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Extensions of the operator Bellman and operator Hölder type
inequalities

MOJTABA BAKHERAD* AND FUAD KITTANEH

ABSTRACT. In this paper, we employ the concept of operator means as well as some operator techniques to establish
new operator Bellman and operator Hölder type inequalities. Among other results, it is shown that if A = (At)t∈Ω and
B = (Bt)t∈Ω are continuous fields of positive invertible operators in a unital C∗-algebra A such that

∫
Ω At dµ(t) ≤

IA and
∫
Ω Bt dµ(t) ≤ IA , and if ωf is an arbitrary operator mean with the representing function f , then(

IA −
∫
Ω
(AtωfBt) dµ(t)

)p

≥
(
IA −

∫
Ω
At dµ(t)

)
ωfp

(
IA −

∫
Ω
Bt dµ(t)

)
for all 0 < p ≤ 1, which is an extension of the operator Bellman inequality.
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1. INTRODUCTION AND PRELIMINARIES

Let L (H ) denote the C∗-algebra of all bounded linear operators on a complex Hilbert space
H with the identity IH . An operator A ∈ L (H ) is called positive if ⟨Ax, x⟩ ≥ 0 for all x ∈ H
and in this case we write A ≥ 0. We write A > 0 if A is a positive invertible operator. The
set of all positive invertible operators is denoted by L (H )+. For self-adjoint operators A,B ∈
L (H ), we say A ≤ B if B − A ≥ 0. Also, an operator A ∈ L (H ) is said to be contraction,
if A∗A ≤ IH . The Gelfand map f(t) 7→ f(A) is an isometrical ∗-isomorphism between the
C∗-algebra C(sp(A)) of continuous functions on the spectrum sp(A) of a self-adjoint operator
A and the C∗-algebra generated by A and IH . If f, g ∈ C(sp(A)), then f(t) ≥ g(t) (t ∈ sp(A))
implies that f(A) ≥ g(A).

Let f be a continuous real valued function defined on an interval J . It is called operator
monotone on J if A ≤ B implies f(A) ≤ f(B) for all self-adjoint operators A,B ∈ L (H ) with
spectra in J . It is said to be operator concave on J if λf(A) + (1− λ)f(B) ≤ f(λA+ (1− λ)B)
for all self-adjoint operators A,B ∈ L (H ) with spectra in J and all λ ∈ [0, 1], see, e.g., [10].
Every nonnegative continuous function f is operator monotone on [0,+∞) if and only if f is
operator concave on [0,+∞), see [11, Theorem 8.1]. A map Ψ on L (H ) is called positive if
Ψ(A) ≥ 0 whenever A ≥ 0 and is said to be unital if Ψ(IH ) = IH . If Ψ is a unital positive
linear map and f is an operator concave function on an interval J , then

(1.1) f(Ψ(A)) ≥ Ψ(f(A)) (Davis-Choi-Jensen’s inequality)
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for every self-adjoint operator A on H , whose spectrum is contained in J , see also [11, 17]. Let
A and B be bounded linear operators on a Hilbert space H . The operator A⊗B on H ⊗H is
defined by (A⊗ B)(x⊗ y) = Ax⊗ By for every x, y ∈ H . From this definition, it is clear that
the tensor product of positive operators is positive. Furthermore, for operators A,B,C,D ∈
L (H ), by the definition of the tensor product, we have (A⊗B)(C ⊗D) = AC ⊗BD and if A
and B are positive, then (A⊗B)r = Ar⊗Br for all r ≥ 0. For a given orthonormal basis {ej} of
a Hilbert space H , the Hadamard product A ◦B of two operators A,B ∈ L (H ) is defined by
⟨A ◦ Bei, ej⟩ = ⟨Aei, ej⟩⟨Bei, ej⟩. It is known that the Hadamard product can be presented by
filtering the tensor product A⊗B through a positive linear map. In fact, A ◦B = U∗(A⊗B)U,
where U : H → H ⊗ H is the isometry defined by Uej = ej ⊗ ej , see [3, 4, 9, 23].

The axiomatic theory for operator means of positive invertible operators has been developed
by Kubo and Ando [16]. A binary operation ρ on L (H )+ is called an operator mean, if the
following conditions are satisfied:

(i) A ≤ C and B ≤ D imply AρB ≤ C ρD;
(ii) An ↓ A and Bn ↓ B imply AnρBn ↓ AρB, where An ↓ A means that A1 ≥ A2 ≥ · · ·

and An → A as n → ∞ in the strong operator topology;
(iii) T ∗(AρB)T ≤ (T ∗AT )ρ(T ∗BT ) (T ∈ L (H ));
(iv) IH ρ IH = IH .

It is easy to see that T ∗(AρB)T = (T ∗AT ) ρ (T ∗BT ) for all invertible operators T . In particular,
(αAραB) = α (AρB) , (α ≥ 0). There exists an affine order isomorphism between the class of
operator means and the class of positive operator monotone functions f defined on (0,∞) via
f(t)IH = IH ρ (tIH ) (t > 0) with f(1) = 1. In addition,

AρB = A
1
2 f(A

−1
2 BA

−1
2 )A

1
2

for all A,B ∈ L (H )+. The operator monotone function f is called the representing function
of ρ. If f and g are the representing functions of the operator means ρf and ρg , respectively,
then f ≤ g on (0,+∞) if and only if (Aρf B) ≤ (Aρg B) for all positive invertible operators

A and B. The functions f♯µ(t) = tµ, f∇µ
(t) = (1 − µ) + µt, and f!µ(t) =

(
(1−µ)+t−1µ

2

)−1

on

(0,∞) give the operator weighted geometric mean A♯µB = A
1
2

(
A

−1
2 BA

−1
2

)µ
A

1
2 , the operator

weighted arithmetic mean A∇µB = (1−µ)A+µB, and the operator weighted harmonic mean

A!µB =
(

(1−µ)A−1+µB−1

2

)−1

, respectively, for all µ ∈ (0, 1). An operator mean ρ is symmetric
if AρB = BρA for all A,B ∈ L (H )+. For a symmetric operator mean ρ, a parametrized
operator mean ρt, 0 ≤ t ≤ 1, is called an interpolational path for ρ if it satisfies

(1) Aρ0 B = A, Aρ1/2B = AρB, and Aρ1 B = B;
(2) (Aρp B) ρ (Aρq B) = Aρ p+q

2
B for all p, q ∈ [0, 1];

(3) The map t ∈ [0, 1] 7→ Aρt B is norm continuous for each A and B.

