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Abstract − In the present paper, the solutions of the following system of difference equations

un =α1vn−2 +
δ1vn−2un−4

β1un−4 +γ1vn−6
, vn =α2un−2 +

δ2un−2vn−4

β2vn−4 +γ2un−6
, n ∈N0,

where the initial values u−l , v−l , for l = 1,6 and the parameters αp , βp , γp , δp , for p ∈ {1,2} are

non-zero real numbers, are investigated. In addition, the solutions of the aforementioned system

of difference equations are presented by utilizing the Fibonacci sequence when the parameters are

equal to 1. Finally, the periodic solutions according to some special cases of the parameters are

obtained.

Subject Classification (2020): 39A10, 39A20, 39A23.

1. Introduction and Preliminaries

Difference equations are one of the important topics of applied mathematics. Therefore, some mathemati-

cians have studied in this field [1–20]. Some difference equations occur as the recurrence relation of a num-

ber sequence. For example, Fibonacci sequence {Fn}∞n=0 is identified by

Fn+1 = Fn +Fn−1, n ∈N, (1.1)

with the initial conditions F0 = 0 and F1 = 1 in [21]. Binet’s formula for equation (1.1) is

Fn = An −B n

A−B
, n ∈N0, (1.2)

where A = 1+p5
2 , B = 1−p5

2 . Equation (1.2) is a solution of equation (1.1) and the general term Fibonacci

sequence. In addition, there are some types of nonlinear difference equations for which their general solu-

tions can be found. One of them is Riccati difference equation, which is in the following form:

zn+1 = ϵzn +θ

ζzn +η
, n ∈N0, (1.3)
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for ζ ̸= 0, ϵη−ζθ ̸= 0, where the parameters ϵ,θ,ζ,η and the initial condition z0 are real numbers. The general

solution of equation (1.3) can be written as follows

zn = z0
(
θζ−ϵη

)
sn−1 + (ϵz0 +θ) sn

(ζz0 −ϵ) sn + sn+1
, n ∈N, (1.4)

where the sequence (sn)n∈N0
is satisfying

sn+1 −
(
ϵ+η

)
sn − (

θζ−ϵη
)

sn−1 = 0, n ∈N,

where s0 = 0, s1 = 1, in [22].

The following higher-order difference equation,

xn =αxn−k +
δxn−k xn−(k+l )

βxn−(k+l ) +γxn−l
, n ∈N0, (1.5)

where k and l are fixed natural numbers, the initial conditions x− j , j = 1,k + l and the parameters α, β, γ,

δ are real numbers, was solved by the authors in [23]. In addition, the case k = 2, l = 4 in equation (1.5),

it was obtained the exact solutions and investigated equilibria, local stability and global attractivity in [24].

Similarly, the authors of [25] studied the behavior of the solutions of the difference equation which was

obtained by taking k = 1, l = 3 in equation (1.5).

There are some difference equations that are similar in shape to the difference equation in (1.5). But, they

are not particular cases of equation (1.5). For example, in [26], the authors explored the qualitative behavior

of the solutions of the following difference equations:

yn+1 = Ayn−1 + ±B yn−1 yn−3

C yn−3 ±D yn−5
, n ∈N0, (1.6)

where the initial conditions y−k , for k = 0,5, are arbitrary positive real numbers and the parameters A, B , C

and D are positive real numbers.

Similarly, the authors studied the behaviour of the rational difference equation

yn+1 =αyn + βyn yn−3

Ayn−4 +B yn−3
, n ∈N0, (1.7)

where the initial conditions y−k , for k = 0,4, are positive real numbers and the parameters α, β, A and B are

real numbers, in [27].

