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ABSTRACT. In this paper, we investigate the boundedness of the maximal operator in vanishing weighted Orlicz-
Morrey spaces. As an application of this result, we show that these spaces are also invariont with respect to some
classical operators of harmonic analysis, such as Riesz potential, fractional maximal operator, Hardy operator.
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1. INTRODUCTION

Morrey spaces MP-A(R") play an important role in the study of local behaviour and regularity properties of solutions
to PDE (see e.g. [10,15] and reference therein). It is well known that the Morrey spaces are non-separable if 2 > 0. The
lack of approximation tools for the entire Morrey space has motivated the introduction of appropriate subspaces like
vanishing spaces. The definition of the vanishing Morrey spaces involves several vanishing conditions. Each condition
generate a closed subspace of MP4(R"). We use the notation of [4] and show these conditions as (Vp), (V) and (V*).
We refer to [1-3, 13, 14] for the discussion of boundedness of some classical operators in vanishing Morrey spaces.

A natural step in the theory of functions spaces was to study Orlicz-Morrey spaces

MPERY,

where the “Morrey-type measuring” of regularity of functions is realized with respect to the Orlicz norm over balls
instead of the Lebesgue one.

The preservation of the vanishing properties (Vy) and (V) of M®¢(R") by maximal operator and Riesz potential
was studied in the papers [5, 8, 11]. Boundedness of the maximal operator and Riesz potential in weighted Orlicz-
Morrey spaces M$’“’(R") was investigated in [6] and [12], respectively.

The purpose of this paper is to introduce vanishing weighted Orlicz-Morrey spaces VOM?;’“’(R”) and VwMﬁ"p(R”)
and to show that vanishing properties (V) and (V) of M?S’“’(R") are preserved under the action of maximal operator
and Riesz potential.

We use the following notation: B(x, r) is the open ball in R” centered at x € R"” and radius » > 0. The (Lebesgue)
measure of a measurable set E C R” is denoted by |E| and y denotes its characteristic function. ¢(B) = ¢(x, r) for a
function ¢ defined on R” X (0,0) and B € B := {B(x,r) : x € R", r > 0}. We use C as a generic positive constant,
i.e., a constant whose value may change with each appearance. The expression A < B means that A < CB for some
independent constant C > 0, and A * B means A < B < A.
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2. PRELIMINARIES
Even though, the A, class is well known, for completeness, we offer the definition of A, weight functions.

Definition 2.1. For, 1 < p < oo, a locally integrable function w : R" — [0, c0) is said to be an A, weight if

»
1 f 1 o\

sup| — w(x)dx)(—fw(x) » dx) < 00,

BE£(|B| 5 1Bl J

A locally integrable function w : R" — [0, co0) is said to be an A; weight if

1
— fw(y)dy < Cw(x), ae. x€B
|Bl Jg
for some constant C > 0. We define A = |51 4.

For any w € A, and any Lebesgue measurable set E, we write w(E) = fE w(x)dx.
We recall the definition of Young functions.

Definition 2.2. A function @ : [0, co] — [0, o] is called a Young function if ® is convex, left-continuous, lim0 O(r) =
r—+
®(0) = 0 and lim ®(r) = O(c0) = oo.
A Young function @ is said to satisfy the A,-condition, denoted also by @ € A,, if
d2r) < CO(r), r>0

for some C > 0.
A Young function @ is said to satisfy the V,-condition, denoted also by ® € V,, if

1
() < 550C.  rz0

for some C > 1.
For a Young function ® and 0 < s < oo, let
O '(s) = inf{r > 0: O(r) > s} (inf @ = o0).

Next we recall an important pair of indices used for Young functions. For any Young function @, write

D(s1)
he(t) = su s > 0.
B )
The lower and upper dilation indices of ® are defined by
log ho(t log ho(t
l(L\:l Og—q)()andlq):hmog—q)()
-0t logt 1~ logt

respectively. We refer to [9] for more details about the indices of Orlicz spaces.

Definition 2.3 (Weighted Orlicz Space). For a Young function ® and w € A, the set

L?j(R”) = {f — measurable : f DOkl f(x))w(x)dx < oo for some k > 0 }

n

is called the weighted Orlicz space. The local weighted Orlicz space Liloc(R”) is defined as the set of all functions f
such that fy, € L2(R") for all balls B c R".

Note that, L2(R") is a Banach space with respect to the norm

Al oy = Ifllpe = inf {/1 >0: f Q(@)w(x)dx < 1}
and we have £
X
0] d 1. 2.1
fRn (i 0 < @D

For Q c R", let
1f 122 == I xalle.
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In [6], the weighted Orlicz—Morrey space ng"p(R’Z) was introduced to unify weighted Orlicz spaces and generalized
weighted Morrey spaces. The definition of M?;‘“’(R”) is as follows:

Definition 2.4. Let ¢ be a positive measurable function on R" X (0, o), w € A, and @ any Young function. Denote by
M$’¢(R”) the generalized weighted Orlicz-Morrey space, the space of all functions f € Lfv’ 1oc (R™) such that