The power means AmrB = A
1
2

(
IH +(A

−1
2 BA

−1
2 )r

2

) 1
r

A
1
2 are some typical interpolational means

for r ∈ [−1, 1]. Their interpolational paths are

Amr,tB = A
1
2

(
(1− t)IH + t(A

−1
2 BA

−1
2 )r

) 1
r

A
1
2 (t ∈ [0, 1]).

In particular, Am1,tB = A∇tB = (1 − t)A + tB,Am0,tB = A♯tB, and Am−1,tB = A!tB =(
(1− t)A−1 + tB−1

)−1. If Ψ is a unital positive linear map on L (H ) and ω is an operator
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mean, then we have

Ψ(AωB) ≤ Ψ(A)ωΨ(B)(1.2)

for all positive invertible operators A and B, see [11, Theorem 5.8]. For more information about
operator means, see [11, 16].

The classical Hölder inequality asserts that n∑
j=1

xj

 1
p
 n∑

j=1

yj

 1
q

≥
n∑

j=1

x
1
p

j y
1
q

j ,(1.3)

where xj , yj (1 ≤ j ≤ n) are positive real numbers and p, q > 0 with 1
p + 1

q = 1. For p = q = 2

the above inequality states that the celebrated Cauchy-Schwarz inequality.
Let Aj , Bj ∈ L (H )+ (1 ≤ j ≤ n) and ω be an operator mean. Then the operator mean ω is

concave on pairs of positive invertible operators i.e., n∑
j=1

Aj

 ω

 n∑
j=1

Bj

 ≥
n∑

j=1

(Aj ωBj),(1.4)

where for the weighted operator mean is an extension of the operator Hölder inequality as
follows  n∑

j=1

Aj

 ♯ν

 n∑
j=1

Bj

 ≥
n∑

j=1

(Aj♯νBj) for all 0 ≤ ν ≤ 1.(1.5)

As a special case of the inequality (1.4), we have

(A+B)ω (C +D) ≥ (AωC) + (B ωD)(1.6)

for all positive invertible operators A,B,C,D and an operator mean ω, see [11, Theorem 5.7].
Bellman [6] proved that if p is a positive integer and a, b, aj , bj (1 ≤ j ≤ n) are positive real

numbers such that
∑n

j=1 a
p
j ≤ ap and

∑n
j=1 b

p
j ≤ bp, then(a+ b)p −

n∑
j=1

(aj + bj)
p

1/p

≥

ap −
n∑

j=1

apj

1/p

+

bp −
n∑

j=1

bpj

1/p

.

A multiplicative analogue of this inequality for p = 2 is due to Aczél, see [1] and its oper-
ator version in [20]. Popoviciu [22] extended Aczél’s inequality for p ≥ 1. During the last
decades, several generalizations, refinements, and applications of the Bellman inequality in
various settings have been given and some results related to integral inequalities are presented,
see [1, 3, 5, 6, 7, 8, 12, 15, 18, 19, 20, 25].

In [19], the authors showed the following generalization of the operator Bellman inequalityIH −

 n∑
j=1

Aj ωf Bj

p

≥

IH −
n∑

j=1

Aj

ωfp

IH −
n∑

j=1

Bj

 ,(1.7)

where Aj , Bj (1 ≤ j ≤ n) are positive invertible operators such that
∑n

j=1 Aj ≤ IH ,
∑n

j=1 Bj ≤
IH , ωf is a mean with the representing function f and 0 < p ≤ 1.

Let A be a C∗-algebra of operators acting on a Hilbert space, let Ω be a locally compact
Hausdorff space, and let µ(t) be a Radon measure on Ω. A field (At)t∈Ω of operators in A is
called a continuous field of operators if the function t 7→ At is norm continuous on Ω and the
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function t 7→ ∥At∥ is integrable. One can form the Bochner integral
∫
Ω
At dµ(t), which is the

unique element in A such that

(1.8) φ

(∫
Ω

At dµ(t)

)
=

∫
Ω

φ(At) dµ(t)

for every linear functional φ in the norm dual A ∗ of A , see [13]. Let C(Ω,A ) denote the set
of bounded continuous functions on Ω with values in A , which is a C∗-algebra under the
pointwise operations and the norm ∥(At)∥ = supt∈Ω ∥At∥, see [13].

In this paper, by the concept of operator means, we obtain a refinement of the inequalities
(1.2). By using this refinement, we present some refinements of the operator Hölder inequality
(1.5) and the operator Bellman inequality (1.7) for positive invertible operators. Furthermore,
we generalize and refine some derived results for continuous fields of operators in a C∗-algebra
A .

2. REFINEMENTS OF SOME GENERALIZED OPERATOR INEQUALITIES

In this section, by the concept of operator means, we present some refinements of the oper-
ator Hölder inequality and the operator Bellman inequality. We need the following lemmas to
illustrate our result.

Lemma 2.1 ([18]). Let A,B ∈ L (H )+ be such that A is contraction, let h be a nonnegative operator
monotone function on [0,+∞), and let ωf be an operator mean with the representing function f . Then

AωhofB ≤ h(AωfB).

In the following lemma, we present an operator inequality for three arbitrary operator means.

Lemma 2.2. Let σ, τ, ρ be three arbitrary operator means such that σ ≤ τ or τ ≤ σ. Then

A ≤ (AσB) ρ (Aτ B) ≤ B(2.9)

for all positive invertible operators A and B such that A ≤ B.

