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ABSTRACT. The generalized normal (GN) distribution was defined as a gen-
eralization of the normal, Laplace, and uniform distributions, with extensive
application areas modeling different data settings. At the same time, its max-
imum likelihood estimators (MLEs) are biased in finite samples. Since such
biases may affect the accuracy of estimates, we consider constructing unbiased
estimators for unknown parameters of GN distribution. This article adopts
the bias-corrected approach, following the analytical methodology suggested
by Cox and Snell [1]. Additionally, we explore both regular biases and para-
metric Bootstrap bias correction techniques. A comprehensive Monte Carlo
simulation is conducted to compare the performances of these estimators in es-
timating GN parameters. Finally, a real data example is presented to illustrate
the application of methods.

1. INTRODUCTION

It is well-known that the most popular distribution is the normal distribution,
widely used due to its tractability and extensive application areas. However, it is
quite common to encounter non-normality in real-world examples. Distributions
like the Laplace distribution can handle non-normality, for instance, in modeling
speech signals. Moreover, a more flexible generalized normal (GN) distribution can
contain both the normal and Laplace distributions. The GN distribution has de-
fined a generalization of the normal, Laplace, and uniform distributions, providing

2020 Mathematics Subject Classification. 62F10, 62F30, 62F40.

Keywords. Bootstrap bias-correction, Cox-Snell bias-correction, generalized normal distribu-
tion, maximum likelihood estimators, Monte-Carlo simulation.

1 B hasan.huseyin@giresun.edu.tr-Corresponding author; © 0000-0001-9905-8605;

2 O fatma.dogru@giresun.edu.tr; © 0000-0001-8220-2375.

(©2024 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

1050



BCE FOR THE PARAMETERS OF THE GN DISTRIBUTION 1051

extensive application fields and enabling the modeling of various datasets. Some re-
searchers used the GN distribution in their studies. Some researchers have utilized
the GN distribution in their studies. For instance, Briassouli et al. [2] used GN dis-
tribution to add watermarks to images; Kokkinakis and Nandi [3] modeled speech
signals with the GN distribution; atmospheric noise, Sharifi and Leon-Garcia [4]
considered GN distribution for subband coding of audio and video signals; Choi et
al. [5] applied in impulsive noise, the direction of arrival, modeling of the indepen-
dent component analysis; and Wu and Principe [6] proposed to use GN distribution
for blind signal separation.

There are different types of GN distribution in literature. This study considers
Version 1, a parametric family of symmetrical distributions known as exponential
power distribution or generalized error distribution. Subbotin [7] first proposed
the exponential power distribution, and later Nadarajah [8] renamed it the GN
distribution. Several studies have focused on the parameter estimation of the GN
distribution. Notable contributions include those by Varanasi and Aazhang [9],
Nadarajah [8], and Roenko et al. [10]. More recently, Eskin [11] and Eskin and
Dogru [12] proposed methods for parameter estimation in joint location and scale
models of the GN distribution.

When estimating parameters from any probability distribution, the choice of esti-
mation methodology is very important. Among all the classical estimation methods,
the most frequently used method is the maximum likelihood estimation (MLE) due
to its several attractive properties. For instance, ML estimators are asymptotically
unbiased, consistent, and asymptotically normally distributed. However, most of
these properties depend on the large sample size condition. Therefore, properties
such as unbiasedness may not hold for small or moderate sample sizes.

The primary objective of this article is to develop modified MLEs that are
nearly unbiased, with a particular focus on obtaining second-order unbiasedness.
To achieve this, we focus on two different approaches.

First, we propose bias-corrected MLEs (BCEs) for the parameters of GN dis-
tribution, following the methodology introduced by [1]. This method corrects the
bias by subtracting the estimated bias from the original MLEs.

Next, we consider the parametric bootstrap-based bias-correction approach in-
troduced by Efron [13], with further details provided by Efron and Tibshirani [14].
This estimator, referred to as the bootstrap bias-corrected estimator (PBE), applies
bias correction numerically, without needing an analytical bias expression.

The bias-correction technique has been extensively applied to various distribu-
tions in the literature. For instance, Cordeiro et al. [15] applied it to the Beta
distribution, while Saha and Paul [16] utilized it for the negative binomial distri-
bution. It was also used by Lemonte et al. [17] for the Birnbaum-Saunders distri-
bution and by Giles and Feng [18] for the Gamma distribution. Other applications
include the Kumaraswamy distribution by Lemonte [19], the Topp-Leone distribu-
tion by Giles [20], the Lomax distribution by Giles et al. [21], and the Nakagami
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distribution by Schwartz et al. [22]. Zhang and Liu [23] applied the technique to
the skew-normal distribution, while Schwartz and Giles [24] focused on the zero-
inflated Poisson distribution. Wang and Wang [25] extended it to the weighted
Lindley distribution, and Reath et al. [26] used it for the log-logistic distribution.
Further examples include the generalized half-normal distribution by Mazucheli and
Dey [27], the unit-Gamma distribution by Mazucheli et al. [28], the inverse Weibull
distribution by Mazucheli et al. [29], the Johnson Sp distribution by Menezes and
Mazucheli [30], and the unit-Weibull distribution by Menezes et al. [31].