“f”M‘D;‘P(Rn) = Ssup SlI(D,c,/J,w(f; X, }") < 00,
v X€R",r>0

where W, (f3 X, 1) = @(x, ) O (W(Bx, ) ™) IfllL0Ber)-
For a Young function ® and w € A, we denote by Gy the set of all functions ¢ : R” X (0, 00) — (0, c0) such that
inf  @(B) 2 ¢(By) forall ByeB

BeB; rp<rp,

and
oB) _ _ ¢B

Be. ryzryy, O-L(w(B)-1) ~ &1 (w(Bo))
where rp and rp, denote the radius of the balls B and By, respectively.
It will be assumed that the functions ¢ are of the class Gy in the sequel. We refer to [7, Section 5] for more
information about this condition.
We consider the following subspaces of M$’¢(R”):

for all By € B,

Definition 2.5. The vanishing weighted Orlicz-Morrey space at origin V0M$’¢(R”) is defined as the spaces of functions
£ e MP#(R") such that

lim sup Ao 4, (f5x,7) = 0.

r—0 yepn

The vanishing weighted Orlicz-Morrey space at infinity Vme""(R”) is defined as the spaces of functions [ €

M #(R") such that

lim sup Ao o, (f;5x,7) = 0.

00 yeRn

The vanishing subspace VDOM?E’“’(R”) and V0M$’“”(]R”) are nontrivial if Gy satisfies the additional conditions

. ' (w(B(x, 1))
lim syp ——— =0
r=% yeRe @(x, 1)

and

lim su =0, 2.2)

0 st 9, 7)
respectively. Since then, they contain bounded functions with compact support.
Now, we define operators investigated in this paper:
The Hardy-Littlewood maximal operator is one of the most central operators in modern harmonic analysis and
theory of partial differential equations. It is defined by

Mf(x):=su
f r>Op |B(x’ 7‘)| B(x,r)

It is well know that the maximal operator controls various other important operators of harmonic analysis. This is
the case of the sharp maximal function

fOldy.

M* f(x) :=su
0 1B0e D Jacen

|f(y) - fB(x,r)ldy,

where fp = |—}}| fB f(2)dz. We have the obvious estimate by the triangle inequality
(MP)(x) <2MP(), x€eR". 2.3)
The multidimensional Hardy operators H and H, defined by

Hf(x) := 1 fO)dy and Hf(x):= Md

X" Jyi<ia b=l DI
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Using that |x — y| < 2|x| in the integral defining H, we get the pointwise estimate
H(fD(x) <2"v,Mf(x), x€eR", (2.4)

where v, is the volume of the unit ball in R”.
We shall consider more general Hardy type operator H, and H,, 0 < @ < n, defined for appropriate functions f by

Hof) = " [ fo)dy and  Hof(o) = f IO 4.
i<l s 1

It can be easily shown that operator H, is dominated by the fractional maximal operator M, and Riesz potential
operator I,, for x € R"

1 )
Mo f(6) = sup ——— f Oy, Tof(x) = f IO,
>0 |1B(x, )| B(xr) R X —
More precisely, for 0 < @ < n there holds
|Ho f(0] < vi2" (Mo f)(x) < 2L (IfD(x),  x€R™ (2.5)
The Hardy operator H, is also dominated by the Riesz potential operator (cf. [1, Lemma 2.3]) as follows:
Ho(1f D) <277 L(fD(x), xR (2.6)

3. AUXILIARY ESTIMATES
The following estimates play an essential role in the proof of our results.

Lemma 3.1. [6, Lemma 4.2] Let ® be a Young function with ® € V,, f € LY(R") and B = B(x,r). Assume in
addition w € A;,. Then,

||Mf||L$(B) < sup (D_l(W(B(x, t))_l) ||f||L3>,(B(x,,))- 3.1

1
O~ '(w(B)!) 15y

Lemma 3.2. [12, Lemma 4.1] Let 0 < & < n, ® be a Young function, w € A;, and ¢(x, t) satisfies the condition

« d
o(x, 1) + f o(x, ) = < Colx, 1 (3.2)

p r
Jor some B € (0, 1) and for every x € R" and t > 0. Then, for the operator 1, we have the following pointwise estimate
L fO] s MOV I (3.3)

4. MAIN ResuLts

In this section, we show that the subspaces V0M$’w(R”) and VmM$‘“’(R”) are invariant with respect to operators M
and /,. Moreover, we also give some corollaries of those results for various operators.

Theorem 4.1. Let @ be a Young function with ® € Vo, w € A
on Vo ME4(RM).

and ¢ € Gy. Then, the maximal operator M is bounded

ip

Proof. Since M is bounded in M?V)’W(R") (cf. [6, Theorem 1.1]) we only have to show that it preserves the vanishing
property (Vo):
lim sup g e\ (f;x,7) =0 = lim sup Ag 4 (Mf;x,7) = 0.

