8 (1) = Jas(6 (rD), 3 (xh))
= 135(1), (7))
= (@ T, 2Ts) g (T4, 0)g (3T, 0))

= 05(T1, %) — 1/ (YA (T5). (24)
From Eq. and Eq. , we see that
F5(F (T1), F'(Y2)) = §5(T1, T2) — i (Y1) (T2),

for all vector fields T; and Ty on TiN. Therefore (Tfo’,ﬁ',]?',ﬁ%) is an almost
contact metric manifold. O

Proposition 5. (T’{N,E’,ﬁ/,fﬂgg) is a contact metric manifold, where we have

(1, F,8) = (X, 30, F, jag)-
Proof. By using Eq. , we yield
(', F(T]) = 85", (3711)")

= {07 @, 3T)) g (@ 0)g (AT
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On the other side, from the definition of the vertical lift to T*N we get
Wﬁ(g_l()TM U)) = g_l(J‘Tl,w)7
and B
¢"(g7 (3T1,0)) = g (M1, ).
Thus, we obtain
Wi (g (MT1,0) = g7 (@, A1) — g (w,0)g T (M1, v), (25)
it follows from Eq. , Eq. and Eq. that

a7 (o, X5 = T (T) — 0 () — 3 (i, 7))
= W)
= o (M) — 7w, 0)g (AT, 0)),

~
Then we get the contact metric structure (<, %', ¢ ,§%) on TiN. O

Theorem 5. The contact metric structure on TN is K-contact if and only if the
contact metric structure on TN is.

Proof. As M and | are isometries between (TiN,gs) and (TiN, ggz), we deduce that

M(Ledg)(T1,T2) = (Ly.oM85)(T1, T2) = (Lo 8s)(T1, To), (26)
and o

1" (Lergs)(T1, To) == (L ,1785) (Y1, T2) = (Lerdg) (Y1, Ta), (27)
for any vector fields Y1, Yo on T;N and any vector fields Tl, Tg on T{N. Then, from
Eq. and Eq. we get our assertion. O

Theorem 6. The contact metric structure on TN s Sasakian if and only if the
contact metric structure on T{N 1s.

Proof. Let (¢, i, F', %) (resp. (', 7', j-:’ g ) be the standard contact metric struc-

ture of T{N (resp. TiN). From Eq. (2)), Eq. , Eq. (7), Eq. (), Eq. (15)), Eq. (16)),
Eq. and Eq. we have

NF = F'N,
b F = Fh,
N =,
=0

Hence  is (F', F’)-holomorphic map and f is (]-: " F')-holomorphic map. Therefore,
we get

s 5 o~ _
M((VE,F)T2) = (Vi x, F )Tz,
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and
-5 o~ o~ _s o~
1:(VE, F) T2 = (Vy 5, F ) Lo
Thus, we obtain
—9 ~ B ~ ~ ~ ~ ~5 ~ ~
(Vi 3, F Yo — g5 (0:T1, 1. T2)s" + 1/ (8. T2)8.T1) = (Vy, F') T2

- glg(:fh:fé)z/
+ ﬁ/(”f2):—f17

and

L (VA 3, F)0To — §a(0 T, M Ta)s’ + 1 (M To) M) = (Vs )T,
—05(T1, T2)¢’
+ 4 (T2) Ty,
then, the contact metric structure on TiN is Sasakian if and only if the contact

metric structure on TN is. O

Theorem 7. The contact metric structure present on TN is categorized as K-
contact if and only if the Riemannian manifold (N, g) possesses a constant curvature
of 1. In such instances, the structure established on TN is denoted as Sasakian.

Proof. Combining Theorems 5| and |§| with Theorem 8 in [17], we get our assertion.
O

Finally, recall that a Riemannian manifold (N, g) of dimension n is said to be
2-stein if there exist two functions a1, as : N — R such that for every p € N and
every vector T tangent to N at p we have

Tr(Ry,) = a1 (p) [IT1]*,  Tr(RE,) = as(p) 11",
where Ry, is the Jacobi operator [6].

Theorem 8. The contact metric structure on TiN is H-contact if and only if (N, g)
15 2-stein.

Proof. It is obvious that the Ricci operators Q(5) on TiN and Q(<) on TiN are
related by:

and
2.QQ) = Q).

Thus, it follows from the main Theorem in [13] that the contact metric structure
on TiN is H-contact if and only if (N, g) is 2-stein. O
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