In addition, in [28], Almatrafi and Alzubaidi studied the local and global stability, periodicity and solutions

of the following rational difference equations

un+1 = aun−1 ± bun−1un−4

cun−4 −dun−6
, n ∈N0, (1.8)

where the parameters a,b,c and d are positive real numbers and the initial values u−k , for k = 0,6, are non-

zero real numbers.
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Moreover, the authors of [29] studied the behavior of the difference equation

xn+1 = axn + bxn xn−1

cxn−1 +d xn−2
, n ∈N0, (1.9)

where the initial conditions x−k , for k = 0,2 are arbitrary positive real numbers and the parameters a,b,c

and d are positive constants. In [30], Elsayed and Al-Rakhami investigated some of the qualitative behavior

of the rational difference equation

Ψn+1 =αΨn−2 + βΨn−2Ψn−3

γΨn−3 +δΨn−6
, n ∈N0, (1.10)

where the parameters α, β, γ and δ are arbitrary positive real numbers.

Further, in [31] Elsayed studied the qualitative behavior of the solutions of the difference equation

xn+1 = axn + bx2
n

cxn +d xn−1
, n ∈N0, (1.11)

where a,b,c and d , are positive real numbers and the initial conditions x−1 and x0 are positive real numbers.

There are some difference equations as equations in (1.6)-(1.11) in literature (see [32–35]).

In [36], the authors generalized the equation (1.5) to the following two-dimensional system

xn = ayn−k +
d yn−k xn−(k+l )

bxn−(k+l ) + c yn−l
, yn =αxn−k +

δxn−k yn−(k+l )

βyn−(k+l ) +γxn−l
,n ∈N0, (1.12)

where k and l are positive integers, the initial conditions x−i , y−i , i = 1,k + l and the parameters a, b, c, d ,

α, β, γ, δ are real numbers. They showed that system (1.12) can be solved in closed form.

A natural question is if equation (1.6) generalizes to a two-dimensional system of difference equations. Here,

we give a positive answer. We expand equation (1.6) to the following two-dimensional system of difference

equations

un =α1vn−2 + δ1vn−2un−4

β1un−4 +γ1vn−6
, vn =α2un−2 + δ2un−2vn−4

β2vn−4 +γ2un−6
,n ∈N0, (1.13)

where the initial values u−l , v−l , for l = 1,6, are positive real numbers and the parameters αp , βp , γp and

δp , for p ∈ {1,2}, are positive real numbers.

Our aim to show that system (1.13) is solvable in explicit form. Also, we investigate the periodicity of the

solutions depending on special cases of the parameters. Additionally, we gain the solutions for the case

α1 =α2 =β1 =β2 = γ1 = γ2 = δ1 = δ2 = 1 by using Fibonacci sequence.

We give the following very well-known definition which used in this paper.

Definition 1.1. [37] (Periodicity) A sequence (xn)∞n=−k is said to be eventually periodic with period p if there

exists n0 ≥−k such that xn+p = xn for all n ≥ n0. If n0 =−k then the sequence (xn)∞n=−k is said to be periodic

with period p.
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2. Explicit Solutions of System (1.13)

The system (1.13) can be written in the following form

un

vn−2
=

(
α1β1 +δ1

) un−4
vn−6

+α1γ1

β1
un−4
vn−6

+γ1
,

vn

un−2
=

(
α2β2 +δ2

) vn−4
un−6

+α2γ2

β2
vn−4
un−6

+γ2
, n ∈N0.

By employing the change of variables

xn = un

vn−2
, yn = vn

un−2
, n ≥−4, (2.1)

system (1.13) is transformed into the following system

xn =
(
α1β1 +δ1

)
xn−4 +α1γ1

β1xn−4 +γ1
, yn =

(
α2β2 +δ2

)
yn−4 +α2γ2

β2 yn−4 +γ2
, n ∈N0. (2.2)