Proof. Assume that A and B are positive invertible operators such that A ≤ B. Applying the
properties of operator means, we have

A = AσA ≤ AσB ≤ B σB = B and A = Aτ A ≤ Aτ B ≤ B τ B = B.

Moreover, if σ ≤ τ , i.e., AσB ≤ Aτ B, then(
A ≤

)
AσB ≤ (AσB)ρ(Aτ B) ≤ Aτ B

(
≤ B

)
(2.10)

and if τ ≤ σ, i.e., Aτ B ≤ AσB, then(
A ≤

)
Aτ B ≤ (AσB) ρ (Aτ B) ≤ AσB

(
≤ B

)
.(2.11)

Combining inequalities (2.10) and (2.11), we get

A ≤ (AσB) ρ (Aτ B) ≤ B,

as required. □

Remark 2.1. Assume that σ, τ, ρ1, ρ2 are arbitrary operator means such that σ ≤ τ or τ ≤ σ and A,B
are positive invertible operators such that A ≤ B. Then, applying Lemma 2.1, we get

A ≤ (AσB) ρ1 (Aτ B) ≤ (AσB) ρ2 (Aτ B) ≤ B,

where ρ1 ≤ ρ2. To see this, note that, if ρ1 ≤ ρ2, then for the positive invertible operators AσB and
Aτ B, we have

(AσB) ρ1 (Aτ B) ≤ (AσB) ρ2 (Aτ B).
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Moreover, by Lemma 2.1, we have

A ≤ (AσB) ρ1 (Aτ B) and (AσB) ρ2 (Aτ B) ≤ B

for arbitrary operator means σ, τ with σ ≤ τ or τ ≤ σ. Combining the above inequalities, we get desired
result.

Remark 2.2. Assume that σf and σg are arbitrary operator means with the representing functions f
and g, respectively, with f ≤ g or g ≤ f . As a special case of Lemma 2.1 for ρ = ∇λ, (0 ≤ λ ≤ 1), we
have

A ≤ Aσ(1−λ)f+λgB ≤ B(2.12)

for all positive invertible operators A and B such that A ≤ B. To see this, note that

(Aσf B)∇λ(Aσg B) = (1− λ)A
1
2 f(A

−1
2 BA

−1
2 )A

1
2 + λA

1
2 g(A

−1
2 BA

−1
2 )A

1
2

= A
1
2

(
(1− λ)f(A

−1
2 BA

−1
2 ) + λg(A

−1
2 BA

−1
2 )
)
A

1
2

= Aσ(1−λ)f+λg B.

Hence, by Lemma 2.1, we get

A ≤ (Aσf B)∇λ(Aσg B) = Aσ(1−λ)f+λg B ≤ B,

as required.

As an application of the above result, we have the next lemma, which is a refinement of the
inequality (1.2).

Lemma 2.3. Let σ, τ, ρ, ω be arbitrary operator means such that σ ≤ τ or τ ≤ σ, and let Ψ be a unital
positive linear map on L (H ). Then(

Ψ(A)ωΨ(B)
)p ≥

(
Ψp(AωB)σ

(
Ψ(A)ωΨ(B)

)p)
ρ
(
Ψp(AωB) τ

(
Ψ(A)ωΨ(B)

)p)
≥ Ψp(AωB)(2.13)

for all positive invertible operators A, B and 0 < p ≤ 1.

Proof. Applying the inequality (1.2) and the operator monotonicity of g(t) = tp, (0 < p ≤ 1),
we have

Ψp(AωB) ≤ (Ψ(A)ωΨ(B))p.

Replacing A by Ψp(AωB) and B by (Ψ(A)ωΨ(B))p, respectively, in the inequality (2.9), we
have

Ψp(AωB) ≤
(
Ψp(AωB)σ

(
Ψ(A)ωΨ(B)

)p)
ρ
(
Ψp(AωB) τ

(
Ψ(A)ωΨ(B)

)p)
≤
(
Ψ(A)ωΨ(B)

)p
for all operator means σ, τ, ρ, ω such that σ ≤ τ or τ ≤ σ, as required. □

In the first result of this section, we present a refinement of the operator Hölder inequality
(1.4) as follows.
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Theorem 2.1. Let Aj , Bj ∈ L (H )+ (1 ≤ j ≤ n) and σ, τ, ρ, ω be arbitrary operator means such that
σ ≤ τ or τ ≤ σ. Then n∑

j=1

Aj

ω

 n∑
j=1

Bj

p

≥

 n∑
j=1

(AjωBj)

p

σ

 n∑
j=1

Aj

ω

 n∑
j=1

Bj

p ρ

 n∑
j=1

(AjωBj)

p

τ

 n∑
j=1

Aj

ω

 n∑
j=1

Bj

p
≥

 n∑
j=1

(AjωBj)

p

for 0 < p ≤ 1.

Proof. Assume that Aj , Bj ∈ L (H )+ (1 ≤ j ≤ n) and σ, τ, ρ, ω are arbitrary operator means
with σ ≤ τ or τ ≤ σ. Note that if A1 ⊕ · · · ⊕ An and B1 ⊕ · · · ⊕ Bn are two diagonal operator
matrices, then by the definition of operator means, for the operator mean ω, we have(

A1 ⊕ · · · ⊕An

)
ω
(
B1 ⊕ · · · ⊕Bn

)
=
(
A1ωB1

)
⊕ · · · ⊕

(
AnωBn

)
.

Replacing A by A1 ⊕ · · · ⊕ An and B by B1 ⊕ · · · ⊕ Bn in the inequality (2.13) and taking Ψ
in the inequality (2.13) to be the unital positive linear map defined on the diagonal blocks of
operators by Ψ(A1 ⊕ · · · ⊕An) =

1
n

∑n
j=1 Aj , we have the desired result. □

As a consequence of Theorem 2.1, we have a refinement of the operator Hölder inequality
involving the weighted geometric mean.

