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1. Introduction and Preliminaries

Difference equations are one of the important topics of applied mathematics. Therefore, some mathemati-
cians have studied in this field [1-20]. Some difference equations occur as the recurrence relation of a num-

ber sequence. For example, Fibonacci sequence {F,}’ is identified by
Fn+1=Fn+Fn—1, neN, (1.1)

with the initial conditions Fy = 0 and F; =1 in [21]. Binet’s formula for equation (1.1) is

A" — B"
Fp=——7— neNy, 1.2
n A_B 0 ( )

1+2\/g’ B = 1%@ Equation (1.2) is a solution of equation (1.1) and the general term Fibonacci

where A =
sequence. In addition, there are some types of nonlinear difference equations for which their general solu-

tions can be found. One of them is Riccati difference equation, which is in the following form:

€z, +0

—, neNp, (1.3)
(zp+n
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laktas.omer10@gmail.com; 'mervekara@kmu.edu.tr (Corresponding Author); 2yyazlik@nevsehir.edu.tr

IDepartment of Mathematics, Kamil Ozdag Science Faculty, Karamanoglu Mehmetbey University, Karaman, Turkey
2Department of Mathematics, Faculty of Science and Art, Nevsehir Hac1 Bektag Veli University, Nevsehir, Turkey
Article History: Received: 07.02.2024 - Accepted: 04.04.2024 - Published: 25.07.2024


https://dergipark.org.tr/tr/pub/ikjm
https://orcid.org/0000-0002-5763-0308
https://orcid.org/0000-0001-8081-0254
https://orcid.org/0000-0001-6369-540X

Omer Aktag et al. / IKIM / 6(2) (2024) 1-12 2
for { #0, en—{0 # 0, where the parameters ¢, 0, {,n and the initial condition zy are real numbers. The general
solution of equation (1.3) can be written as follows

- 20 (00 —€n) sp-1+ (€20 +0) sp
" ((z0—€) Sp+ Sp+1

, neN, (1.4)
where the sequence (s) e, 18 satisfying
sn+1—(€+m) s, — (00 —€n)sp-1=0, neN,

where sp =0, s; = 1, in [22].

The following higher-order difference equation,

O Xpn—kXn—(k+1
Xn=0Xp_j+ n-kZn-(k+h , ne€Np, (1.5)

BXp—(k+1) +YXn—1

where k and [ are fixed natural numbers, the initial conditions x_;, j = 1,k + [ and the parameters a, S, ¥,
0 are real numbers, was solved by the authors in [23]. In addition, the case k = 2, [ = 4 in equation (1.5),
it was obtained the exact solutions and investigated equilibria, local stability and global attractivity in [24].
Similarly, the authors of [25] studied the behavior of the solutions of the difference equation which was

obtained by taking k =1, [ = 3 in equation (1.5).

There are some difference equations that are similar in shape to the difference equation in (1.5). But, they
are not particular cases of equation (1.5). For example, in [26], the authors explored the qualitative behavior

of the solutions of the following difference equations:

+*Byn-1¥Yn-3
=Ay, 1+ ——————— neNp, 1.6
Yn+1 Yn-1 Cyn3tDyna 0 (1.6)
where the initial conditions y_g, for k = 0,5, are arbitrary positive real numbers and the parameters A, B, C

and D are positive real numbers.

Similarly, the authors studied the behaviour of the rational difference equation

Bynyn-3

——neNp, 1.7
AYn-4+Byn-3

Yns1=Qynt+
where the initial conditions y_g, for k = 0,4, are positive real numbers and the parameters a, 8, A and B are

real numbers, in [27].

In addition, in [28], Almatrafi and Alzubaidi studied the local and global stability, periodicity and solutions
of the following rational difference equations
buy_i1u,-
Uns1 = Qliy 1+ —2 e, (1.8)
Cup-s—dUn—g
where the parameters a,b,c and d are positive real numbers and the initial values u_y, for k = 0,6, are non-

zero real numbers.
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Moreover, the authors of [29] studied the behavior of the difference equation

bxyxn-1

Xp+l = aXy + , neNp, (1.9)

CXp1+dxu_o
where the initial conditions x_g, for k = 0,2 are arbitrary positive real numbers and the parameters a,b,c
and d are positive constants. In [30], Elsayed and Al-Rakhami investigated some of the qualitative behavior
of the rational difference equation

ﬁ\yn—ijn—s

v =a¥, o+ ——————, neNp, 1.10
n+l n-2 TR LT 0 ( )

where the parameters a, 8, Y and 0 are arbitrary positive real numbers.