We consider the following equation

zn =
(
αβ+δ

)
zn−4 +αγ

βzn−4 +γ
, n ∈N0, (2.3)

instead of equations in (2.2). If we apply decomposition of indices n → 4(m +1)+ i ,

i =−4,−1, m ≥−1, in equation (2.3), then it can be written the following equation

z(i )
m+1 =

(
αβ+δ

)
z(i )

m +αγ

βz(i )
m +γ

, (2.4)

where z(i )
m = z4m+i , i =−4,−1, m ∈N0,

From equation (1.4), the general solutions of the equations in (2.4) as follows

z(i )
m =

−δγz(i )
0 sm−1 +

((
αβ+δ

)
z(i )

0 +αγ
)

sm(
βz(i )

0 −αβ−δ
)

sm + sm+1

, m ∈N, (2.5)

for i =−4,−1, where sequence of (sm)m∈N0
is satisfying

sm+1 −
(
αβ+δ+γ

)
sm +δγsm−1 = 0, m ∈N. (2.6)

From equation (2.5), the solutions of equations in (2.2) are expressed as

x4m+i =
−δ1γ1xi sm−1 +

((
α1β1 +δ1

)
xi +α1γ1

)
sm(

β1xi −α1β1 −δ1
)

sm + sm+1
, m ∈N0, (2.7)

y4m+i =
−δ2γ2 yi sm−1 +

((
α2β2 +δ2

)
yi +α2γ2

)
sm(

β2 yi −α2β2 −δ2
)

sm + sm+1
, m ∈N0, (2.8)

for i =−4.−1.

From (2.1) , we have

un = xn vn−2 = xn yn−2un−4, vn = ynun−2 = yn xn−2vn−4, n ≥−2. (2.9)
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From system (2.9), we obtain

u4m+ j = x4m+ j y4m+ j−2u4(m−1)+ j , m ∈N0,

v4m+ j = y4m+ j x4m+ j−2v4(m−1)+ j , m ∈N0, (2.10)

for j =−2,1.

From system (2.10), we get

u4m+ j = u j−4

m∏
p=0

x4p+ j y4p+ j−2, m ∈N0,

v4m+ j = v j−4

m∏
p=0

y4p+ j x4p+ j−2, m ∈N0, (2.11)

for j =−2,1.

By putting formulas (2.7) and (2.8) back into system (2.11), we gain

u4m−2 = u−6

m∏
p=0

(
−δ1γ1u−2sp−1 +

((
α1β1 +δ1

)
u−2 +α1γ1v−4

)
sp(

β1u−2 −
(
α1β1 +δ1

)
v−4

)
sp + v−4sp+1

)

×
(
−δ2γ2v−4sp−1 +

((
α2β2 +δ2

)
v−4 +α2γ2u−6

)
sp(

β2v−4 −
(
α2β2 +δ2

)
u−6

)
sp +u−6sp+1

)
, (2.12)

v4m−2 = v−6

m∏
p=0

(
−δ2γ2v−2sp−1 +

((
α2β2 +δ2

)
v−2 +α2γ2u−4

)
sp(

β2v−2 −
(
α2β2 +δ2

)
u−4

)
sp +u−4sp+1

)

×
(
−δ1γ1u−4sp−1 +

((
α1β1 +δ1

)
u−4 +α1γ1v−6

)
sp(

β1u−4 −
(
α1β1 +δ1

)
v−6

)
sp + v−6sp+1

)
, (2.13)

u4m−1 = u−5

m∏
p=0

(
−δ1γ1u−1sp−1 +

((
α1β1 +δ1

)
u−1 +α1γ1v−3

)
sp(

β1u−1 −
(
α1β1 +δ1

)
v−3

)
sp + v−3sp+1

)

×
(
−δ2γ2v−3sp−1 +

((
α2β2 +δ2

)
v−3 +α2γ2u−5

)
sp(

β2v−3 −
(
α2β2 +δ2

)
u−5

)
sp +u−5sp+1

)
, (2.14)

v4m−1 = v−5

m∏
p=0

(
−δ2γ2v−1sp−1 +

((
α2β2 +δ2

)
v−1 +α2γ2u−3

)
sp(

β2v−1 −
(
α2β2 +δ2

)
u−3

)
sp +u−3sp+1

)

