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Bu çalışmada 3 serbestlik dereceli eksik eyleyicili bir sistemin konum kontrolü 

gerçekleştirilmiştir. Geliştirilen yaklaşım ikili sarkaç tipi tepe vincinin üzerinde denenmiştir. 

İlk olarak sistemin matematiksel modeli doğrusal olmayan dinamikler dikkate alınarak Euler-

Lagrange metodu ile elde edilmiştir. Benzetim çalışmalarında PID ve LQR kontrolcüleri 

kullanıldığından doğrusal olmayan model sistemin denge noktası etrafında 

doğrusallaştırılmıştır. Elde edilen doğrusal model kullanılarak PID ve LQR kontrolcülerinin 

parametreleri Yapay Arı Kolonisi Algoritması ile ayarlanmıştır. Optimizasyon sürecinde 

sistemin üç serbestliğindeki hatanın minimize edilmesi için geleneksel uygunluk 

fonksiyonlarından Zamansal mutlak hataların toplamı (Integral Time Absulate Error) 

fonksiyonu seçilmiştir. Ayrıca arabanın hassas hareketini sağlamak için amaç fonksiyonu birim 

basamak cevaplarını içerecek şekilde iyileştirilmiştir. Kontrolcü performansları benzetim 

ortamında yapılan çalışmalar ile denenmiştir. Sonuçlar tablo ve grafikler halinde sunulmuştur. 

Önerilen yaklaşım çok serbestlik dereceli ve eksik eyleyici sistemlerin kontrolünde 

kullanılabilir. 
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In this study, the position control of a 3 DoF underactuated system is carried out. The developed 

approach is tested on a double pendulum overhead crane. Considering the nonlinear dynamics 

of the system, its mathematical model is first obtained by Euler-Lagrange model. Then, since 

PID and LQR controllers are used in the simulations, the nonlinear model is linearized around 

the equilibrium point of the system. Using the linear model, the parameters of LQR and PID 

controllers are tuned by Artificial Bee Colony Algorithm. In the optimization process, the 

Integral Time Absolute Error function is chosen from traditional fitness functions to minimize 

the error in each single-degree-of-freedom joint of the system. Additionally, to ensure the 

precise movement of the car, the objective function is improved in a way to include unit step 

response characteristics. The control performance is evaluated in the simulations. The results 

are presented in tables and graphs. The proposed approach can be used to control multi-degree 

of freedom underactuated systems. 
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INTRODUCTION 

Industrial cranes are frequently used in various stages of production. Transporting especially 

heavy loads from one place to another in production processes is one of the most important processes 

of production. The main function of industrial cranes is to transport heavy loads. What is expected from 

industrial cranes is to transport the loads they carry to a desired location quickly and with as little 

oscillation as possible. For this reason, different control methods enable the load to be transported from 

one point to another with minimal oscillation [1]. 

Oscillations are reduced by using different control approaches. In the control applications of 

industrial cranes, open- and closed-loop control approaches are frequently used to reduce oscillations. 

Some well-known examples of open-loop control approaches are input shaping, filter and command 

smoothing applications [2-4]. The command shaping control method was also used to control a double 

pendulum crane in an open-loop control architecture [5]. For the closed-loop control applications, PID 

(Proportional-Integral-Derivative) controllers are usually preferred [6-8]. Apart from this, LQR method 

was also applied to control crane position [9]. 

The fine-tuning process is extremely important to satisfy the control performance criteria 

determined in the design process. Various methods have been utilized to perform the fine-tuning process. 

For the industrial control applications, there are some traditional control tuning methods such as Ziegler-

Nicholas and Cohen-Coon methods. However, these control tuning methods usually struggle to meet 

the control criteria when a cascade control strategy needs to be implemented in the control applications 

such as double overhead pendulum crane (DPOC), flight control and inverted pendulum control systems. 

Therefore, to deal with these complex control problems, some advanced tuning methods must be 

applied. 

Optimization methods have been successfully applied to fine-tune the parameters of different 

control methods for many years. The behaviours of animals in the nature inspire the researchers to 

develop effective optimization algorithms for the parameter estimation in the control process so that the 

estimated parameters are sufficiently accurate to achieve the desired performance [10, 11]. In general, 

an optimization method searches the required parameters within a pre-defined local space which can 

minimize an objective function defined by considering the control aims. 