Further, in [31] Elsayed studied the qualitative behavior of the solutions of the difference equation

bx?
Xpt1=aXp+ ————, neENp, (1.11)

CxXp+dxn_1

where a,b,c and d, are positive real numbers and the initial conditions x_; and xq are positive real numbers.
There are some difference equations as equations in (1.6)-(1.11) in literature (see [32-35]).
In [36], the authors generalized the equation (1.5) to the following two-dimensional system

AYn—kXn—(k+1) OXn—kYn-(k+D)

yVn=QXp_k+ ,n €N, (1.12)
bxy_(k+1) + Cyn-i " " BYn-k+D +YXn-1

Xpn=aYn-k+

where k and [ are positive integers, the initial conditions x_;, y_;, i = 1, k + [ and the parameters a, b, c, d,

a, B, v, 6 are real numbers. They showed that system (1.12) can be solved in closed form.

Anatural question is if equation (1.6) generalizes to a two-dimensional system of difference equations. Here,
we give a positive answer. We expand equation (1.6) to the following two-dimensional system of difference

equations
O01Vn—2Un—4 OoUp-2Vpn-4
,Un=QxUp—2 + ,I’ZEN(), (1.13)
Brun-4+Y1Vn-6 BaVn-4+Y2un-s

Up=aq1Vp-2+

where the initial values u_;, v_;, for [ = 1,6, are positive real numbers and the parameters aj, ,, yp and

& p, for p € {1,2}, are positive real numbers.
Our aim to show that system (1.13) is solvable in explicit form. Also, we investigate the periodicity of the

solutions depending on special cases of the parameters. Additionally, we gain the solutions for the case

a;=ay=p1=P2=y1=72=01 =062 =1 byusing Fibonacci sequence.

We give the following very well-known definition which used in this paper.
Definition 1.1. [37] (Periodicity) A sequence (xn)‘:lo:_ K is said to be eventually periodic with period p if there
exists ng = —k such that x,, = x,, for all n = ny. If ng = —k then the sequence (xn)"’f:_k is said to be periodic

with period p.



Omer Aktag et al. / IKIM / 6(2) (2024) 1-12 4

2. Explicit Solutions of System (1.13)

The system (1.13) can be written in the following form

u, (afr+o1) i +ayr oy, (a2fe+82) i +azye N
= R = , n € Np.
Vn-2 Bri=t+11 Un-2 Boi=t + 2
By employing the change of variables
u v
Xn=—"=, Yn=——, nz-4 2.1)
Up-2 Up-2
system (1.13) is transformed into the following system
X, = (11 +61) Xp—a + @171 = (a2B2+62) yn-a+ azYz’ neNo. 2.2)
P1Xp-a+1 B2yn-a+72
We consider the following equation
af+0)zp_s+a
B o) LT R G, 2.3)
Bzn-a+y
instead of equations in (2.2). If we apply decomposition of indices n — 4 (m +1) + i,
i=-4,-1, m= -1, in equation (2.3), then it can be written the following equation
o (aB+06)z) + ay )
Zm+1 = ) (2.4)
Bzm +v
where zﬁ,"l) =Zym+i, 1=-4,—-1, meNy,
From equation (1.4), the general solutions of the equations in (2.4) as follows
o =0yz st + ((aﬁ +8) 2 + a)/) Sm
z0 = o . meN, (2.5)
(,BZO’ —af- 5) Sm+ Sm+1
for i = —4, -1, where sequence of (s;) e, is satisfying
Sm+1— (AB+8+7Y) Sm+8ySm-1=0, meN. (2.6)
From equation (2.5), the solutions of equations in (2.2) are expressed as
—-01Y1XiSm-1+ ((a1B1+01) xi + s
iy = 1Y1%iSm-1+ ((@1 1 +61) xi + a1y1) m me N, 2.7

(ﬁlxi —-a1p1 —51) Sm+ Sm+1

) iSm—-1+ ((a +00)y;i+a s
Vamei = 2Y2YiSm—1+ ((@2B2+62) yi + azy2) m e, 2.8

(B2yi — az2f2—62) Sm+ Sm+1

fori=-4.-1.