Corollary 2.1. Let Aj , Bj ∈ L (H )+ (1 ≤ j ≤ n) and σ, τ, ρ be arbitrary operator means such that
σ ≤ τ or τ ≤ σ. Then  n∑

j=1

(Aj♯νBj)

p

≤

 n∑
j=1

(Aj♯νBj)

p

σ

 n∑
j=1

Aj

 ♯ν

 n∑
j=1

Bj

p
ρ

 n∑
j=1

(Aj♯νBj)

p

τ

 n∑
j=1

Aj

p

♯ν

 n∑
j=1

Bj

p
≤

 n∑
j=1

Aj

 ♯ν

 n∑
j=1

Bj

p

(2.14)

for all ν ∈ [0, 1] and 0 < p ≤ 1. In particular, for τ = σ, we have n∑
j=1

(Aj♯νBj)

p

≤

 n∑
j=1

(Aj♯νBj)

p

σ

 n∑
j=1

Aj

 ♯ν

 n∑
j=1

Bj

p

≤

 n∑
j=1

Aj

 ♯ν

 n∑
j=1

Bj

p



18 Mojtaba Bakherad and Fuad Kittaneh

for all ν ∈ [0, 1] and 0 < p ≤ 1.

Remark 2.3. Note that if 0 ≤ s ≤ t ≤ 1, then A♯sB ≤ A♯tB for positive invertible operators
A and B such that A ≤ B. Therefore, for positive invertible operators Aj , Bj (1 ≤ j ≤ n) with
AjBj = BjAj (1 ≤ j ≤ n) and σ = ♯s, ρ = ∇, and τ = ♯t in Corollary 2.1, we have

n∑
j=1

A1−ν
j Bν

j

≤1

2


 n∑

j=1

A1−ν
j Bν

j

1−s n∑
j=1

Aj

(1−ν)s n∑
j=1

Bj

νs


+


 n∑

j=1

A1−ν
j Bν

j

1−t n∑
j=1

Aj

(1−ν)t n∑
j=1

Bj

νt


≤

 n∑
j=1

Aj

(1−ν) n∑
j=1

Bj

ν

for all 0 ≤ s ≤ t ≤ 1, which is an extension and a refinement of the classical Hölder inequality.

In the following result, we obtain a refinement of the generalized operator Bellman inequal-
ity (1.7).

Theorem 2.2. Let Aj , Bj ∈ L (H )+ (1 ≤ j ≤ n) be such that
∑n

j=1 Aj ≤ IH ,
∑n

j=1 Bj ≤ IH ,
and let ωf be an operator mean with the representing function f and 0 < p ≤ 1. Then

IH −
n∑

j=1

Aj

ωp
f

IH −
n∑

j=1

Bj


≤

( n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

µ

ρ

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

ν

−
n∑

j=1

(AjωfBj)

)p

≤

IH −
n∑

j=1

(AjωfBj)

p

for all arbitrary means ρ and 0 ≤ µ ≤ ν ≤ 1.
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Proof. Applying Theorem 2.1 to Xj , Yj ∈ L (H )+ (1 ≤ j ≤ n+1) and to two arbitrary operator
means ρ, ωf , and to the weighted geometric means ♯µ, and ♯ν such that 0 ≤ µ ≤ ν ≤ 1, we get

n+1∑
j=1

(XjωYj)

≤

n+1∑
j=1

(XjωfYj)

 ♯µ

n+1∑
j=1

Xj

ωf

n+1∑
j=1

Yj


ρ

n+1∑
j=1

(XjωfYj)

 ♯ν

n+1∑
j=1

Xj

ωf

n+1∑
j=1

Yj


≤

n+1∑
j=1

Xj

ωf

n+1∑
j=1

Yj

 .(2.15)

By putting Xj = Aj , Yj = Bj (1 ≤ j ≤ n) Xn+1 = IH −
∑n

j=1 Aj , and Yn+1 = IH −
∑n

j=1 Bj ,
and taking σ = ♯µ and σ = ♯ν in the inequalities (2.15), we get

n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj


≤

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

 ♯µ (IH ωfIH )


ρ

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

 ♯ν (IH ωfIH )


≤ (IH ωfIH )

or equivalently,

n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj


≤

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

 ♯µIH


ρ

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

 ♯νIH


≤IH , for 0 ≤ µ ≤ ν ≤ 1.
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Using the definition of the operator means ♯µ and ♯ν , we have

n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj


≤

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

µ

ρ

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

ν

≤IH

for all arbitrary means ρ and 0 ≤ µ ≤ ν ≤ 1. Hence,IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj


≤

 n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

µ

ρ

 n∑
j=1

(AjωfBj) +

I −
n∑

j=1

Aj

ωf

I −
n∑

j=1

Bj

ν

−
n∑

j=1

(AjωfBj)

≤IH −
n∑

j=1

(AjωfBj), for 0 ≤ µ ≤ ν ≤ 1.

It follows from the operator monotonicity of g(t) = tp (0 < p ≤ 1), the above inequalities, and
Lemma 2.1 thatIH −

n∑
j=1

Aj

ωfp

IH −
n∑

j=1

Bj


≤

( n∑
j=1

(AjωfBj) +

IH −
n∑

j=1

Aj

ωf

IH −
n∑

j=1

Bj

µ

ρ

 n∑
j=1

(AjωfBj) +

I −
n∑

j=1

Aj

ωf

I −
n∑

j=1

Bj

ν

−
n∑

j=1

(AjωfBj)

)p

≤

IH −
n∑

j=1

(AjωfBj)

p

for 0 ≤ µ ≤ ν ≤ 1,

as required. □
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3. SOME EXTENSIONS FOR CONTINUOUS FIELDS OF OPERATORS

Let A be a C∗-algebra of operators acting on a Hilbert space, let Ω be a compact Hausdorff
space, and let (At)t∈Ω be a continuous field of operators in A . In this section, by using the con-
cept of the continuous fields of operators, we present some results involving the operator Hölder
type inequalities and the operator Bellman type inequalities.

