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ABSTRACT. Using the concept of quantum derivatives and integrals, we first develop a new parameter-
ized identity in this work. This parameterized quantum identity is used to demonstrate parameterized
quantum Newton-type inequalities related to convex functions. We also demonstrate how setting ¢ — 1~
allows the newly generated inequalities to be recovered into some existing inequalities. In order to val-
idate the recently discovered inequalities, we conclude by providing mathematical examples of convex
functions along with some graphical analysis.
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1. INTRODUCTION

Complex analysis, number theory, and many other subjects can benefit from the growing body of
knowledge on convexity. With its diverse applications, convexity has a substantial impact on people’s
lives as well. A function 2 : [ag, a;] — R is convex if it satisfies an inequality:

Q(¢x+ (1 - Qy) <Q»x) + (1= ()

where X,y € [ag, a1] and ¢ € [0, 1].

The Simpson and Newton-type inequalities are the most well-known integral inequalities for convex
functions. Thomas Simpson (1710-1761) is credited with the invention of Simpson’s rules, which are
well-known methods for numerical integration and approximations of definite integrals. As a result of
Johannes Kepler’s use of a comparable estimate nearly 100 years ago, these methods are sometimes
referred to as Kepler’s rule. Estimates based on a three-step quadratic kernel are frequently referred
to as Newton-type inequalities since Simpson’s technique is composed of a three-point Newton-Cotes
quadrature algorithm.

(1) The Simpson’s 1/3 rule is represented by the following way:

[, ot 252 [ a2 (232 ) + atan)]

0

see [13] for more details.
(2) The Newton-Cotes quadrature formula or Simpson’s 3/8 rule is represented in the following way:

a - 2 2
/ Q(x)dx ~ % {Q(ao) +3Q (‘“;‘”) +30 (“”3“1> + Q(al)] :

see [4,/20] for more details.
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Inequalities of the Simpson- and Newton-type are exhibited hereunder:

Theorem 1. [13] Suppose that ) : [ag, a1] — R is a four times continuously differentiable function on
(ag, a1) and
HQ(4)H = sup |QW(x)] < oo,
0 x€(a,b)
then

’é {Q(Oo) + 40 (“0 ; ‘“) +Q(a1)] S / Q(x)dx

ar — o Jaq

1
< — Q<4)H —ap)t.
= 2880 ‘ (o =)

Theorem 2. [20] Suppose that Q) : [ag, a1] — R is a four times continuously differentiable function on
(ag, a1) and
”9(4)“ = sup [QW(x)] < o0,
e x€(ap,a1)

then

1 2a9 + a1 ap + 2aq 1 “
-0 Q — Q — 9] — Q
(2252 e (2522 ] L [

1
< <4>H ~ )t
= 6480 HQ o (@~ @)

Currently, many researchers have focused on the Newton-type inequalities, see [15}/16,23.2529] and the
references quoted therein. Particularly, some researchers have studied on the Newton-type inequalities
by using quantum calculus, found in [2}8]9}24], see also references quoted in these articles. g—calculus,
another name for quantum calculus, creates g-analogs of classical mathematics, that can be recovered
by setting ¢ — 17. Numerous areas of physics and mathematics, including relativity theory, mechanics,
quantum theory, orthogonal polynomials, number theory, and hypergeometric functions, make extensive
use of the g-calculus (see [14,[19]). The g-parameter was first introduced in Newton’s infinite series by
the eminent mathematician Euler (1707-1783), who also developed the g-calculus. To define g-integral
and g-derivative of continuous functions across the interval (0, 00), popularly known as calculus without
limits, Jackson [17] explored the Euler notion in 1910. The ideas of g¢-fractional integral inequalities
and ¢-Riemann-Liouville fractional integral inequalities were investigated by Al-Salam [6] in 1966. The
g-calculus core fundamental principles were summarized by Kac and Cheung in their book in 2002, |19].
Tariboon and Ntouyas in particular presented the g-integral and ¢-derivative of continuous functions over
finite intervals in [31], 2013. In [1,3L}5}/7,/11,[12}{18L[21},/22,26128,[32H35] and the references cited therein,
several novel results can be discovered.

