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ABSTRACT

Let & and &, be random variables with finite moments of all

orders. The set U:={(l): B(E,'E'2) = E(E& EE,')) is called
the uncorrelation set of & and &,. In this paper we describe
possible uncorrelation sets of jointly normal random variables.
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1. INTRODUCTION

The concept of independence is a fundamental one in Probability Theory and
Mathematical Statistics. Generalizations of independence from various points of view
have been studied by a great number of authors. The mostly known generalizations are
uncorrelatedness of two random variables and convolutional independence.

Uncorrelatedness of random variables &, and &, is defined by the condition

E(é:‘:z) = E(‘§|)E(‘§2)'
provided that mathematical expectations of the random variables &, and &, exist.

Random variables &, and &, with distribution functions F; and F, are said to

be convolutionally independent, if the distribution function of their sum satisfies the
following condition

F . (x) = Fy #F (1) = [ F, (x-5)dF,(s), xeR.

It is commonly known (cf [5] v.II, Ch.I1.4, p.51) that convolutional independence is a
less restrictive condition than independence but a more restrictive one than
uncorrelatedness. Convolutional independence and its relation to independence were
studied by G. Dall'Aglio ([2], [3]).

Comparison of different generalizations of independence leads naturally to the
idea of constructing measures of independence. As examples of some widely used
measures we should mention Spearman's p, Kendall's T, Kolmogorov's K measures (cf.
e.g. [10]). (They are also known as measures of dependence).
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In [7] new measures of independence were introduced. In distinction to the
measures mentioned above these new ones are based on properties of moments of
random variables. Other developments on measures of independence and their
connection with moments of random variables can be found in e.g. [1] and [4].

1. STATEMENT OF RESULTS
To formulate our results we need the following definition.

Definition. Let &, and &, be random variables with finite moments of all orders.

We say that Uc N? is an uncorrelation set of £, and &, if
E¢/'E") = B¢ EE,) forGhe U,

and

E&'E") » BEEE,) for i)\ U.

An uncorrelation set shows which powers of random variables are uncorrelated.
Obviously, if & and &, are independent, then their uncorrelation set U = N*. We may

think that uncorrelation sets provide a measure of independence for random variables in
the following sense: the wider an uncorrelation set is, the more independent random
variables are.

The following general theorem concerning uncorrelation sets was proved in [7].

Theorem 1. for any subset Uc N* there exist random variables &, and &, such that U
is their uncorrelation set.

This means that uncorrelatedness of any set of powers of random variables does
not imply uncorrelatedness of any other powers. In particular, we may take any (k,m)

€ N? and set U= N*\(k,m). There exist random variables &, and &, such that

EEE) = BEDEE)Y G #am).

The statement of Theorem 1 does not remain true if we prescribe distributions
of random variables. For example, admissible uncorrelation sets for random variables
with uniform distributions on [0,1] were studied in [6].

In this paper we present a complete description of uncorrelation sets for jointly
normal random variables with zero mean.
Let & and &, be jointly normal random variables, that is random variables with

joint probability density

1 1 (XHT?JE (x“n|)(y_n:‘) ()H??z)z
(x,7)= —exp{~ = ~
pix,y 271'0‘](')'2 2 exp{ 2(1—?‘1)[ 2 ’ # }}

fop 0,0, o,
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If n,=n,=0, then & and &,are said to be jointly normal with zero mean. The
coefficient r is a correlation coefficient of & and &,. It is commonly known that if
r=0, that is the random variables & and &, are uncorrelated, then they are
independent. In terms of uncorrelation sets this may be formulated as follows:

(L)eU =U =N?,

where U denotes an uncorrelation set of &, and &,. Therefore, an uncorrelation set of

jointly normal random variables cannot be arbitrary and we face the problem to describe
possible uncorrelation sets for jointly normal random variables.

Our results are based on the usage of the following fact (cf. [ 8], [9]).

Price’s Theorem. Let & and &, be jointly normal random variables with a joint
probability density p(x,y) and a covariance . Suppose that g(x,y) is a function
satisfying

lim g(x, »)p(x,y) =0.
(X, y)—e

Consider the mathematical expectation

E[g(élgz )] =I(W).