We need following lemma to illustrate our results.

Lemma 3.4. Let A be a C∗-algebra, Ω be a compact Hausdorff space equipped with a Radon measure µ,
and let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible operators.
Then

∫
Ω

∫
Ω

(At ◦Bs) dµ(t) dµ(s) =

∫
Ω

At dµ(t) ◦
∫
Ω

Bs dµ(s) (At, Bs ∈ A ).(3.16)

Proof. Assume that A is a C∗-algebra of operators acting on a Hilbert space, Ω is a compact
Hausdorff space, and (At)t∈Ω is a continuous field of operators in A . Using [21, Page 78], since
A : t 7→ At is a continuous function from Ω to A , for every operator At ∈ A and for every
ε > 0, we can consider an element of the form

Iλ(At) = Σn
k=1A(tk)µ(Ek) = Σn

k=1Atkµ(Ek),

where the Ek’s form a partition of Ω into disjoint Borel subsets, and

tk ∈ Ek ⊆ {t ∈ Ω : ∥At −Atk∥ ≤ ε} (1 ≤ k ≤ n),

with λ = {E1, · · · , En, ε}. Then (Iλ(At))λ∈Λ is a uniformly convergent net to
∫
Ω
Atdµ(t). It

follows from the norm continuity of the tensor product of two operators that for any operator
B ∈ A , we have

∫
Ω

(At ⊗B) dµ(t) =

(∫
Ω

At dµ(t)

)
⊗B.(3.17)

Also, by using the definition of the Bochner integral for any operator X ∈ A , we have
∫
Ω
(X∗AtX)dµ(t) =

X∗ (∫
Ω
Atdµ(t)

)
X. Therefore, for an arbitrary operator B ∈ A , we get

∫
Ω

(At ◦B) dµ(t) =

∫
Ω

V ∗(At ⊗B)V dµ(t) = V ∗
∫
Ω

(At ⊗B) dµ(t)V

= V ∗
(∫

Ω

At dµ(t)⊗B

)
V =

∫
Ω

At dµ(t) ◦B (At, B ∈ A ),(3.18)
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where V : H → H ⊗ H is the isometry defined by V ej = ej ⊗ ej , for a given orthonormal
basis {ej} of the Hilbert space H . Hence, we have∫

Ω

∫
Ω

(At ◦Bs) dµ(t) dµ(s) =

∫
Ω

∫
Ω

V ∗(At ⊗Bs)V dµ(t) dµ(s)

=

∫
Ω

V ∗
(∫

Ω

(At ⊗Bs) dµ(t)

)
V dµ(s) (by (3.18))

=

∫
Ω

V ∗
((∫

Ω

At dµ(t)

)
⊗Bs

)
V dµ(s) (by (3.17))

=

∫
Ω

(∫
Ω

At dµ(t)

)
◦Bs dµ(s)

=

∫
Ω

U∗
((∫

Ω

At dµ(t)

)
⊗Bs

)
Udµ(s)

= U∗
(∫

Ω

(∫
Ω

At dµ(t)

)
⊗Bs dµ(s)

)
U (by (3.18))

= U∗
((∫

Ω

At dµ(t)

)
⊗
(∫

Ω

Bs dµ(s)

))
U (by (3.17))

=

∫
Ω

At dµ(t) ◦
∫
Ω

Bs dµ(s) for At, Bs ∈ A .

□

The first result of this section is the Hölder inequality for continuous fields of operators in-
volving an arbitrary operator mean. The main ideas of the following result are stimulated by
[4].

Theorem 3.3. Let A be a C∗-algebra, Ω be a compact Hausdorff space equipped with a Radon measure
µ, let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible operators,
and let ωf be an operator mean with the representing function f . Then(∫

Ω

As dµ(s)

)
ωf

(∫
Ω

Bs dµ(s)

)
≥
∫
Ω

(As ωf Bs) dµ(s).(3.19)

Proof. For the continuous fields of positive invertible operators A = (At)t∈Ω ∈ A and B = (Bt)t∈Ω ∈
A , we put the positive unital linear map

Ψ(S) =

∫
Ω

Z∗SZdµ(t) (S ∈ A ),

where Z = B
1
2
t

(∫
Ω
Bs dµ(s)

)− 1
2 . Thus, we have(∫

Ω

At dµ(t)

)
ωf

(∫
Ω

Bs dµ(s)

)
=

(∫
Ω

Bs dµ(s)

) 1
2

f

((∫
Ω

Bs dµ(s)

) 1
2
∫
Ω

At dµ(t)

(∫
Ω

Bs dµ(s)

)− 1
2

)(∫
Ω

Bs dµ(s)

) 1
2

=

(∫
Ω

Bs dµ(s)

) 1
2

f

(∫
Ω

(∫
Ω

Bs dµ(s)

)− 1
2

B
1
2
t (B

− 1
2

t AtB
− 1

2
t )B

1
2
t

(∫
Ω

Bs dµ(s)

)− 1
2

dµ(t)

)

×
(∫

Ω

Bs dµ(t)

) 1
2
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=

(∫
Ω

Bs dµ(s)

) 1
2

f

(∫
Ω

Z∗B
− 1

2
t AtB

− 1
2

t Zdµ(t)

)(∫
Ω

Bs dµ(t)

) 1
2

=

(∫
Ω

Bs dµ(s)

) 1
2

f
(
Φ
(
B

− 1
2

t AtB
− 1

2
t

))(∫
Ω

Bs dµ(s)

) 1
2

≥
(∫

Ω

Bs dµ(s)

) 1
2

Φ
(
f
(
B

− 1
2

t AtB
− 1

2
t

))(∫
Ω

Bs dµ(s)

) 1
2

(by (1.1))

=

(∫
Ω

Bs dµ(s)

) 1
2
(∫

Ω

Z∗f
(
B

− 1
2

t AtB
− 1

2
t

)
Zdµ(t)

)(∫
Ω

Bs dµ(t)

) 1
2

=

∫
Ω

B
1
2
t f
(
B

− 1
2

t AtB
− 1

2
t

)
B

1
2
t dµ(t)

=

∫
Ω

(At ωf Bt) dµ(t),

as required. □

Remark 3.4. In the discrete case Ω = {1, · · · , n}, for positive invertible operators A1, · · · , An and
B1, · · · , Bn, Theorem 3.4 enforces the inequality (1.4).