We propose to demonstrate updated versions of the quantum Newton-type inequalities connected to
convex functions, which are inspired by the ongoing studies. We further demonstrate that the recently
discovered inequalities are the extension of the known Newton-type inequalities.

The remaining paper are arranged as follows: Definitions and the basic ideas of g-calculus are presented
in Section 2. Quantum parameterized Newton-type inequalities linked to convex functions are discussed
in Section 3. In Section 4, we provide mathematical illustrations to illustrate our key findings. Finally,
we wrap up our findings in the concluding Section.

2. BASIC DEFINITIONS AND PRELIMINARY RESULTS

The present section summarises definitions and a basic introduction to the g-calculus. Let ¢ remain
constant for the duration of this paper with 0 < ¢ < 1 and [ag, a1] € R with ap < a;. The quantum
analogue of any number n can be given as:

1_ n
[n]q = 1_qq =l+g+---+¢"", neN,

Definition 1. [31] The q-derivative on [ag, a1], for a continuous function Q : [ag, a1] — R is determined

by:
Q) - Qgx+(1-qg)ao) .,
aquQ(X) = (1 - q)(X - ao) , f # o (1)
lim 4, D Q(x), if x = ao.

X—raop
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Q is stated to be qq,-differentiable function provided that ., D, (x) exists.
Putting ap = 0 in Definition |1} then takes the form:

Q(x) — 2 (%)
(1-g)x) ~

it is a derivation of ¢-Jackson’s work; for more information, see [17].

D,Q(x) =

Definition 2. [31] Let Q : [ag, a1] — R be a continuous mapping, then qq,-integral on [ag, ai] can be
stated as:

/ T Dyl = (1— ) (x— a0) 3 " (g™ + (1 — ¢") ao) @)

0 n=0

for x € [ag, a1]. 2 is called a qq,-integrable function provided that f;o Q(C) dy¢ exists for all x € [ag, a1].

Substituting ap = 0 in Definition [2| then can be given as:
[0 de == 0xY ), )
0 n=0

it is an integral of g-Jackson’s work; for more information, see [17]. Moreover, Jackson [17] introduced
g-Jackson integral on the interval [ag, a;] is the subsequent form:

/a:l Q) dy¢ = /0a1 Q(C) dy¢ — /an Q(C) dyC.

Lemma 1. [30] IfQ, g: [ao, a1] = R are continuous mappings, then the undermentioned representation
1s valid:

/0 "9(0) 0Dy QCan + (1~ o) dy

_ Qe + (1~ Qay)[f
ap — ap

T i % /OC D,g(¢)gCar + (1 — gQ)ap) dgl. (4)

0

Lemma 2. [32] The following expression holds:
a+1

“ a (a1 — ao)
x—ag)” gDgx = ~—-"5—
/a0 ( 0) ot’q [a+1]q

)

where a € R — {—1}.

3. MAIN RESULTS

)

In order to present new g¢-parameterized Newton-type inequalities, "we first present the following

lemma involving three parameters:

Lemma 3. Suppose that 2 : [ag, a1] = R is a g, -differentiable function on (ag, a1) such that ., D4 is
continuous and integrable on [ag, ai]. Then, we have the following identity:

é [Aﬂ(ao) T (1At pQ <2a03+a1> +(1—p+9)Q (aﬁgm> +(1- V)Q(al)]

2ag+ag
3

S ——

ar — 1 a
_ o “0[/0 (4¢ — ) %Dqﬂ(cm‘)“ﬂl—o%) 4y

ag+2a;
3 a1

Q(X) 200;—a1 qu-l-/

ag+2ay
3

Q(X) aoqu+/ Q(X) ag+2a; qu]