The article is designed in this manner. Section 2 defines the GN distribution and
outlines its key distributional properties. Section 3 introduces the bias-corrected
approach for deriving MLEs that are bias-free to the second error, along with the
MLE and PBE methods. Section 4 conducts a Monte Carlo simulation to compare
these methods, supplemented by real data for practical illustration. Finally, Section
5 concludes the article.

2. GENERALIZED NORMAL DISTRIBUTION

Let X be a GN-distributed random variable with location parameter u, scale
parameter o, and the shape parameter s as considered in [8]. The probability
density function (pdf) of GN distribution is defined as:

S

f(x)zzgrs(l/s)exp{—w’},xER,MER,UER+7SER+. (1)

It is known that the pdf given in 1 has two special cases in terms of s values.
When s equals 1, the distribution reduces to the Laplace distribution. Further,
when s equals 2, the distribution is normal. Figure 1 shows the different pdf graphs
of the GN distribution. We can see from Figure 1 that the distribution is leptokurtic
and heavy-tailed for small values of shape parameter s. The pdf is the bell-shaped
curve for certain values of s, and the pdfs have the peaky shape of maximum. It can
also be observed from the figure that the GN distribution is symmetric around the
location parameter, and varying the shape and scale parameters allows for different
types of pdfs ([9]). This flexibility gives the GN distribution a wide range of tail
behavior, from thinner to thicker tails compared to the normal distribution.

The cumulative distribution function (cdf) of the GN distribution, as given in [§],
can be written as:

P (@) — L5 (= )/0)")

or(ijs) AT e @)
/s ((==)/0)")
F(zx)=1- 2T (1/5) , for x> p, (3)

where I' (a,z) = [7°t® lexp (—t) dt shows the incomplete gamma function. The
n*" moment of the GN distribution about the origin for each positive n integer was
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FIGURE 1. Some pdf examples of the GN distribution for pu =
0,0 = 1 and different parameter values of s

introduced by [8] to obtain some distributional measures of the GN distribution.
This moment is:

Wi (1) @/ {1+ (D} I (k4 1)/s)
21 (1/5) : )

Further, the expectation, variance, kurtosis, and skewness of the GN distribution
can be obtained with the help of the n!* moment of the GN distribution given in
o:

E(X") =

0'2 S
B(X)=p, Var(x)= 228/

rys)’

L (1/s) I (5/s)
2@ (5)
It can be observed that the center of the distribution is p and the skewness is

zero. The variance and kurtosis are related to the parameter s, their values change
concerning s.

Skewness = 0, Kurtosis =
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3. PARAMETER ESTIMATION

This section presents the ML estimation, along with Cox-Snell bias-corrected,
and bootstrap-based bias-corrected inferences for the location and scale parameters
of the GN distribution. To simplify computations, the shape parameter s will be
estimated using the ML method across all estimation techniques.

3.1. ML Estimation. Let x = x{,2s,...,2, be a random sample of size n from
a GN distribution with parameter vector § = (u, o, s). The log-likelihood function
for this sample can be written as:

n
s
L(0|z) =nl — | -
1) =ntes (53757 2
The maximum likelihood estimates for the parameters u, o, and s, i, o, and §
respectively, can be obtained by the maximization of 6, or equivalently solving the
following nonlinear equations:

"”‘“r. (6)

g

O s S ™ = Y (u—x) ™, (7)

a/i a* T > T, <[
ol n 5 — s
%—_;+ﬁ;|xi_ﬂ|> (8)
ol n (1 1 "z — p Ti— b
— =—q-U (- 17— — 1 .
» oG o

We note that solving these nonlinear equations requires the use of numerical
methods due to their complexity. Some numerical optimization algorithms can be
employed to find the related ML estimates.