Remark 3.5. Assume that Ω = [0, 1] is with the Lebesgue measure and A = R is the real numbers.
Then C([0, 1],R) is the C∗-algebra involving all continuous real-valued functions over [0, 1]. As a
special case of Theorem 3.3, we have the integral version of the Hölder inequality as follows(∫ b

a

f(x) dx

)
ω

(∫ b

a

g(x) dx

)
≥
∫ b

a

(f(x)ω g(x)) dx,

where f, g ∈ C([0, 1],R) are positive functions and ω is an operator mean.

Using the inequality (2.9), we obtain a refinement of the Hölder inequality for continuous
fields of operators (3.19) as follows.

Theorem 3.4. Let A be a C∗-algebra, Ω be a compact Hausdorff space equipped with a Radon measure
µ, let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible operators,
and let σ, τ, ρ, ω be arbitrary operator means such that σ ≤ τ or τ ≤ σ. Then(∫

Ω

At dµ(t)

)
ω

(∫
Ω

Bs dµ(s)

)
≥
[(∫

Ω

(At ωBt) dµ(t)

)
σ

[(∫
Ω

At dµ(t)

)
ω

(∫
Ω

Bs dµ(s)

)]]
ρ

[(∫
Ω

(At ωBt) dµ(t)

)
τ

[(∫
Ω

At dµ(t)

)
ω

(∫
Ω

Bs dµ(s)

)]]
≥
∫
Ω

(At ωBt) dµ(t).

Proof. Using the inequality (3.19) and replacing

A by
∫
Ω

(At ωBt) dµ(t) and B by
(∫

Ω

At dµ(t)

)
ω

(∫
Ω

Bs dµ(s)

)
in the inequality (2.9), respectively, we get the desired result. □

In the next result, we obtain an inequality for continuous fields of operators.
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Theorem 3.5. Let A be a C∗-algebra, let Ω be a compact Hausdorff space equipped with a Radon
measure µ, let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible
operators such that

∫
Ω
At dµ(t) ≤ A and

∫
Ω
Bt dµ(t) ≤ B for some positive invertible operators A,B ∈

A , and let ωf be an arbitrary operator mean with the representing function f . Then(
(Aωf B)−

∫
Ω

(At ωf Bt) dµ(t)

)p

≥
(
A−

∫
Ω

At dµ(t)

)
ωfp

(
B −

∫
Ω

Bt dµ(t)

)
(3.20)

for all 0 < p ≤ 1.

Proof. Assume A = (At)t∈Ω and B = (Bt)t∈Ω are continuous fields of positive invertible op-
erators such that

∫
Ω
At dµ(t) ≤ A and

∫
Ω
Bt dµ(t) ≤ B for some positive invertible operators

A,B ∈ A . Then we have

Aωf B =

(
A−

∫
Ω

At dµ(t) +

∫
Ω

At dµ(t)

)
ωf

(
B −

∫
Ω

Bt dµ(t) +

∫
Ω

Bt dµ(t)

)
≥
(
A−

∫
Ω

At dµ(t)

)
ωf

(
B −

∫
Ω

Bt dµ(t)

)
+

(∫
Ω

At dµ(t)ωf

∫
Ω

Bt dµ(t)

)
(by the inequality (1.6))

≥
(
A−

∫
Ω

At dµ(t)

)
ωf

(
B −

∫
Ω

Bt dµ(t)

)
+

(∫
Ω

(At ωf Bt) dµ(t)

)
.

Hence, by the above inequality, the operator monotonicity of f(t) = tp (0 < p ≤ 1) and Lemma
2.1, we get(

(Aωf B)−
∫
Ω

(At ωf Bt) dµ(t)

)p

≥
((

A−
∫
Ω

At dµ(t)

)
ωf

(
B −

∫
Ω

Bt dµ(t)

))p

≥
(
A−

∫
Ω

At dµ(t)

)
ωfp

(
B −

∫
Ω

Bt dµ(t)

)
,

as required. □

In the next result, by using Theorem 3.5, we have the operator Bellman inequality for contin-
uous fields in a unital C∗-algebra.

Corollary 3.2. Let A be a unital C∗-algebra, let Ω be a compact Hausdorff space equipped with a Radon
measure µ, let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible
operators such that

∫
Ω
At dµ(t) ≤ IA and

∫
Ω
Bt dµ(t) ≤ IA , and let ωf be an operator mean with the

representing function f . Then(
IA −

∫
Ω

(AtωfBt) dµ(t)

)p

≥
(
IA −

∫
Ω

At dµ(t)

)
ωfp

(
IA −

∫
Ω

Bt dµ(t)

)
(3.21)

for all 0 < p ≤ 1.

Remark 3.6. Assume that C([0, 1],R) is the C∗-algebra involving all continuous real-valued func-
tions over [0, 1]. As a special case of the inequality (3.21), we have the integral version of the Bellman
inequality as follows(

1−
∫ b

a

(g(x)ωfh(x)) dx

)p

≥

(
1−

∫ b

a

g(x) dx

)
ωfp

(
1−

∫ b

a

h(x) dx

)
(0 < p ≤ 1),
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where f, g ∈ C([0, 1],R) are positive functions such that
∫ b

a
g(x) dx ≤ 1 and

∫ b

a
h(x) dx ≤ 1, and ωf is

an operator mean with the representing function f . In particular, for ωf = ♯ 1
2

, we have

1−
∫ b

a

√
g(x)h(x) dx ≥

√
1−

∫ b

a

g(x) dx

√
1−

∫ b

a

h(x) dx.

These two above inequalities are the integral version of the Bellman inequality (1.7).