2ag+ay
3

9 3
! ag + 2a 2a0 + a
# [ e WD (<P L a-20 ) ag
0

a9 +2m

+/1 (¢ =) aDef2 <Ca1 +(1- C)3> qu} : (5)

0
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Proof. Let

_ 1
o UO (46 =) oDy (42“”;‘“+(1—<>ao) s
1
s [ac—n) wpa (22 4 - 92T ayg
1
+ [ (ac=) wD@ (<a1+<1—<)mg,)2“) dqc]
(a1 — )

— O
:%[Il+12+13]. (6)

q¢ — )
)

Using Lemmal [T} we have

2(10 —+ ay

1
h= [ e WD (PR 1= O ) dug

1

200 + a1 3 ! 200 + o1
= - (¢(——+(1- — ) 4+ (1- d
p— (gC=A) (C 5 T C)ao)o alfao/o q (qC 5 T qC)&o) 18
_ Q(2ao+a1> 3AQ(ag) 3 (1- ) anHQ( 1200 + a1 +(1—q"+1)a0>
al—ao (a1 —a0) @ — q = 3
2a0+a1) 3AQ(ag) ( 2a0+a1 )
= \)Q e nQ) 1-g"
al—ao ( al—a,o) qzq ( Q)aO
B Q (2&0 + al) 3/\9(&0)
alfao (a1 — ao)
2a0+a1 2a0 + a1
- (1- "Q 1— ¢ ) -0 (20 "%
al—ao q) [ q 3 +t(l—q )ao> < 3 >
3AQ(ao 2a0 + 9 g
ap T a1
- + Q — / Q(X) a4y dgX, 7
() e [ a0 @

Similarly, we obtain

1
b= [ ac-m WD (<22 a2t g

ag+2ay
_ 3u 2a0 + a1 3(1—p) ap + 2ay 9 o2y
a al*aoQ 3 * a1*aoQ 3 a1 — ag)? J2e0ta Q(x) %dqx, (8)
3
and
' ap + 2a1
Iy = / (a€ =) aDgf2 (tb+ (1— g)3) dy¢
0
3 a +2a) | 3(1—7) 9 /b
N & Q) - ——= Q(X) wpt2e dgx. 9
(a1 — ao) < 3 >+(a1—ao) () (a1 — ag)? w2 (X)%qx (9)
Substituting the inequalities (7] @ in the inequality @ we get the required inequality (9] . 0

Remark 1. If we set A = g, w= 5 and v = g mn Lemma@ we get

é [Q(ag) +30 <2“'ga1> 430 (“”32‘”) + Q(al)]

2a9+ap ag+2a;
3 3

/ O(x) aodqx—i—/ Q(x) 240+0y dqx—i—/

2ag+ay 3 ap+2ay
3 3

1 b

(a1 — ap)

alr — 1 a
_ 19“0{/0 (qc—g) %Dq9<<2“°; 1+<1—<>a) dyC

Q(x) at2a qu]
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1
1 ap + 2a; 2a0 + a1
+/ (QC_Q) aquQ (C3+(1_C>3) dq(
0

! 5 2
# [ (a=5) wpie(cort -0 2% ]

which is proved in [2].

Theorem 3. Under the conditions of Lemma@ if lagDqf| is a convex function on [ay, a1], then one can
attain the succeeding quantum inequality:

2a0 + a1 ap +2a

[)\Q(ao) + (1= A+ p)Q <3) +(1—p+7)0 <3) +(1- v)ﬂ(m)]

2ap+aq
3

I,

[(A1(g) + As(q) + As(9)) | gD 2(a0)| + (A2(q) + Aalq) + A6(9)) | e DgQ(ar)l], (10

1
3

ag+2aq
3 !