3.2. Cox-Snell Bias-Corrected ML Estimation. Let [ (#) be the log-likelihood
function based on a sample of n observations and p-dimensional parameter vector
6. 1(0) is assumed to be regular, meaning that all derivatives up to and including
the third order exist and are continuous. Here, we first estimate the parameter s
using the ML estimation method. Then, for a given estimate §, the joint cumulants
of derivates of [ (9*) are defined as follows, where 6% = (u,0):

0%l
i =B ——— ) =1,2,... 1
Kij (60;89;)’ ij=12....p, (10)
03l
il = F | ———= L, 3, 0=1,2,... 11
Rijl (39:89;597)’ Za.]al y 4 P, ( )

31 02l ol .
it = (gragzang ) £ (o) (o )| #0200 00
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The derivates of the second-order cumulants are denoted as follows:

ORIy
W90

i,j,l=1,2,...,p. (13)

All of the expressions in 10 to 13 are assumed to be of the order O,. [1] showed
that when the sample data are independent (but not necessarily identically dis-
tributed), the bias of the 7" element of the ML of ", denoted as g*, can be
expressed as:

P P P
Bias (97“) = Z Z Z K:Tilﬁjl [05]€”l + kij,l} + O (77/72) 5 (14)

i=1j=1I=1
where r = 1,...,p, Ky is the (i,j)th element of the inverse of the information

matrix denoted as K = {—k;;}. Corderio and Klein [32] noted that even when
all equations in 10 to 13 are of the order O, Eq. 14 still holds if the data are
non-independent. Eq. 14 can be rewritten in the following form:

Bias (@:) = Z K" ‘

14
r=1 Jj=

Z |:/§;1(.l,) — 1I€'L—jl:| + O (n72) 9 r= 1,27 AR ’p' (15)

72
1i=1

Now, let agé) = '“%(é) — (Kij1/2), for i,5,l = 1,2,...,p and define the following
matrices:

A(l):{ag)}7 Z7]al:1a2aap7 (16)

A= [A(1)|A(2)\ o |A<P>] . (17)

They also showed that the O (n‘l) bias of the MLE of #* in Eq.15 can be
re-expressed as:

Bias (5:) =K 'Avec (K™") + 0 (n7?). (18)
Then, the BCE for #* can be obtained as:

~k

0. (BcE) = 5: — K~ Avec (IA('A) , (19)

where K = K
)] (n_2).

5+ and A= Alz+, and it can be shown that the bias of 0" will be
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3.3. Some Inferential Aspects. To proceed, we require the derivates of the log-
likelihood function up to the third order. The derivates can be obtained as:

Pl s(s=1) |z —p 02
ou? o2 o
Pl _s(s=1)(s=2)|z—p -3
oud o3 o
2l 1 x—pl’
0%l 1 z—pl’
60_3——0_3{2—8(84-”(8—"-2)’ . ’ }
821 s ( ) T —p s—1
oudo o2 W T E
31 (s+1)s? z—pl
oudo? o3 sign(s —z) o
231 s2(s—1) | z—pl*7?

The joint cumulants of the derivates of the log-likelihood function are found as
follows:

s(s — 1) (1)

oI (3)
K12 —=K921 = E [8%/8#80] =0

K11 =F [621/8119] = —

koo =E [0%1/90%] = _%

ki =E [0%1/0p] = W

Ki1a =k121 = Ko = E [0°1/0p*00] = 5%(s ;3;){1()8;1)
Kazs =F [0°1/00°%] = 8(5; 3)

In addition, we have
/1%11) =0k11/0u =0
/1%12) =0k12/0u =0
/192) =0Koo /O =0
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2s(s — 1T (222)

S

:‘<L§21) :8:“;11/80' =

o’ (5)
ng) =0kK12/00 =0
2s
mg) =0ka2/00 = 5

So, we obtain the elements of A™M):

al) = &Y — 0.5k = —0.5 [

26— 1T
o) = kY~ 0.5k191 = 0.5 [S (-1

(1) 1)

Aoy = Koo — 0.5/1122 =-0.5

The elements of A2 are:

s(s — 1) (=L s
aﬁ) :’f§21) _0~5H112=—( A ). [2—*}

AT (1) 2
2
2 2 s*(s+1)
CLgQ) = ng) — 0.51*6122 = O — 0.570'3F (%)
2
@ _ @ _s (s +3)
Ao = Kogo — 0.5:‘{222 = ; |:2 - B .