=0 xeRn 7= yeRn

Iffe VOOM?V)""(R”), then for any € > O there exists R = R(¢€) > 0 such that

sup g g (f5x,1) < € for every > R.
xeR”

Using inequality (3.1), we get

1 _ _
g (M3 X,7) < p sup O~ (W(B(x, D) ) I fll 2z S €

( ’ r<t<oco

for any x € R" and every r > R (with the implicit constants independent of x and r). Therefore,
lim sup Ag o (M f;x,7) =0

=00 xeRn
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and hence M f € Vo MEP(RM). O

The operators M* and H are pointwise dominated by the maximal function in view of the inequalities (2.3) and
(2.4). Consequently, the results for the formers could be derived from the results for the latter. Therefore, we get the
following corollary:

Corollary 4.2. Under the same assumptions of Theorem 4.1, the operators M* and H are bounded in VDOM?;‘“’(R”).

Now, we show that the vanishing property (V) is also preserved by the operators T, (where T, stands for any of
the operators I,, My, H, and H,).

Theorem 4.3. Let ® be a Young function with ® € Vo, w € A;, and ¢ € Gy. Let 8 € (0, 1) and define n(x, 1) = ¢(x, 1y
and Y(t) = O(1V/P). If condition (3.2) holds, then T, is bounded from Vo M4 (R) to Vo MET(R™).

Proof. Since the operators M,,, H, and H,, are pointwise dominated by the Riesz potential operator I, (cf. (2.5) and
(2.6)), it suffices to show the result for the latter operator. The boundedness of the operator /, in weighted Orlicz-
Morrey spaces follows from [12, Theorem 4.3]. To show the preservation of vanishing property, we make use of the
pointwise estimate (3.3).

Note that, from (2.1) we get

f N MfQR)Y w(2)dz = f @ (M) w(z)dz < 1.
B(x,r) 1M f ”ﬁ;{?(s(x,r)) Been ”Mf“LS?(B(”))

Thus,
B
||(Mf)ﬁ||L$(B(x,r)) < ||Mf||L$(B(”))~ 4.1
By (3.3) and (4.1), we get
Wil f:%,7) S oM 2, DY, 4.2)
forall r > 0 and x € R™. If f € Vo ME?@R"), then Mf € Vo Mu?(R") by Theorem 4.1. Consequently, we have
I.f € VOOM;];’”(R”) taking into account estimate (4.2). |

Theorem 4.4. Let ® be a Young function with ® € V,, w € A;, and ¢ € Gy, Let also

ms = sup ¢(x,0) < 0o “4.3)

xeR”

for every 6 > 0, Then, the maximal operator M is bounded on VOMSS."F(R”).

Proof. The norm inequalities follow from [6, Theorem 1.1], so we only have to prove that
liI% sup Ap o w(f52,7) =0 = limsup gy, (Mf;x,1) = 0. “4.4)
=Y xeR" r—0 yeRrn
In this estimation, we follow some ideas of [14] in such passage to the limit in the case ®(r) = r” and w = 1, but base
ourselves on Lemma 3.1.
We rewrite the inequality (3.1) in the form

sup,.., @~ (W(B(x, ) ) 1 fllLo B

g gw(Mfix,1) < C 4.5)
@(x, 1)
To show that sup g 4, (M [ x,r) < & for small r, we split the right-hand side of (4.5):
xeR?
QI(,'L),(p,\/l/(]‘l_f; xa r) S C[I§0(x9 r) + ]6()(x7 r)]? (4'6)

where 9y > 0 will be chosen as shown below (we may take dy < 1) and
Sup, s, P~ (WBxL, D)) 1 fll o)
@(x, 1)
sup;s g, ' (WBx D) ) I fll oy
@(x, r)

Is,(x,7)

b}

Jsy(x, 1) ==
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and it is supposed that r < ¢p. Now, we choose any fixed §y > 0 such that

Sup Aoy (f1 X.1) < —=, forall 0< 1< d,
R 2C
where C is the constant from (4.6), which is possible since f € VME#(®R"). Then, ! (w(B(x,))™)|| flloey <
%go(x, t) and we obtain the estimate of the first term uniform in r € (0, d) :

sup Cls,(x,r) < E,
xeR” 2

The estimation of the second term now may be made already by the choice of r sufficiently small thanks to the
condition (2.2). We have

0<r<d.

Ja (o) < Mgy |1 f 1l pmoe ’
@(x, 1)
where myg, is the constant from (4.3) with 6 = . Then, by (2.2) it suffices to choose r small enough such that
“w 1 < P>
vt @(a.r) - 2Cmg [fIpee”
which completes the proof of (4.4). O

In view of the inequalities (2.3) and (2.4), we get the following corollary:
Corollary 4.5. Under the same assumptions of Theorem 4.4, the operators M* and H are bounded in VOMS,:M(R”).

Similar to the proof of Theorem 4.3 we can show that the vanishing property (V}) is also preserved by the operators
T, (where T, stands for any of the operators I,, M,, H, and H,,).

Theorem 4.6. Let @ be a Young function with ® € Vo, w € A;, and ¢ € Gy. Let B € (0, 1) and define n(x, 1) = ¢(x, 1y
and Y(t) = O(1V/P). If conditions (3.2) and (4.3) hold, then T, is bounded from VoME¥(R™) to Vo MET(R™).
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