If g(x,y) is smooth enough, then

azng(‘:ﬁ:z)]_

I(M - E
W [ IENIE!

Using Price’s theorem we conclude that the mathematical expectation E(& ,"ﬁ’g)
of jointly normal random variables is a polynomial in i which we denote by 7, (1).
We can readily see that the following conditions are equivalent

(7.Del & Iu.n(#) =1,,,(0),

since L = 0 implies independence of &, and &, . Investigation of the behaviour of the
polynomials 7, (u). for different values of (j,/) allows us to get the following

assertion.

Theorem 2. Let & and &, be jointly normal random variables with zero mean and U
denote their uncorrelation set. If (j,/)e U and j=I(mod 2), then & and &, are
independent, and thus U = N?.

Remark. If the numbers j and / are both odd, the statement is true for any jointly normal
random variables, not necessarily with zero mean.
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On the other hand, the following statement holds.

Theorem 3. Let & and &, be jointly normal random variables with zero mean and U
denote their uncorrelation set. If j T/ (mod 2), then (j,/) € U.

Summarising the last two theorems, we get a complete description of admissible
uncorrelation sets for jointly normal random variables with zero mean. Namely, there

are exactly two possible uncorrelation sets: N (in this case random variables are
independent); and the set {(j,/): j T ! (mod 2) }.

REFERENCES

BENES, V., STEPAN, J.(eds) (1997) Distributions with Given Marginals and Moment
Problems. Kluwer Academic Publishers

DALL'AGLIO, G. (1988) Decomposability Of Probability Distributions. Rend. Sem. Math. Fis.
Milano, 58, pp. 239-245

DALL'AGLIO, G. (1990) Somme di Variabili Aleatore e Convoluzioni. Scritti in Omagio a
Luciano Daboni, Lint, Trieste, pp. 95-100

DALL'AGLIO, G., KOTZ, S., SALINETTI, G. (eds) (1991) Advances in Probability
Distributions with Given Marginals. Kluwer Academic Publishers.

FELLER, W. (1968) An Introduction to Probability Theory and Its Applications. 2-nd Ed.
Wiley, New-York

GADETS_KA S, QSTROVSKA S. (2002) Copulas and Uncorrelation Sets. Hacettepe
Universitesi Istatistik Giinleri 2002. Sempozyum Ozetleri, p.20

OSTROVSKA, S. (1998) A Scale of Degrees of Independence of Random Variables. Indian J.
of Pure and Applied Math., 29, (5), pp. 461-471

OSTROVSKA, S. Uncorrelatedness and Correlatedness of Powers of Random Variables.
(2002) Archiv der Mathematik, 79, pp.141-146

PAPOULIS, A. (1991) Probability, Random Variables, and Stochastic Processes. 3-d Ed.
McGRAW-HILL, Inc.

PRICE, R. (1965) A Useful Theorem for Nonlinear Devices Having Gaussian Inputs. IRE,
PGIT, Vol. IT-4.

RENYI, A. (1959) On measures of dependence. Acta Math. Acad. Sci. Hungar., 10, pp. 441-451
STOYANOYV, J. (1998) Global Dependency Measure for Sets of Random Elements: "The

Italian Problem" and Some Consequences. In: 1. Karatzas, B. S. Rajput, M.S. Taqqu
(eds) Stochastic Processes and Related Topics. Birkhduser, pp.357-375



Birlesik Normal Rasgele Degiskenler icin
Korelasyonsuzluk Kiimeleri

OZET

& ve &,, tim momentleri sonlu olan rasgele degiskenler

olsunlar. U:={(j,0): E(éljéfg) = E((’j,;)E(‘f;)}kﬁmesine & ve
&, ’nin korelasyonsuzluk kiimesi denir. Bu makalede birlesik normal
rasgele degiskenlerin miimkiin korelasyonsuzluk kiimelerinin tarifi
verilir.

Anahtar Kelimeler: Rasgele degiskenler, normal dagilimi, korelasyonsuzluk