×
(
−δ1γ1u−3sp−1 +

((
α1β1 +δ1

)
u−3 +α1γ1v−5

)
sp(

β1u−3 −
(
α1β1 +δ1

)
v−5

)
sp + v−5sp+1

)
, (2.15)
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u4m = u−4

m∏
p=0

(
−δ1γ1u−4sp + ((

α1β1 +δ1
)

u−4 +α1γ1v−6
)

sp+1(
β1u−4 −

(
α1β1 +δ1

)
v−6

)
sp+1 + v−6sp+2

)

×
(
−δ2γ2v−2sp−1 +

((
α2β2 +δ2

)
v−2 +α2γ2u−4

)
sp(

β2v−2 −
(
α2β2 +δ2

)
u−4

)
sp +u−4sp+1

)
, (2.16)

v4m = v−4

m∏
p=0

(
−δ2γ2v−4sp + ((

α2β2 +δ2
)

v−4 +α2γ2u−6
)

sp+1(
β2v−4 −

(
α2β2 +δ2

)
u−6

)
sp+1 +u−6sp+2

)

×
(
−δ1γ1u−2sp−1 +

((
α1β1 +δ1

)
u−2 +α1γ1v−4

)
sp(

β1u−2 −
(
α1β1 +δ1

)
v−4

)
sp + v−4sp+1

)
, (2.17)

u4m+1 = u−3

m∏
p=0

(
−δ1γ1u−3sp + ((

α1β1 +δ1
)

u−3 +α1γ1v−5
)

sp+1(
β1u−3 −

(
α1β1 +δ1

)
v−5

)
sp+1 + v−5sp+2

)

×
(
−δ2γ2v−1sp−1 +

((
α2β2 +δ2

)
v−1 +α2γ2u−3

)
sp(

β2v−1 −
(
α2β2 +δ2

)
u−3

)
sp +u−3sp+1

)
, (2.18)

v4m+1 = v−3

m∏
p=0

(
−δ2γ2v−3sp + ((

α2β2 +δ2
)

v−3 +α2γ2u−5
)

sp+1(
β2v−3 −

(
α2β2 +δ2

)
u−5

)
sp+1 +u−5sp+2

)

×
(
−δ1γ1u−1sp−1 +

((
α1β1 +δ1

)
u−1 +α1γ1v−3

)
sp(

β1u−1 −
(
α1β1 +δ1

)
v−3

)
sp + v−3sp+1

)
, (2.19)

for m ∈N0.

3. Periodicity

We obtain the periodicity of the solutions of the system (1.13) depending on the parameters are equal either

1 or −1 in this section.

Theorem 3.1. Suppose that αp , βp , γp , δp , for p ∈ {1,2} and the initial values u−l , v−l , for l = 1,6 are non-

zero real numbers. Then, the following statements hold.

a) If α1 = 1, α2 = 1, β1 = 1, β2 = 1, γ1 = −1, γ2 = −1, δ1 = −1, δ1 = −1, the solutions of the system (1.13)

are periodic with period 12.

b) If α1 = 1, α2 = 1, β1 =−1, β2 =−1, γ1 = 1, γ2 = 1, δ1 = 1, δ1 = 1, the solutions of the system (1.13) are

periodic with period 12.

c) If α1 =−1, α2 =−1, β1 = 1, β2 = 1, γ1 = 1, γ2 = 1, δ1 = 1, δ1 = 1, the solutions of the system (1.13) are

periodic with period 12.

d) If α1 = −1, α2 = −1, β1 = −1, β2 = −1, γ1 = −1, γ2 = −1, δ1 = −1, δ1 = −1, the solutions of the system

(1.13) are periodic with period 12.