From (2.1) , we have

Up = XpUp-2 = XpYn-2Un-4, Vn = YnlUpn-2 = YnXp-2VUn-4, N=-2. 2.9)
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From system (2.9), we obtain

Ugm+j = Xam+jYam+j—2Uam-1+j, M ENp,

Vam+j = Yam+jXam+j-2Vam-1+j, M ENp,

for j=-2,1.

From system (2.10), we get

m
Usme+j = Uj—s | | Xap+jYap+j-2, mENy,
p=0

m
Vam+j = Vj-4 H Yap+jXap+j-2, MENp,
p=0

for j=-2,1.
By putting formulas (2.7) and (2.8) back into system (2.11), we gain

o= e ﬁ (—61)/1 U_pSp-1+ ((@1f1+61) u—2+ ary1v-4) sp)
p=0 (Bru—z— (a1 f1+61) v_a) Sp + V-4aSp41
§ (—62)/2 v_aSp-1+ ((a2B2+82) v_s+ a2y2u_g) sp)
(Bov-s—(a2f2+82) u_g) sp + U-6Sp+1 ’
b= b l’_"[ (—62y2 v_2Sp—1+ ((@2B2+82) v_z + a2y2u_4) sp)
(Bav—z— (a2B2+82) u_s) Sp+ U_4Sp41
§ (—517/1 U_gSp—1+ ((@1f1+61) u—s+ary1v-g) sp)
(Bru—s— (@11 +61) v-6) sp+ V-65p+1 ’

a1 = s ﬁ (—517’1 u_15p-1+ ((@1f1+61) uy +“1Y1V—3)Sp)
(Bru—1— (a1 f1+61) v_3) sp+ V_3Sp41
. (—62)/2 v_3Sp-1+ ((a2B2+82) v_3 + a2y2u_5) sp)
(Bov—s — (a2f2+82) u_s) sp + U-55p+1 '
b = l’_"[ (—62y2 v_1Sp—1+ ((@2B2 +82) v_1 + azy2u_3) sp)
(Bav—1— (a2B2+82) u_3) sp+u_35p+1
y (—517/1 u-3sp—1+ ((@1f1+61) u—s+aryiv-s) Sp)
(Bru—s — (@11 +61) v=5) Sp + V_5Sp+1 ’

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Y = U ﬁ —01y1U-aSp + (@11 +61) —g + @1Y1V_6) Sps1
e (Bru—s—(@1B1+61) V=6) Sp+1+ V=6Sp+2

p=0
. (—62y2 v_oSp-1+ ((a2f2+062) v_p + a2y2u_4) sp) 216
(Bov—2— (@22 +82) t—4) Sp + U_4Sp+1 ’ '
I l’_"[ (—62)/2 v_4Sp + ((@2B2+02) v_s + a2y2u_g) Sp+1 )
p=0 (Bov-s— (a2B2+82) u_g) Sp+1 + U-6Sp+2
y (—517’1 U_pSp-1+ ((1f1+61) u—2 + a1y1v-4) Sp) 2.17)
(Bru—z—(a1B1+61) v-a) Sp+ V_4Sps1 , '
o =t lnj[ (_5”,1 u_3sp+((a1f1+61) u-3+ary1v_s) sp+1)
p=0 (Bru—s—(a1f1+61) v_s) Sp+1tV_58p12
§ (—627/2 v_1Sp-1+ ((a2f2+62) v_1 + azy2u-3) sp) 218
(Bov—1 — (a2B2+82) u_3) sp+u_3sp41 ’ '
Vi = Vs 1’—”[ (—527’2 v_3Sp + (@22 +82) v_3 + azy2u_s) Sp+1)
p=o\  (B2v-z—(a2f2+082)u_s5)Sps1+ U 5542
y (—51Y1M—1Sp—1 +((apr+61)u_r +ary: V—s)sp) 2.19)
(ﬁlu—l - (alﬁl +51) l/—3) Sp+V-_3Sp+1 , '
for m e Ny.
3. Periodicity

We obtain the periodicity of the solutions of the system (1.13) depending on the parameters are equal either

1 or —1 in this section.