Bandong et al. [12] have compared three optimization techniques, namely Particle Swarm 

Optimization (PSO), Flower Pollination Algorithm (FPA), and Stochastic Fractal Search (SFS), to tune 

the PID controller parameters in the control of the position and sway angle of the gantry crane.  In 

another study, a 3D crane system was considered, and a PSO based PID-PID control structure, including 

one outer loop and one inner loop, was built to control the crane without an enormously large swing 

angle [13]. Genetic Algorithm (GA) is also an alternative optimization approach for tuning PID and 

LQR parameters in gantry crane control [14-16]. An alternative approach was to use a generalized 

predictive control (GPC) approach, which is known as a robust-optimal control [17], to tune PID 

parameters for the control of a 3D crane system [18]. In addition, fuzzy systems are also applied to fine-

tune control parameters due to their model independent structure [19]. 

In this study, both PID and LQR controllers are utilized in a feedback control architecture for the 

position and anti-swing control of a double pendulum overhead crane (DPOC). DPOC is an 

underactuated system. In other words, the system has a single actuator and three degrees of freedom. 

Successful control of the system is possible by fine-tuning the controller gains. The control parameters 

are fine-tuned by using Artificial Bee Colony (ABC) Algorithm. To the authors’ knowledge and based 

on their literature search, limited research has focused on ABC based PID and LQR controllers for the 

DPOC system. Therefore, the main aim of this study is to compare the performance of PID an LQR 
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controllers tuned by ABC algorithm for the position and anti-swing control of DPOC system. In 

addition, to minimize the performance measure defined in terms of ITAE as well as the overshoot and 

the settling tine, a specific objective function is also proposed. The comparative analysis is performed 

in a simulation environment, and the results show that LQR provides better control performance than 

PID. 

MATHEMATICAL MODEL OF DPOC 

A schematic representation of a DPOC system is given in Figure 1. As seen in Figure 1, this crane 

mechanism consists of trolley, hook, and payload whose masses are 𝑚𝑡, 𝑚ℎ, and 𝑚𝑝, respectively. The 

trolley is connected to the hook via a cable of length 𝑙𝑡ℎ, and the hook is connected to the payload by 

using another cable of length 𝑙ℎ𝑝. In the modelling process, the cables are assumed to be inflexible and 

massless. The trolley can be moved back and forward on a bridge rail by an actuating force 𝐹𝑎𝑐𝑡 to 

transport the payload to a desired position. During the transportation of the payload, the hook and 

payload exhibit swinging motions determined by the hook swing angle 𝜃ℎ and payload swing angle 𝜃𝑝. 

Therefore, the main control problem is here to design an effective controller that can suppress these 

swing angles, thereby stabilizing the payload around the vertical axis passing through the centre of 

gravity of the trolley. 

 

Figure 1  

Schematic representation of a double pendulum overhead crane 

By using Euler-Lagrange method, the equations of motion can be described in a matrix form [20-

23] as 

𝑀(𝑞)�̈� + 𝐶(𝑞, �̇�)�̇� + 𝐺(𝑞)𝑞 = 𝑈 (1) 

where 𝒒 = [𝒙 𝜽𝒉 𝜽𝒑], and 𝑴(𝒒), 𝑪(𝒒, �̇�), 𝑮(𝒒) and 𝑼 denote respectively the inertia matrix, the 

centripetal-Coriolis matrix, the gravity vector, and the control input vector. The terms in the 

mathematical model of the double-pendulum overhead crane can be explicitly written as 

𝑀(𝑞) = [

𝑚𝑡 + 𝑚ℎ + 𝑚𝑝 (𝑚ℎ + 𝑚𝑝)𝑙𝑡ℎ cos 𝜃ℎ 𝑚𝑝𝑙ℎ𝑝 cos 𝜃𝑝

(𝑚ℎ + 𝑚𝑝)𝑙𝑡ℎ cos 𝜃ℎ (𝑚ℎ + 𝑚𝑝)𝑙𝑡ℎ
2 𝑚𝑝𝑙𝑡ℎ𝑙ℎ𝑝 cos(𝜃ℎ − 𝜃𝑝)

𝑚𝑝𝑙ℎ𝑝 cos 𝜃𝑝 𝑚𝑝𝑙𝑡ℎ𝑙ℎ𝑝 cos(𝜃ℎ − 𝜃𝑝) 𝑚𝑝𝑙𝑝
2

] (2) 
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𝐶(𝑞, �̇�) = [

0 −(𝑚ℎ + 𝑚𝑝)𝑙𝑡ℎ�̇�ℎ sin 𝜃ℎ −𝑚𝑝𝑙ℎ𝑝�̇�𝑝 sin 𝜃𝑝

0 0 𝑚𝑝𝑙𝑡ℎ𝑙ℎ𝑝�̇�𝑝 sin(𝜃ℎ − 𝜃𝑝)