__ 1
(a1 — ao)

Q(x) godgx+ /

2ag+aq
3

Q(X) 2a0;u1 qu+/

Q(X) agt2e dgX
. ()% q
3

ap — ap

9
where A,(q),7=1,---,6 are defined by

<

A4+ 0BA=2)g+ BA—=2)>+ (BA—3)¢3
( )q + ( )a® + ( )q’ For 0< g < A
Al(q) — [2]q3[3]¢1
—2X 4 627 — 2)% 4 (6A% — 5A +2)g + (6A* —5A +2)¢% + (3 —3)\)¢®
, for A< g<1,
[2]43[3]4
A+ (=1 2
all )[q—&-q]’ for 0 < qg< X
A2(q) — 3[2]11[3 q
A3 N+ (1= 2
+ ( )[Q+q}7 for A< q <1,
2]43[3]4
3u—1 2 2 — 2)g3
p+ Bu—1lg+ ¢l + (2p )q’ For 0< q < i
A3(q) — [2](13[3]‘1
4 — 2% — p+ (4p® = 3p + 1) g + (4 = 3+ 1)¢* + (2 - 2p) ¢
, forp<g<l,
2]43[3]4
2u+ Bu—2)g+ Bu—2)¢*+ (p—1)¢*
p+ (B —2)g+ (B —2)¢* + (u )q7 for 0< g < i
A4(q) — [2]q3[3]q
20° +2p% — 2u 4 (20 — 3p+2)q + (2p% — 3+ 2)¢> + (1 — p) ¢
, foru<g<l1,
2]43[3]4
+7¢¢+ (v =1)¢?
vatre +y=e' for 0< q<n:
292 =293 + (2 =)+ 2V =N+ (1 —v) ¢
, fory<g<1,
2]43[3]4
3 5y —3 5y —3)g® + (27 — 2)¢®
Y+ 5y —=3)g+ (57 = 3)¢* + (2 )q7 For 0< g <
Aﬁ(Q) — [2]q3[3]q
492 4293 =3y + (42 =5y +3)g+ (42 =5y +3)> + (2 - 279)¢3
, fory<gqg<l.
[2]43[3]4

Proof. Considering Lemma [3| and taking absolute value on both sides of the identity, we have

‘;’ {/\Q(ao) (A=A )0 (2“‘)3+“1> +(1—p+7)0 (%m) +(1- WZ(W]
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2a9tay ag+2ay
3 3 a1

1
_ m [/a Q(X) aoqu—|—/ang_a1 Q(X) 200t qu—F/’m_;al Q(X) %dqxl
“ ! 2a0 + a
9 0[/ la¢ = A aquQ(Cngl—oao)’ dy$
0
! ap + 2a 2a0 + a
+/ |aC = il | agDq2 <<031+(1—C)31>’ dqC
0
1
+/ lg¢ =l

Dy (<a1 - 4)“0”“1” dqc]
[ 1ac- A|( | Dallao)] + §1 wDufan)l) dig

IN

3

|q< il (2251 0 Dya0)] + 58 | Dy ) dyc
3

/|q< ’y|< | wDitia) + 55 D)) .

Using Lemma [2] the succeeding integrals can be evaluated easily:

1 j—
= [l e
0

22+ (5A = 2)g + (BA — 2)¢% + (3N = 3)¢3

, for 0 < g <)
_ 2]43[3]4
—2XA + 622 — 203 + (6A% — BN + 2 62 —BA+2)g% + (3 —3\)¢3
+ ( +2)q + ( +2)¢% + ( )q7 for A< q<l,
2]43[3]4
1
¢
= —\=2d
[ e =15 4
A+ A=1Dg+AN—1)¢?
( Ja+( )q7 for 0 < g <A
_ 2]43[3]4
AN+ (1= 1—)\)g>
+ ( Ja+( )q’ forA<q<l.
2]43[3]4
1
2_
q)=/ IqC—u\Tquﬁ
0
+B-1Dg+Bu—Dg®+ 2u—2)¢
p+ ( )a+ (B —1)g* + (2u )q’ For 0< q<
_ 6(2],4[3],
Ap® =20 — pA4 (4p® = 3p+1)g + (4p° = 3p+1)¢* + (2 — 2u)¢°
, foru<g<1,
2]43[3]4
/|<— Ll N
20+ (3 —2)g + (3 2)q —1)q
p+ (3 —2)q [iﬂ[]) + (p )q’ for 0< g < i
") 208 22— 24 (262 — 3 2)q + (207 — 3u+2)@ + (1 — )¢
, foru<g<l1,