Proof.

a) If α1 = 1, α2 = 1, β1 = 1, β2 = 1, γ1 = −1, γ2 = −1, δ1 = −1, δ1 = −1, system (1.13) turns into the
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following system

un = vn−2 − vn−2un−4

un−4 − vn−6
, vn = un−2 − un−2vn−4

vn−4 −un−6
, n ∈N0. (3.1)

From (2.7) and (2.8), we have

x4m+i = −xi sm−1 − sm

xi sm + sm+1
, (3.2)

y4m+i = −yi sm−1 − sm

yi sm + sm+1
, (3.3)

where m ∈N0 and i =−4,−1.

From (2.6), we obtain

sm+1 + sm + sm−1 = 0,

where s0 = 0 and s1 = 1.

From this, we get

s3t+b = b, (3.4)

for t ∈N0 and b =−1,1.

From (2.1), we have

u12m+ j =x12m+ j y12m+ j−2x12m+ j−4 y12m+ j−6

×x12m+ j−8 y12m+ j−10u12(m−1)+ j ,

v12m+ j =y12m+ j x12m+ j−2 y12m+ j−4x12m+ j−6

×y12m+ j−8x12m+ j−10v12(m−1)+ j , (3.5)

where m ∈N0 and j = 6,17.

From system (3.5), we obtain

u12m+ j = u j−12

m∏
p=0

x12p+ j y12p+ j−2x12p+ j−4 y12p+ j−6

×x12p+ j−8 y12p+ j−10, (3.6)

v12m+ j = v j−12

m∏
p=0

y12p+ j x12p+ j−2 y12p+ j−4x12p+ j−6

×y12p+ j−8x12p+ j−10, (3.7)

where m ∈N0 and j = 6,17.

By using (3.2), (3.3) and (3.4) into (3.6) and (3.7), we get

u12m+ j = u j−12, v12m+ j = v j−12,

where m ∈N0 and j = 6,17.

b) If α1 = 1, α2 = 1, β1 = −1, β2 = −1, γ1 = 1, γ2 = 1, δ1 = 1, δ1 = 1, system (1.13) turns into the system

(3.1). Then, it can be proven like (a).

c) If α1 =−1, α2 =−1, β1 = 1, β2 = 1, γ1 = 1, γ2 = 1, δ1 = 1, δ1 = 1, system (1.13) turns into the following
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system

un =−vn−2 + vn−2un−4

un−4 + vn−6
, vn =−un−2 + un−2vn−4

vn−4 +un−6
, n ∈N0. (3.8)

From (2.7) and (2.8), we obtain

x4m+i = −xi sm−1 − sm

xi sm + sm+1
, (3.9)

y4m+i = −yi sm−1 − sm

yi sm + sm+1
, (3.10)

where m ∈N0 and i =−4,−1.

We obtain, from (2.6),

sm+1 − sm + sm−1 = 0,

where s0 = 0 and s1 = 1.

From this, we get

s6t+3r+q =


0, if 3r +q ∈ {0,3},

1, if 3r +q ∈ {1,2},

−1, if 3r +q ∈ {4,5},

(3.11)

for t ∈N0, r ∈ {0,1} and q = 0,2.

From (2.1), we have

u12m+ j =x12m+ j y12m+ j−2x12m+ j−4 y12m+ j−6

×x12m+ j−8 y12m+ j−10u12(m−1)+ j ,

v12m+ j =y12m+ j x12m+ j−2 y12m+ j−4x12m+ j−6

×y12m+ j−8x12m+ j−10v12(m−1)+ j , (3.12)

where m ∈N0 and j = 6,17.

From system (3.12), we obtain

u12m+ j =u j−12

m∏
p=0

x12p+ j y12p+ j−2x12p+ j−4 y12p+ j−6

×x12p+ j−8 y12p+ j−10, (3.13)

v12m+ j =v j−12

m∏
p=0

y12p+ j x12p+ j−2 y12p+ j−4x12p+ j−6

×y12p+ j−8x12p+ j−10, (3.14)

where m ∈N0 and j = 6,17.