In the next theorem, we present a refinement of the operator Bellman inequality (3.21) for
continuous fields of operators.

Theorem 3.6. Let A be a unital C∗-algebra, let Ω be a compact Hausdorff space equipped with a Radon
measure µ, let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible
operators such that

∫
Ω
At dµ(t) ≤ IA ,

∫
Ω
Bt dµ(t) ≤ IA , and let ωf be an arbitrary operator mean

with the representing function f . Then(
IA −

∫
Ω

(AtωfBt) dµ(t)

)p

≥
((

IA −
∫
Ω1

At dµ(t)

)
ωf

(
IA −

∫
Ω1

Bt dµ(t)

)
−
∫
Ω2

(At ωf Bt) dµ(t)

)p

≥
(
IA −

∫
Ω

At dµ(t)

)
ωfp

(
IA −

∫
Ω

Bt dµ(t)

)
for all 0 < p ≤ 1 and for two disjoint sets Ω1,Ω2 ⊆ Ω such that Ω = Ω1 ∪ Ω2.

Proof. Assume that A = (At)t∈Ω and B = (Bt)t∈Ω are continuous fields of positive invertible
operators in a unital C∗-algebra A with

∫
Ω
At dµ(t) ≤ IA and

∫
Ω
Bt dµ(t) ≤ IA . We have(

IA −
∫
Ω

At dµ(t)

)
ωf

(
IA −

∫
Ω

Bt dµ(t)

)
=

(
IA −

∫
Ω1

At dµ(t)−
∫
Ω2

At dµ(t)

)
ωf

(
IA −

∫
Ω1

Bt dµ(t)−
∫
Ω2

Bt dµ(t)

)
≤
(
IA −

∫
Ω1

At dµ(t)

)
ωf

(
IA −

∫
Ω1

Bt dµ(t)

)
−
∫
Ω2

(At ωf Bt) dµ(t)

(by the inequality (3.20))

≤(IA ωfIA )−
∫
Ω1

(At ωf Bt) dµ(t)−
∫
Ω2

(At ωf Bt) dµ(t)

(by the inequality (3.20))

=IA −
∫
Ω

(At ωf Bt) dµ(t).

Hence, by the above inequalities, the operator monotonicity of f(t) = tp (0 < p ≤ 1) and
Lemma 2.1, we have(

IA −
∫
Ω

At dµ(t)

)
ωfp

(
IA −

∫
Ω

Bt dµ(t)

)
≤
((

IA −
∫
Ω

At dµ(t)

)
ωf

(
IA −

∫
Ω

Bt dµ(t)

))p

≤
(
IA −

∫
Ω

(At ωf Bt) dµ(t)

)p

,
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as required. □

In the next theorem, we present another refinement of the operator Bellman inequality (3.21)
involving continuous fields of operators.

Theorem 3.7. Let A be a unital C∗-algebra, let Ω be a compact Hausdorff space equipped with a Radon
measure µ, let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible
operators such that

∫
Ω
At dµ(t) ≤ IA and

∫
Ω
Bt dµ(t) ≤ IA , let ωf be an arbitrary operator mean with

the representing function f , and let λ : s ∈ Ω 7−→ λs ∈ [0, 1] be a measurable function. Then(
IA −

∫
Ω

(AsωfBs) dµ(s)

)p

≥
(((

IA −
∫
Ω

λsAs dµ(s)

)
ωf

(
IA −

∫
Ω

λsBs dµ(s)

))
−
∫
Ω

(1− λs)
(
AsωfBs

)
dµ(s)

)p

≥
(
IA −

∫
Ω

As dµ(s)

)
ωfp

(
IA −

∫
Ω

Bs dµ(s)

)
for 0 < p ≤ 1.

Proof. Assume that A = (At)t∈Ω and B = (Bt)t∈Ω are continuous fields of positive invertible
operators in a unital C∗-algebra A such that

∫
Ω
At dµ(t) ≤ IA and

∫
Ω
Bt dµ(t) ≤ IA and

λs ∈ [0, 1] (s ∈ Ω). First note that∫
Ω

As dµ(s) =

∫
Ω

(As∇λsAs) dµ(s) =

∫
Ω

λsAs dµ(s) +

∫
Ω

(1− λs)As dµ(s),

∫
Ω

Bs dµ(s) =

∫
Ω

(Bs∇λs
Bs) dµ(s) =

∫
Ω

λsBs dµ(s) +

∫
Ω

(1− λs)Bs dµ(s),

IA −
∫
Ω

λsAs dµ(s) ≥
∫
Ω

(1− λs)As dµ(s) ≥ 0,

and

IA −
∫
Ω

λsBs dµ(s) ≥
∫
Ω

(1− λs)Bs dµ(s) ≥ 0.

Then,(
IA −

∫
Ω

As dµ(s)

)
ωf

(
IA −

∫
Ω

Bs dµ(s)

)
=

(
IA −

∫
Ω

λsAs dµ(s)−
∫
Ω

(1− λs)As dµ(s)

)
ωf

(
IA −

∫
Ω

λsBs dµ(s)−
∫
Ω

(1− λs)Bs dµ(s)

)
≤
((

IA −
∫
Ω

λsAs dµ(s)

)
ωf

(
IA −

∫
Ω

λsBs dµ(s)

))
−
∫
Ω

[
((1− λs)As)ωf ((1− λs)Bs)

]
dµ(s)

(by the inequality (3.20))

≤
((

IA −
∫
Ω

λsAs dµ(s)

)
ωf

(
IA −

∫
Ω

λsBs dµ(s)

))
−
∫
Ω

(1− λs)
(
AsωfBs

)
dµ(s)

(by the properties of means)
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≤
(
(IA ωfIA )−

∫
Ω

(λsAsωfλsBs) dµ(s)

)
−
∫
Ω

(1− λs)
(
AsωfBs

)
dµ(s)

(by the inequality (3.20))

≤ IA −
∫
Ω

λs(AsωfBs) dµ(s)−
∫
Ω

(1− λs)
(
AsωfBs

)
dµ(s)

(by the properties of means)

= IA −
∫
Ω

(AsωfBs) dµ(s).

