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ABSTRACT 

Lel Çı a/ld Çı be ra/ldom variables wirh fiııite momeııt~· of all 

o,dm. Ttıe ser U:={(j.l): E(ç,1ç',) = E(ç, ' )E(ç,')J ;, ca/led 

the ııııcorrelaıioıı set of ç\ aııd Çı' hı this paper we describe 
possible wıenrrelatiofl sels ofjoimly Jlormal ro"dom variables. 
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1. INTRODUCTION 

The concept of independence is a fundamental one in Probability Theory and 
Mathematical Statistic s. Generalizations of independence from various poinıs of view 
have becn studied bya great number of authors. The mostly known generalizations are 
uncorrelatedncss of (wo random variablcs and convolut ional indcpendcnce. 

Uncorre latedness of random var iables Çı and Çı is defined by the eondition 

E(ç,ç,) = E(ç,)E(ç,), 

provided that mathematieal expeetations of the random variables Çı and Çı exisl. 

Random variables Çı and Çı with distribution funetions F~ı and F~ı are said to 

be eonvolutionally independent , if the di stribution funetion of their sum satisfies the 
fo llowing eondition -

Fı,<{ , (x) = Fı, ' Fı, (x) = f Fı, (x - s)dFı , (s) , XE R . 

lt is common ly known (cf [5] v. II, Ch. II .4, p.5!) that eonvolutional independenee is a 
less restrictive eondit ion than independence buı a more restrietiye one than 
uneo rrelatcdncss. Convo lutional independcnee and it s relation to independenee were 
sıudied by G. Dal l'Aglio ([2J, [3]). 

Cornparison of different genera lizat ions of independenee leads naturall y ıo the 
idea of eonstructing measures of independence. As examples of some widely used 
measures we should mention Spearman's p, Kendaıı's 't, Ko lmogorov's K measures (cf. 
e .g. [1 OJ). (Theyare also known as measures of dependence). 
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In [7] new measures of independenee were introdueed. In distinet ion to the 
measures mentioned above these new ones are based on properties of moments of 
random variables. Other developments on measures of independence and their 
eonneetion with moments ofrandom var iables can be found in e.g. [1] and [4]. 

1. STATEMENT OF RESULTS 

To formu Iate our results we need the follow ing defınition. 

Definition. Let Çı and Çı be random variab les with fınite momenls of all oı·ders. 

We say that Uç;; N 2 is an wıcorrelatioıı set of Çı and Çı if 

E(ç,!ç' ı) = E(ç,' )E(ç,') for (j,l) E U, 
and 

An uncorre lation set shows whieh powers of random variables are uncorrelated. 

Obviously, if Çı and Çı are independent, then their uneorrelation set U = Nı . We may 

thi nk that uncolTelation sets provide a measure of independence for random variabtes in 
the following sense: the wider an uneorrelation set is, the more independent random 
variables are. 

The following general theorem concerning uneorrelation sets was proved in [7]. 

Theorem ı. for any subset Uç; Nı there exist random variable s Çı and Çı such that U 

is their uneorrelation set. 

This means that uneorrelatedness of any set of powers of randam var iables does 
not imply uncorrelatedness of any other powers. In partieular, we may ıake any (k,m) 

E N 2 and set U = N 2 \(k,m). There ex ist randam var iables Çı and Çı sueh that 

(j,l) "(k,m). 

The statement of Theorem 1 does not remain true if we preseribe distributions 
of randam var iables. For example, admissible uneorrelation sets for randam variables 
with uniform distr ibut ions on [O, I] were studied in [6]. 

In this paper we present a complete deser iption of uncorrelation sets for jointly 
normal random var iables with ıero mean. 

Let Çı and Çı be jointly normal random variables, that is randam variabJes with 

joint probability density 
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If 171 = 172 = O, then Çı and Ç2 are said to be joillfly normal wi/h uro mean. The 

coefficient r is a correlation eoeffieient of Çı and Ç2' lı is commonly known that if 

r = O, that is the random variables Çı and Ç2 are uncorrelated, the n theyare 

independen!. In terms of uncorre lalion sels th is may be formulaı ed as follows: 

(1,1) E U => U = N', 

where U denotes an unco rre lat ion set of Çı and Çı ' Therefore, an uneorrelation set of 

jo int ly normal rando m variables eannot be arb itrary and we face the problem to deseribe 
possible uneorre lation sets for jointly normal random var iables. 

Our results are based on the usage of the fo llowing fact (cf. [ 81 , [9]). 
Price's Theorem. Let Çı and Ç~ be joint ly no rmal random variables with a joinı 

probability de nsity p(x, y) and a eovarianee J.l. Suppose that g(x,y) is a funet ion 

satisfying 
Jim g(x,y)p(x, y) = O. 

(." .,./-... 
Consider the mathematieal expeeıat ion 

E(g(g,g, )l = ; I(fl)· 
If g(x,y) is smoeth enough, then 

1'''' (,, ) = E[a'"8(g,g,)] . 
r ag;ag; 

Using Price's theorem we conelude that the mathemat ica l expeetat ion E(çı J çı 2) 

of jo intly normal random var iables is a polynomial in Jl whieh we denete by J u.lıCJ.l). 

We can readi ly see that the foııowing eonditions are cqu ivalent 

since Jl = O implies independenee of Çı and Çı' Investigation of the behaviour of the 

polynomials I li./) (J.l) . for different values of U,L) allows LLS to get the followiııg 

assert ion. 

Theorem 2. Let Çı and Çı be jointly normal randam var iables with ıero mean and U 

denote the ir uneorrelation set. If (j,l)e U and j = l(mod 2), then Çı and Çı are 

independent, and thus U = N2
• 

Remark. if the numbers j and i are both odd, the statement is true for any jointly normal 
randam variab les, nol necessarily with zera mean. 
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On the other hand, the follow ing statement holds. 

Theorem 3. Let Çı and Çı be joint ly normal random variab les with zero mean and U 

denote the ir uneorrelation set. If j T i (mod 2), then (j,l) E U. 

Summarising the last two theorems, we ger a eomplete deser iption of admissible 
uncorrelat ion sets for joint ly normal random variables with zere mean. Namely, there 

are exactly two possible uncorrelat ion sets: Nı (in this case random variables are 
independent); and the set {U,0: j T i (mod 2) i. 
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Birleşik Normal Rasgele Değişkenler için 
Korelasyonsuzluk Kümeleri 

ÖZET 

Çı ve Çı' tüm momentleri sonlu olan rasgele değişkenler 

olsunlar. U:= {(j,I): E(çiç',) = E(ç, ' )E(ç,')}kümes ine ç, ve 

";2 'nin korelasyoflSU'l.luk kümesi denir. Bu makalede birleşik normal 

rasgele değişkenlerin mümkün korelasyonsuzluk kümelerinin ı arifi 

verilir. 

Aııahtar Kelime/er: Rasgele değişkenler. normal dağıı/mı. korelasyonsıızluk 

5 