214334

1
]__
q)=/0 IqC—WITquC
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19+7¢° + (v - D’

; Jor 0<g<n;
[2]43[3]4
272 =293 4+ (292 = )g+ (2> =)+ (1 — )
7E =270+ (297 —y)g+ (297 —7)¢” + ( wq7fm7§q<L
2]43[3]4
2 + ¢
/ ¢ 124 ¢
3v+ (5y—3)g+ (5y —3)¢® + (27 — 2)¢°
v+ (57 —3)g (v )q” + (2y )q’ for 0 < q <
_ [2]43[3]4
42 +29° =37+ (49° =57 +3)g+ (4° =57 +3)¢° + (2 - 29)¢°
, fory<g<1.
(2]43[3]4
So, the proof is established. O

Corollary 1. If we set A\=0, p= 3 and vy=11n Theorem@ then the inequality (|10 . ) becomes

0] 2ap+ay QO ap+2ay
2
) 2000y s+20; @
o . Q(x) a(’dqx—i_/z%;al Q(x) 20001 dqx+/10+?’2a1 Q(x) 20 dqxl ‘
a1 — Qo
<= 5 (A1) + A3(g) + As5(9)) | 0y DgS2(a0)] + (A2(q) + Aalg) + As(0) | aDeUa)l],  (12)

where A,(q),7=1,---,6 are given by

2 2 2 3
A(g) = U B MY
[2]43[3],

+ 2
A2(q)_{[qq7 f0T0§q<17

2]43[3]q
1+q+q¢—2¢°
171 q’ for 0< g<1/2;
Ag((]) — [2]q6[3]q
1+2q+2¢*+4¢°
g a q7 for 1/2< g <1,
[21412(3],
2_g— 2 _ .3
M, for 0 < ¢<1/2;
A4(q) _ [2]q6[3]q
—1+4q+4¢* +2¢°
ara q’ for 172 < ¢ <1,
[2]412[3],
+ g2
a7 1 , for0< g<1;

As(q) = | [2]43[3]4

3+2q+24¢?
#, for0< g<1;
Aslg) =1 [2143[3]4
Remark 2. With A = % 2, y=2 and setting ¢ — 17 in inequality , then we get
2a0+a1) (ao+2a1> } 1 /a1
+3Q( —— |+ Q)| — — Q(x)dx
‘ { ( 3 (@) (a1 — ao) Ja, (@)

< B 00) 101 ) 4162 ()]
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which is proven in [10)].
Remark 3. Setting \ = g, w=s and v = 2 in inequality then one acquires Theorem 3 of [23].

Theorem 4. In light of Lemma@ andr >1, zf lao D" is a convex function on [ag, a], then we acquire
the undermentioned inequality:

2a9 + a1 ap + 2a1

;PQW»+0—A+WQ<z3)+O—u+ﬂQ(E;)+ﬂ—ﬂﬂwﬂ

ap+2a
020 a

2a0+a1
1 =5
O l/ ) oty + / PO 2o dox+ / ) e qu] ‘
[(42(0)' ™ (A4(0) a0 D2 a0)]” + A ()| ay D))’
+ (As(9)" " (A3(0)]a Dg2(a0)[" + Aa(q)]ag Dy Qar)]")
+(A0(0)' ™ (As(0)]ay Dy 0)]" + Ao (@)]ay Dy a)|")7 | (13)
where A,)(q),9=1,---,6 are defined in Theorem@ and A)(q),7="7,---,9 are defined by