0 −𝑚𝑝𝑙𝑡ℎ𝑙ℎ𝑝�̇�𝑝 sin(𝜃ℎ − 𝜃𝑝) 0

] (3) 

𝐺(𝑞) = [0 (𝑚ℎ + 𝑚𝑝)𝑔𝑙𝑡ℎ sin 𝜃ℎ 𝑚𝑝𝑔𝑙ℎ𝑝 sin 𝜃𝑝]
⊤

 (4) 

𝑈 = [𝐹𝑎𝑐𝑡 − 𝐹𝑓 0 0]⊤ (5) 

          

where 𝑭𝒇 represents the nonlinear mechanical friction between the trolley and the rail. The friction force 

can be modelled by 

𝐹𝑓(�̇�) = 𝑓𝑟0 tanh (
�̇�

𝜁
) − 𝑘𝑟|�̇�|�̇�  

where 𝒇𝒓𝟎 and 𝜻 are the static friction-related coefficients, and 𝒌𝒓 is the viscous friction-related 

coefficient parameter [24]. Additionally, by considering the physical nature of the overhead crane 

system, the hook swing angle 𝜽𝒉 and the payload swing angle 𝜽𝒑 can be assumed to change within the 

range of 

−
𝜋

2
< 𝜃𝑝, 𝜃ℎ <

𝜋

2
, ∀𝑡 ≥ 0  

to solve the control problem of DPOC system, PID and LQR controllers are utilized. Therefore, the 

nonlinear system model (1) should be linearized around the equilibrium point of the system, i.e. 𝜽𝒉 = 𝟎 

and 𝜽𝒑 = 𝟎. Assuming that 𝐬𝐢𝐧 𝜽𝒉 ≅ 𝜽𝒉, 𝐬𝐢𝐧 𝜽𝒑 ≅ 𝜽𝒑, 𝐜𝐨𝐬 𝜽𝒉 ≅ 𝟏, 𝐜𝐨𝐬 𝜽𝒑 ≅ 𝜽𝒑, �̇�𝒉 ≅ 𝟎 and �̇�𝒑 ≅

𝟎, the linear model is obtained in the following form 

�̇̃� = 𝐴�̃� + 𝐵𝑢 (6) 

where �̃� = [𝒙 𝜽𝒉 𝜽𝒑 �̇� �̇�𝒉 �̇�𝒑] and 𝒖 = 𝑭𝒂𝒄𝒕. The system and control matrices of the linear 

system (6) are given as follows: 

𝐴 = [

03×3 𝐼3×3

0 𝑎42 0
0 𝑎52 𝑎53

0 𝑎62 𝑎63

𝑎44 0 0
𝑎54 0 0
0 0 0

]  and 𝐵 = [

03×1

𝑏4 
𝑏5 
0

]  

with 𝒂𝟒𝟐 = 𝒈(𝒎𝒉 + 𝒎𝒑)𝒎𝒕
−𝟏, 𝒂𝟒𝟒 = −𝒇𝒓𝟎(𝜻𝒎𝒕)−𝟏 , 𝒂𝟓𝟐 = −𝒈(𝒎𝒕 + 𝒎𝒉)(𝒎𝒉 + 𝒎𝒑)𝒎𝒕𝒍𝒕𝒉𝒍𝒉𝒑, 

𝒂𝟓𝟑 = 𝒈𝒎𝒑(𝒍𝒕𝒉𝒎𝒉)−𝟏, 𝒂𝟓𝟒 = 𝒇𝒓𝟎(𝜻𝒎𝒕𝒍𝒕𝒉)−𝟏, 𝒂𝟔𝟐 = 𝒈(𝒎𝒉 + 𝒎𝒑)(𝒎𝒉𝒍𝒉𝒑)
−𝟏

 𝒂𝟔𝟑 =

−𝒈(𝒎𝒉 + 𝒎𝒑)(𝒎𝒉𝒍𝒉𝒑)
−𝟏

, 𝒃𝟒 = 𝟏/𝒎𝒕 and 𝒃𝟓 = −(𝒎𝒕𝒍𝒕𝒉)−𝟏. 

CONTROLLER DESIGN  

The control problem in this study can be stated as follows: given a desired setpoint 𝒙𝒓, compute 

a controller input 𝑭𝒂𝒄𝒕 to move the trolley to 𝒙𝒓 while minimizing the swing angles 𝜽𝒉 and 𝜽𝒑 as much 

as possible. To achieve these control goals, PID and LQR controllers are designed and tested in a 

simulation environment.  