Hence, the operator monotonicity of f(t) = tp (0 < p ≤ 1) Lemma 2.1, and the above inequali-
ties imply that(

IA −
∫
Ω

As dµ(s)

)
ωfp

(
IA −

∫
Ω

Bs dµ(s)

)
≤
((

IA −
∫
Ω

As dµ(s)

)
ωf

(
IA −

∫
Ω

Bs dµ(s)

))p

≤
(((

IA −
∫
Ω

λsAs dµ(s)

)
ωf

(
IA −

∫
Ω

λsBs dµ(s)

))
−
∫
Ω

(1− λs)
(
AsωfBs

)
dµ(s)

)p

≤
(
IA −

∫
Ω

(AsωfBs) dµ(s)

)p

for 0 < p ≤ 1. This completes the proof. □

In the following result, we obtain the operator Hölder inequality involving the Hadamard
product of operators. The main ideas of the next result are stimulated by [2, 24].

Theorem 3.8. Let A be a unital C∗-algebra, let Ω be a compact Hausdorff space equipped with a Radon
measure µ, and let A = (At)t∈Ω and B = (Bt)t∈Ω in C(Ω,A ) be continuous fields of positive invertible
operators. Then∫

Ω

At dµ(t) ◦
∫
Ω

Bs dµ(s) ≥
∫
Ω

(At♯αBt) dµ(t) ◦
∫
Ω

(As♯1−αBs) dµ(s)

for 0 ≤ α ≤ 1.

Proof. Assume that a, b > 0 and Xt, Xs ∈ A are positive invertible operators. The Heinz
inequality [14] asserts that

a1−νbν + aνb1−ν ≤ a+ b for 0 ≤ ν ≤ 1.(3.22)

If we replace b by a−1 and take µ = 2ν − 1 (3.22), then we get

aµ + a−µ ≤ a+ a−1 for 0 ≤ µ ≤ 1.

Replacing a by the positive invertible operator Xt ⊗X−1
s in the above inequality, we get

Xµ
t ⊗X−µ

s +X−µ
t ⊗Xµ

s ≤ Xt ⊗X−1
s +X−1

t ⊗Xs.(3.23)

Multiplying both sides of (3.23) by the positive invertible operator X
1
2
t ⊗X

1
2
s , we have

X1+µ
t ⊗X1−µ

s +X1−µ
t ⊗X1+µ

s ≤ X2
t ⊗ IA + IA ⊗X2

s .
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Now, replacing µ by 2α− 1, Xt by X
1
2
t , and Xs by X

1
2
s , respectively, in the above inequality, we

get

Xα
t ⊗X1−α

s +X1−α
t ⊗Xα

s ≤ Xt ⊗ IA + IA ⊗Xs for 0 ≤ α ≤ 1.

Now, setting Xt = A
− 1

2
t BtA

− 1
2

t and Xs = A
− 1

2
s BsA

− 1
2

s , and then, multiplying by A
1
2
t ⊗ A

1
2
s , in

the above inequality, we get

(At♯αBt)⊗ (As♯1−αBs) + (At♯1−αBt)⊗ (As♯αBs) ≤ At ⊗Bs +Bs ⊗At.

Therefore, for the Hadamard product, we have

(At♯αBt) ◦ (As♯1−αBs) + (At♯1−αBt) ◦ (As♯αBs) ≤ At ◦Bs +Bs ◦At.

Taking the double integral over the above inequality, we get∫
Ω

∫
Ω

((At♯αBt) ◦ (As♯1−αBs) + (At♯1−αBt) ◦ (As♯αBs)) dµ(t) dµ(s)

≤
∫
Ω

∫
Ω

(At ◦Bs +Bs ◦At) dµ(t) dµ(s).

Using Lemma 3.4, we have∫
Ω

∫
Ω

(
(At♯αBt) ◦ (As♯1−αBs) + (At♯1−αBt) ◦ (As♯αBs)

)
dµ(t) dµ(s)

=

∫
Ω

(At♯αBt) dµ(t) ◦
∫
Ω

(As♯1−αBs) dµ(s) +

∫
Ω

(At♯1−αBt) dµ(t) ◦
∫
Ω

(As♯αBs) dµ(s)

=2

∫
Ω

(At♯αBt) dµ(t) ◦
∫
Ω

(As♯1−αBs) dµ(s)

and ∫
Ω

∫
Ω

(
At ◦Bs +Bs ◦At

)
dµ(t) dµ(s)

=

(∫
Ω

Atµ(t) ◦
∫
Ω

Bs dµ(s)

)
+

(∫
Ω

Bsµ(s) ◦
∫
Ω

At dµ(t)

)
=2

∫
Ω

Atµ(t) ◦
∫
Ω

Bs dµ(s).

Hence, we get∫
Ω

(At♯αBt) dµ(t) ◦
∫
Ω

(As♯1−αBs) dµ(s) ≤
∫
Ω

Atµ(t) ◦
∫
Ω

Bs dµ(s),

as required. □

Remark 3.7. In the discrete case Ω = {1, · · · , n}, for positive invertible operators A1, · · · , An and
B1, · · · , Bn, Theorem 3.8 enforces the inequality (1.4) for the Hadamard product.
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[13] F. Hansen, I. Perić, and J. Pečarić: Jensen’s operator inequality and its converses, Math. Scand., 100 (1) (2007), 61–73.
[14] E. Heinz: Beiträge zur Störungstheorie der Spektralzerlegung (German), Math. Ann., 123 (1951), 415–438.
[15] Z. Hu, A. Xu: Refinements of Aczél and Bellman’s inequalities, Comput. Math. Appl., 59 (9) (2010), 3078–3083.
[16] F. Kubo, T. Ando: Means of positive linear operators, Math. Ann., 246 (1980), 205–224.
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