By using (3.9)-(3.11) into (3.13) and (3.14), we get

u12m+ j = u j−12, v12m+ j = v j−12,

where m ∈N0 and j = 6,17.

d) If α1 =−1, α2 =−1, β1 =−1, β2 =−1, γ1 =−1, γ2 =−1, δ1 =−1, δ1 =−1, system (1.13) turns into the
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system (3.8). Then, it can be proven like (c).

4. An Application

We obtain the solutions of the system (1.13) with α1 =α2 = β1 = β2 = γ1 = γ2 = δ1 = δ2 = 1. In this case, we

have the following system

un = vn−2 + vn−2un−4

un−4 + vn−6
, vn = un−2 + un−2vn−4

vn−4 +un−6
, n ∈N0. (4.1)

From (2.6), we obtain

sm+1 −3sm + sm−1 = 0, m ∈N, (4.2)

where s0 = 0, s1 = 1.

Binet Formula for (4.2) is

sm =
(

3+p5
2

)m −
(

3−p5
2

)m

(
3+p5

2

)
−

(
3−p5

2

) , m ∈N0. (4.3)

Note that (
1∓p

5

2

)2

= 3∓p
5

2
. (4.4)

Using (4.4) in (4.3), we have

sm =
(

1+p5
2

)2m −
(

1−p5
2

)2m

(
1+p5

2

)2 −
(

1−p5
2

)2 = F2m , m ∈N0. (4.5)

Using (4.5) into (2.12)-(2.19), we get

u4m−2 =u−6

m∏
p=0

(
u−2F2p+1 + v−4F2p

)(
v−4F2p+1 +u−6F2p

)(
v−4F2p−1 +u−2F2p

)(
u−6F2p−1 + v−4F2p

) , (4.6)

v4m−2 =v−6

m∏
p=0

(
v−2F2p+1 +u−4F2p

)(
u−4F2p+1 + v−6F2p

)(
u−4F2p−1 + v−2F2p

)(
v−6F2p−1 +u−4F2p

) , (4.7)

u4m−1 =u−5

m∏
p=0

(
u−1F2p+1 + v−3F2p

)(
v−3F2p+1 +u−5F2p

)(
v−3F2p−1 +u−1F2p

)(
u−5F2p−1 + v−3F2p

) , (4.8)

v4m−1 =v−5

m∏
p=0

(
v−1F2p+1 +u−3F2p

)(
u−3F2p+1 + v−5F2p

)(
u−3F2p−1 + v−1F2p

)(
v−5F2p−1 +u−3F2p

) , (4.9)

u4m =u−4

m∏
p=0

(
u−4F2p+3 + v−6F2p+2

)(
v−2F2p+1 +u−4F2p

)(
v−6F2p+1 +u−4F2p+2

)(
u−4F2p−1 + v−2F2p

) , (4.10)

v4m =v−4

m∏
p=0

(
v−4F2p+3 +u−6F2p+2

)(
u−2F2p+1 + v−4F2p

)(
u−6F2p+1 + v−4F2p+2

)(
v−4F2p−1 +u−2F2p

) , (4.11)
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u4m+1 =u−3

m∏
p=0

(
u−3F2p+3 + v−5F2p+2

)(
v−1F2p+1 +u−3F2p

)(
v−5F2p+1 +u−3F2p+2

)(
u−3F2p−1 + v−1F2p

) , (4.12)

v4m+1 =v−3

m∏
p=0

(
v−3F2p+3 +u−5F2p+2

)(
u−1F2p+1 + v−3F2p

)(
u−5F2p+1 + v−3F2p+2

)(
v−3F2p−1 +u−1F2p

) , (4.13)

for m ∈N0.

5. Conclusion

In this paper, we have obtained the solutions of two-dimensional system of difference equations in explicit

form by using convenient transformation. In addition, we have investigated the periodic solutions of afore-

mentioned system of difference equations when the parameters are equal to 1 or equal to −1. Finally, an

application was given to show that the solutions of the mentioned system are related to Fibanacci numbers

when all parameters are equal to 1.
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