PID Controller 

In classical control methods, the main aim is to determine the control input so that the control 

requirements on the transient response characteristics can be satisfied. In general, these requirements 

are determined in terms of some constraints on rise time, settling time, maximum overshoot, and steady-

state error. PID controller is a well-known classical control methods and still widely used in industrial 
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control applications due to its simple structure and easy implementation. 

To compute the required control input in PID based approach, the general form of the control law 

can be given as 

𝑢 = 𝐾𝑝𝑒 + 𝐾𝑖 ∫ 𝑒𝑑𝑡

𝑡

0

+ 𝐾𝑑

𝑑𝑒

𝑑𝑡
 (7) 

where 𝒆 is the error signal between the reference signal and the output signal of the controlled 

plant. For the position control of DPOC system, a PID based control architecture is built as shown in 

Figure 2 where three different controllers are implemented. PID controller in the feedforward path is 

utilized to move the trolley to the desired setpoint, and thereby attempt to minimize the error between 

the desired position 𝒙𝒓 and the current position 𝒙 of the trolley. Other controllers in the feedback loops 

are implemented to eliminate the swing angles 𝜽𝒉 and 𝜽𝒑. Therefore, the required control input 𝒖 in (6) 

is the summation of the control inputs produced by these three controllers. 

 

Figure 2  

PID based control architecture 

LQR Controller 

Unlike classical control methods, optimal control methods in modern control theory are developed 

to achieve relatively more challenging control performance, as defined by different performance 

measures. For example, a system may need to move from an initial point to a final point in the minimum 

time possible while minimizing control effort. Optimal control methods possess the capability to address 

such control problems.  

LQR controller is a type of optimal control methods developed for the plant whose dynamics can 

be expressed as a linear time-invariant mathematical model. In LQR method, the main goal is to 

minimize the cost function given by 

𝐽 =
1

2
∫ (�̃�⊤𝑄�̃� + 𝑢⊤𝑅𝑢)𝑑𝑡

𝑡𝑓

𝑡0

  

subject to �̇̃� = 𝐴�̃� + 𝐵𝑢 by using a control law in the form of 
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𝑢 = −𝐾�̃� (8) 

where 𝐾 = 𝑅−1𝐵⊤𝑃 and 𝑃 is a positive definite matrix that can be determined by solving the algebraic 

Riccati Equation (ARE) 

𝑃𝐴 + 𝐴⊤𝑃 − 𝑃𝐵𝑅−1𝐵⊤𝑃 + 𝑄 = 0  

In addition, to ensure an asymptotic tracking of a reference signal with zero steady state error, an 

integral state relating to the trolley position can be introduced. Then, the state vector �̃� becomes �̃� =

[𝑥𝑒 �̃�𝑒] where  

𝑥𝑒 = [𝑥𝑑 − 𝑥 𝜃ℎ 𝜃𝑝 �̇� �̇�ℎ �̇�𝑝]  

and 

�̃�𝑒 = ∫[𝑥𝑑 − 𝑥] 𝑑𝑡  

Then, the model of the error dynamics can be derived as follows: 

�̇̃� = �̃��̃� + �̃�𝑢  

where 

�̃� = [
𝐴 0

−𝐶 0
]  and �̃� = [

𝐵
0

]  

and the control law (7) can be now computed as 

𝑢 = −�̃��̃� (9) 

with �̃� = 𝑅−1�̃��̃� where �̃� is the solution of ARE given by 

�̃��̃� + �̃�⊤�̃� − �̃��̃�𝑅−1�̃�⊤�̃� + 𝑄 = 0  

to control the DPOC system, the designed control architecture including LQR controller is 

schematically represented in Figure 3. 

 

Figure 3  

LQR based control architecture 

CONTROLLER TUNING METHOD 

To fine-tune the control parameters of PID and LQR controllers given in (6) and (8), ABC 
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optimization method is applied. 

ABC Algorithm 

The Artificial Bee Colony (ABC) Algorithm, first proposed by Karaboga [25], is used effectively 

in many engineering fields [26-28]. As in other heuristic algorithms, ABC Algorithm aims to minimize 

or maximize a specified function. Within the scope of the study, the traditional fitness function, ITAE 

(Integral Time Absolute Error), presented in Equation 10 was used to minimize errors in the DPOC 

system. 

𝐼𝑇𝐴𝐸 = ∫ 𝑡|𝜀|𝑑𝑡 (10) 

Here, t refers to time and 𝜀 refers to error. While all errors are minimized in the system, the trolley 

must move with minimum errors. For this reason, a new objective function presented in Equation 11 

was derived by combining the function written for the movement of the car with the ITAE fitness 

function. 