Theorem 3.1. Suppose that ay, p, vp, 5p, for p € {1,2} and the initial values u_;, v_;, for [ = 1,6 are non-

zero real numbers. Then, the following statements hold.

a) Ifaj=1La,=1,61=1,862=1,7v1=-1,y2=-1, 8, = -1, §; = —1, the solutions of the system (1.13)

are periodic with period 12.

b) Ifa;=1,a,=1,61=-1,62=-1,y1=1,72=1,61 =1, §; =1, the solutions of the system (1.13) are
periodic with period 12.

o fay=-1,a2=-1,61=1,62=1,7v1=1,72=1,8; =1, §; = 1, the solutions of the system (1.13) are
periodic with period 12.

d far=-1,a=-1,1=-1,6=-1,y1=-1,y, =-1,8; = -1, §; = —1, the solutions of the system
(1.13) are periodic with period 12.

Proof.

a) Ifar=1a,=1,6=10=179=-1,79=-1, 6, = -1, 61 = -1, system (1.13) turns into the
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following system
Un—2Un-4 Up—2VUn—4

Up=Upp————— Up=Up2——————, NEN).

Upn—4—VUn-6 Un—4— Up-6
From (2.7) and (2.8), we have

—XiSm-1—"Sm

Xam+i =~
XiSm t Sm+1

_ " YViSm-1—Sm

Yam+i=———————>
YViSmt Sm+1

where meNgand i = —4,-1.
From (2.6), we obtain

Sm+1+Sm+Sm-1=0,

where sp =0 and s; = 1.
From this, we get
S3t+b = b)

forteNgand b=-1,1.

From (2.1), we have

U2m+j =X12m+jY12m+j-2X12m+j-4Y12m+j—6
XX12m+j-8Y12m+j-10 U12(m—-1)+j,
Vigm+j =Y12m+jX12m+j-2Y12m+j—-4X12m+j-6

XY12m+j-8X12m+j-10V12(m-1)+j,

where m e Ny and j =6,17.

From system (3.5), we obtain

m
U2m+j = Uj-12 H X12p+jY12p+j-2X12p+j-4)Y12p+j-6
p=0

XX12p+j-8Y12p+j-10)
m
Vigm+j=Vj-12 H Yi2p+jX12p+j-2Yi2p+j-4X12p+j-6
p=0

XY12p+j-8X12p+j-10,

where m e Ny and j =6,17.
By using (3.2), (3.3) and (3.4) into (3.6) and (3.7), we get

Uigm+j = Uj-12, Vizm+j = Vj-12,

where meNpand j =6,17.

(3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

b) Ifa;=1,a2=1,61=-1,6=-1,71=1,72=1,61 =1, §; =1, system (1.13) turns into the system

(3.1). Then, it can be proven like (a).

o Ifar=-1,a,=-1,61=1,62=1,y1=1,72=1,0; =1, 6; =1, system (1.13) turns into the following
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system
Un—2Up-4 Up-—2VUn—4
——, Up=—Up2+———, neNj. (3.8)

un = _Vn—z + j]
Up-4+Vn-s Un-4t Un-6

From (2.7) and (2.8), we obtain

—XiSm-1—"Sm

Xgmyi = ———, (3.9)
XiSm + Sm+1
—¥YiSm-1—3S

Vi = —om=179m (3.10)
YiSmt Sm+1

where meNgand i = —4,-1.
We obtain, from (2.6),

Sm+1—Sm+Sm-1=0,

where sp =0 and s; = 1.
From this, we get

0, if3r + g €1{0,3},
S6t+3r+qg =4 1, if3r+qef{1,2}, (3.11)
-1, if3r+gef4,5},

for te Ng, r €{0,1} andq:(),_Z.

From (2.1), we have

Uizm+j =X12m+jY12m+j-2X12m+j-4Y12m+j-6
XX12m+j-8Y12m+j—-10 U12(m—1)+j>»
Vizm+j =Y12m+jX12m+j-2Y12m+j-4X12m+j—6

XY12m+j-8X12m+j-10V12(m-1)+j> (3.12)

where m e Ny and j =6,17.