S1m

S|

2| A —
quq’ for 0 < qg< X

A7(q) = o
w forA<g<1
322, a 7

2 —
[]Tg]q’ Jor 0 <q<p;

As(q) = !
W fOT' ,LL < q < ]_
3202], B ’

2 —
M, Jfor 0 <gq<n;

AQ(Q) = [2]q
—272_7[2](1—’_(] fory<g<1
32[2], ’ - ’

Proof. Employing modulus on both sides of identity in Lemma [3] along with power mean inequality, and
taking into account the convexity of |4, Dy f|", we have

1 2a0 + ax ap + 2a; 1 a1
Z o Q20 T9) L 3n Q)| = ———— | Q@)ud
\8[<ao>+3( ) o (020 )+ )] - oty [ et
53 [ o] (255 o)
1
ap + 2a 2a +a
T %Dqﬂ<<°1 (1-¢)20ta
0

1

+ [ 1a¢ =1l
0

s‘“;%[(/olch 0) (/ ¢ -
°l</01q<u| dq<) (
0[(/01%—7 dqc) T(Ol

e
:

a0 D g2 (Cal +(1-¢) Ll 2a1> ’

( 2%;a1 (1—C)ao)

T dq<>r‘|
2 2 " v
I R RO

Q<<a1+<1—o“”32‘“)‘ dqc)rl
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4 [(/Oqu—M dq§> (/ lgc — )\|( | agDga0)|" + 2 IaquQ(m)IT) dﬂ)l]
e s 5 )

Using Lemma [2] the succeeding integrals can be evaluated easily:

2l A\ —
L Htfz]q, for 0 < g <X\
= —)\ d = q
—————— forA<g<l1,
32[2],
2 4 —
1 Hgl]q Jor 0 <q <y
= [ la¢—pl deo¢= !
/0 ! 202 — p[2]4 + g
———— foru<gqg<l,
32[2],
9] ~—
1 H‘E;]q> Jor 0<g<m;
= [ lg¢—1l dy¢= !
/0 ! 29% —1[2q + ¢
—— fory<g¢g<1l
32[2],
So, the proof is established. O

Corollary 2. Setting A=0, p= 5 and vy=11n Theorem then the inequality becomes
‘ [9) (Zao?-’i-al) 0 (ag—'gfal)
2

2e0toy ag+2ay a1
(al = ao) / 0(x) adqur/%;l 0(x) %D%dqﬂ/m 0(x) W;aldqxl ‘
< S [(Ar(@)'7F (A1) g DaSa0)|” + Da(@)] oy Dyar)]")
B 3<q>|aquQ<ao>|’“+A4<q>|aquQ<a1>|’°ﬁ

(
HA0(0)'™F (Aa(0)] Dy 20" + Aoy D)) ]
where A,)(q),7=1,---,6 are defined in C’omllary and A)(q),9=17,---,9 are defined by

A7(q) = [2]332
N 12;}57 for0<q<%;
e 9 . forl<q<i,
64[2],
Ag(q) = [21](1

Remark 4. Setting A = %, = %, v = g and ¢ — 17 in inequality , it becomes

1 2a0 + a; ap + 2a1 1 @
’8 {Q(ao) + 30 (3) + 30 <3> +Q(a1)} B /ao Q(z) dx
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<ot {(17)/ (BU +937|9'<a1>|r)”’" (Bt Q/(cu)r)“’“

- 36 16 1152 2
(AT (93T I (a)” 4+ 25119 ()"
16 1152 ’

which is given in [29].

Remark 5. Setting A = %, w= % and vy = % m Theorem then one can recapture Theorem 4 proved
m [23/.