JOBJ= 𝐼𝑇𝐴𝐸𝑥 + 𝐼𝑇𝐴𝐸𝜃ℎ
+ 𝐼𝑇𝐴𝐸𝜃𝑝

+ (1 − 𝑒𝛽)𝑂𝑣𝑒𝑟𝑠ℎ𝑜𝑜𝑡𝜃𝑝+𝑒−𝛽(𝑡𝑠𝜃𝑝
− 𝑡𝑟𝜃𝑝) (11) 

Here, ts and tr represent the settling and rising time of the trolley, respectively. β is the weight 

coefficient. By reviewing the literature, β = 0.7 was taken in the study [29]. Table 1 presents the setting 

parameters, lower and upper bounds, and final values of the LQR and PID controller gains. 

Table 1 

Optimized parameter values 

   

Before 

Optimization 

After 

Optimization 

   

Lower 

Bound 

Upper 

Bound 
Final Values 

L
Q

R
 

q1 0 300 217.17 

q2 0 300 57.18 

q3 0 300 300 

q4 0 300 0.0765 

q5 0 300 299.796 

q6 0 300 10.15 

q7 0 300 299.69 

r 0 300 0.001 

P
ID

 C
o

n
tr

o
ll

er
 

P
ID

 1
 kp1 0 300 299.56 

ki1 0 100 2.28 

kd1 0 30 0.99 

P
ID

2
 kp2 0 300 13.07 

ki2 0 100 0.001 

kd2 0 30 2.27 

P
ID

 3
 kp3 0 300 299.95 

ki3 0 100 44.49 

kd3 0 30 21.23 

RESULTS 

A set of simulations is performed to compare the performance of PID and LQR controllers. The 

control objective is to move the trolley to the desired position, i.e. 𝒙𝒓 = 𝟎. 𝟏m. The simulations start 

from the same initial conditions, i.e. 𝒒𝟎 = [𝒙(𝟎) 𝜽𝒉(𝟎) 𝜽𝒑(𝟎)]⊤ = [𝟎 𝟎 𝟎]⊤. In the simulations, 

the parameters of the DPOC system are selected from the literature and given in Table 2 [20]. 
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Table 2 

Parameter values of DPOC system 

PARAMETERS VALUE 

Trolley mass, 𝑚𝑡 12 kg 

Hook mass, 𝑚ℎ 1.5 kg 

Payload mass, 𝑚𝑝 1 kg 

Trolley-hook cable, 𝑙𝑡ℎ 1.2 m 

Hook-payload cable, 𝑙ℎ𝑝 0.5 m 

Static friction-related coefficient 1, 𝑓𝑟0 8 

Static friction-related coefficient 2, 𝜁 0.01 

Viscous friction-related coefficient, 𝑘𝑟 -1.2 

Figure 4 presents the trolley position controlled by PID and LQR approaches. Both controllers 

can move the trolley to the desired position successfully according to the control criteria. However, there 

is a significant difference between the performance of LQR and PID controllers in terms of the transient 

response characteristics, especially settling time. As shown in Figure 4, the trolley reaches the desired 

position in a smaller settling time by means of LQR controller than PID controller. In addition, both 

controllers provide a steady state error within acceptable range. Figure 5 and Figure 6 show the swing 

angles of the hook and payload. Both payload angle and hook angle showed less oscillation when the 

LQR controller was preferred. 

  
Figure 4  

Trolley position of DPOC system for PID and 

LQR Controllers 

Figure 5  

Payload angle of DPOC System for PID and 

controllers 

 
Figure 6  

Hook angle of DPOC system for PID and controllers 
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CONCLUSION 

This study has presented an approach for the position and antiswing control of the DPOC system. 

The control task is based on moving the trolley to a desired position and minimizing the swing angles 

of the hook and payload as much as possible. To achieve this control task, PID and LQR control methods 

are applied to the DPOC system. The control parameters are fine-tuned by using ABC algorithm which 

utilizes the linear mathematical model of the DPOC system. In the optimization process, a new objection 

function is derived to minimize ITAE performance measure and improve the performance criteria in 

time domain. The effectiveness of these tuned controllers is tested in simulation environment. To make 

a comparative analysis, the control performance characteristics are considered. The settling time and 

rise time for the position of the trolley are 5.26 s and 8.88 s, respectively for PID controller. On the other 

hand, the settling time and rise time for the position of the trolley are 2.98 s and 6.11 s, respectively for 

LQR controller. The simulation results show that LQR based control approach provides better results 

than PID based control approach in terms of settling time and rise time. Both control methods do not 

produce any overshoot. 
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