From system (3.12), we obtain

m
Ui2m+j =Uj-12 H X12p+jY12p+j-2X12p+j-4Y12p+j—6
p=0
XX12p+j-8Y12p+j-10, (3.13)
m
Vigm+j =Vj-12 H Yizp+jXi2p+j-2Y12p+j-4X12p+j-6
p=0

XY12p+j-8X12p+j—10) (3.14)

where m € Ny and j =6,17.
By using (3.9)-(3.11) into (3.13) and (3.14), we get

Um+j = Uj-12, Vizm+j = Vj-12,

where meNpand j=6,17.

d fay=-1,a=-1,=-1,62=-1,y1=-1,y2=-1,01 = -1, 8, = -1, system (1.13) turns into the
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system (3.8). Then, it can be proven like (c).

4. An Application

We obtain the solutions of the system (1.13) with a; = a2 = 1 = B2 =1 =72 = 61 = 62 = 1. In this case, we

have the following system

Up-—2Upn—4 Up-—2Vp—4
Uy = vn_2+%, vy = un_2+#, n € Np. 4.1)
Un-4+VUn—t Up—4+ Un-6
From (2.6), we obtain
Sm+1—3Sm+Sm-1=0, meN, (4.2)

where sp =0, s =1.

Binet Formula for (4.2) is

2
= , € Np. 4.
ey
2 2
Note that
2
17V5|" 375 @
2 2 ‘
Using (4.4) in (4.3), we have
(1+\/§)2m_ (1_\/5 2m
2 2
Sy = =F , meNp. (4.5)
2 2
Using (4.5) into (2.12)-(2.19), we get
y y ﬁ (U—2Fops1+ V-aFop) (V_sFops1 + u_gFop) 4.6)
4m—-2 =U-g , .
" p=0 (v_aFop-1+ u_2Fsp) (u-6F2p-1+ V-4F2p)
) ) ﬁ (v_2Fop+1 + u—aFop) (u-aFops1 + v_6F2p) “7)
4m—-2 =V—6 , )
" p=0 (U-4F2p 1+ V_2Fsp) (v_6F2p-1+ U_4Fop)
y y ﬁ (u—1Fops1 + v_3Fsp) (v-3F2p41 + U_5F2)) 4.8)
4m—1 =U-5 , .
" p=0 (v_3Fop-1+ u_1Fap) (u-5F2p-1+ v_3F2))
) ) 1’—”[ (vo1Fops1 + u—3Fop) (U—3Fops1 + V_5F2p) 4.9)
4m—-1=V-5 , )
" p=0 (u_ngp_l + U_lep) (U_5F2p_1 + u_ngp)
5 u 1’—”[ (t-4Fopi3+ v_6Faps2) (V-2Fops1 + U_4F2p) (4.10)
4m =U—4 , )
" p=0 (V-6Fops1+ U_4Fopi2) (U_sFop 1+ V_2Fop)
R l'—”[ (v_aFops+3+ u_cFopi2) (U—2Fops1 + V_4F2p) @11)
m —V— b .
p=0 (U—6F2p+1+ V-4F2ps2) (V-4Fop_1+ u_oFop)
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et =t ﬁ (u=3F2p+3+ V_5Fops2) (Vo1 Fops1 + u—BFZp)y (4.12)
p=0 (V-5Fops1+ U _3F2p.2) (u3Fop 1+ v_1F2p)

Vaml = V-3 1’—”[ (v_3Fopss + u—sFapi2) (U1 Fops1 + V—3F2p)’ 4.13)
p=0 (t-5F2p11+ V_3F2p12) (V-3F2p-1+ u_1Fap)

for m € Ny.
5. Conclusion

In this paper, we have obtained the solutions of two-dimensional system of difference equations in explicit
form by using convenient transformation. In addition, we have investigated the periodic solutions of afore-
mentioned system of difference equations when the parameters are equal to 1 or equal to —1. Finally, an
application was given to show that the solutions of the mentioned system are related to Fibanacci numbers

when all parameters are equal to 1.
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