Theorem 5. Under the assumptions of Lemma@for r > 1 such that s~ +r~1 =1, if lao D" is a
convez function on [ag, a1], then one can attain the succeeding quantum inequality:

’; [)\Q(ao) + (1= A+ p)Q (2“0;(“) + (1= p+7)0 (%22%) +(1- V)Q(al)}

2aQ+a1 aQ+2a1

_(aliao V Q(X)aodqx+/2 3

agtay
29ta

ao{ ( 3¢ +2) | ayDgQa0)|" +| aquQ(al)T)T
3[2]

( 2¢ +1)| 4y Do (a0)” + (44 2) | D) )i
3121,

1 (q| Do a0)|” + ;{2;]; 3) | a0 DgO(a)| ) ] (14)

Proof. Taking modulus and applying the Holder’s inequality in Lemma [3, and using the convexity of

laoDq f|", we have
]; [Amao) ST TS (2;) TNt (“0*32) - wm(al)}

[ 2ag+ay ag+2ay
1 3 N

e / T ) aoquJr/%U;al
s“lg‘“[/olmc—xl aquQ(c%"gwﬂl—c)ao)
b [ iy (B2 - 02 ) g
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1 . %11_ o9 i
%[(A = au) ([ (S5 D0l + 255 wDial) dnc)

By using inequality , we have

1 [e'e)
A|qc—MS%<=(L—w§:¢wwﬁl—Ms
n=0

<SA-q)) ¢"1=A°
n=0

=(1=g)(1 =)
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el (ACS ) (ff (5551 wpiataor =
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(1-19q)

So, we find that
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) qu> i]

Similarly, we obtain
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5 [(1—7) ( 32, ) ] )

So, the proof is established.

Corollary 3. Setting A=0, p= 3 and v=11n Theoreml then the inequality (14 . becomes
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Remark 6. Setting A\ = % W= % v=3 and taking ¢ — 17 in inequality (14 ., it becomes
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+% ('Q’(ao)l’" +65 IQ’(al)I’"> i} |

Remark 7. If we set A = % = % and v = g mn Theorem@ then we get Theorem 5 of [25).

4. AN EXAMPLE WITH GRAPHS

Example 1. Let consider the function Q : [3,6] — R, Q(x) = x? with q € [%, 1) . By Deﬁm’tion@ we
have
2ag+ay
3

4
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3
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Therefore, we can write
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On the other hand, by Definition [, we have

It is clear that, | oy Dqf(a0)| is convez on [3,6]. Thus, we get
g 1(A1(0) + Aa(0) + As(0) | 0 Do a0)] + (Aa(0) + 2a(0) + A6(0) | 0y Dyar)]] (16)

9
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By using the equalities and m C’omllary we get the inequality
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One can see the validity of the inequality (17) in Flgure
For r = 2, it is clear that | 4,D¢Q(a0)|” = ([2lgx + 3(1 — q))? is convez on [3,6]. By the right hand
side of Corollary@ we have
a; — Qg
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FIGURE 1. An example to Corollary |1}, depending on g € [%, 1), computed and plotted by MATLAB.
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|

By using the equalities and mn C’orollary@, we get the inequality

1
2
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Figure @ illustrates the validity of inequality .
By the right hand side of Corollary[3, we have
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FIGURE 2. An example to Corollary [2) depending on ¢ € [%7 1), computed and plotted by MATLAB.
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— +7
-3 3[2], 2 3[2],

One can see the validity of the inequality in Figure @

5t ——The leftterm | |
—— The right term

0
05 055 06 065 07 075 08 085 09 0.9 1
q values

FIGURE 3. An example to Corollary (3| depending on ¢ € [%, 1), computed and plotted by MATLAB.

5. CONCLUDING REMARKS

In this work, we demonstrate new formulations of convex function-related parameterized Newton-type
inequalities using quantum calculus. We also showed that by adopting the restriction ¢ — 17, the re-
cently discovered inequalities may be reconstructed into classical Newton-type inequalities. Examples
in mathematics were provided to demonstrate the newly discovered inequalities. Researchers can use
post quantum calculus to obtain inequalities of the Newton type linked to convex functions in upcoming
publications.
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