Finally, the information matrix yields as:

75(8—1)1—‘(5;1)
K ={-ri}=n [ ”25(%) 0 ] :

Let define A = [A(1)|A(2)]. Then, we have:

s(s—l)(s—?)l‘(%) sz(s—l)F(Szl) s(s—l)l"(szl) s 32(3+1)

| —0.5 [Usr(;) ] —0.5{ A(2) T(0) 2-35] —05 |52 iy
=n s?(s—1)r( ==t s2(s s2(s 2 s

R T i G ol M

Using Corderio and Klein’s [32] modification of Coxx and Snell’s [1]) method,
we can write the bias of 8, in the following way:

Bias (5:) = Bias ( g ) = K~ Avec (K_l) ,

where K = K|,—p.o—5 and A = A|,—5.0—5.
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3.4. Bootstrap-Based Bias Corrected ML Estimation. An alternative ap-
proach that we consider to derive bias-corrected MLEs for the unknown parame-
ters of GN distribution is a bootstrap resampling method by [13]. The bootstrap
method uses the MLEs of the data to generate random samples from GN distribu-
tion to estimate the bias, and then subtract the bias from the MLE. For a parameter
vector 6%, the estimated bias of 0 is given by:

X o~k 1 B o~k ~k
Bias (HT) =3 ; 0,y — 0r (20)

where 5T(j) is the MLE of 8" obtained from the j-th Bootstrap sample. Hence, the
bootstrap bias-corrected estimator is defined as:

B
o~k o~k 1 o~k
OrpoE) =20, — & > 0.0 (21)

4. APPLICATIONS

This section includes a simulation study and a real data example to demonstrate
the proposed estimators’ performance for the GN distribution’s location and scale
parameters. Some computational aspects are provided below:

Computational detatls:

1) We used MATLAB R2017b software for all numerical calculations.

2) The Nelder-Mead algorithm for the fminsearch function in MATLAB was
employed to obtain the ML estimates.

3) For generating the random sample from the GN distribution in the simulation
study, we followed the random number-generating algorithm outlined below:

Random number generating algorithm from GN distribution:

Step 1. Sample X ~ Gamma (1/s,1).

Step 2. Generate a random sample from the independent random variable Z:

1 1
Z~=Z=-1+=-[Z=1].
SZ=-1+31z=1
Step 3. Generate a random sample from the GN (p, 0, s) with the help of the

following equation:

Y =p+0Z|X|"* ~GN (u,0,5).

4.1. Simulation study. This section presents the results of a Monte Carlo sim-
ulation study that compares the performances of the MLE, BCE, and PBE. This
evaluation is based on biases and mean squared error (MSE) values, calculated
using the following formulas:
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e _ e 1 X 2
bias (0) =0—0, MSE(0) =~ (6:-0) .
i=1

where @ is the true parameter value, @- is the estimate of @ for the ith simulated
dataset and § = % Zf\;@j The simulation studies are carried out N = 10000
times with sample sizes n=10, 20, 30, 40, and 50. The true parameters are u=
1 and 2, s=2, 3 and 5, and ¢=0.5, 1, 1.5, 2, 2.5, and 3. Note that the ML
estimation method is employed for estimating the shape parameter s in all scenarios.
The simulation focuses on comparing the location and scale parameters of the GN
distribution.

To assess and compare the performances of the estimators, we employed the
integrated bias squared (IBSQ) and average root mean square error (ARMSE)
criteria, as introduced by Cribari-Neto and Vasconcellos [33]. These criteria are
defined as follows:

36 36
1 ) 1
h=1 h=1

where 7y, and RMSE}, ,, present the estimated bias and estimated root mean
squared error for the h-th scenario, h = 1,...,36. These criteria provide compre-
hensive measures for the overall performance of the estimators across a range of
scenarios.

Simulation results:

The accuracy of the parameter estimates is evaluated by reporting bias and
MSE values in Tables 1 - 6. The Monte Carlo experiments involve 1000 bootstrap
replications. The results, show that, for the location parameter u, PBE yields
the smallest absolute biases, indicating that the bootstrap correction effectively
reduces bias. BCE achieves the smallest MSE values, suggesting that the Cox-Snell
correction improves the estimator’s precision. MLE and PBE demonstrate similar
performances according to MSE criteria for u, and all estimates show consistency as
MSE values decrease with increasing sample sizes. Regarding the scale parameter
o, BCE consistently provides the best results in terms of absolute bias in most
simulation cases, with PBE following closely. Moreover, BCE outperforms other
estimation methods in terms of MSE values for o. Similar to p, all estimates
exhibit consistency for ¢ as indicated by decreasing MSE values with increasing
sample sizes.

The results are presented in Tables 7 and 8, which include IBSQ and ARMSE
values for different sample sizes. Upon examination of these tables, it is noted
that for the parameter p, IBSQ values display similarity among the estimators.
However, ARMSE values highlight the superior performance of BCE. Additionally,
concerning the parameter o, both IBSQ and ARMSE values indicate that BCE and



1060 H. H. GUL, F. Z. DOGRU

PBE outperform MLE. Consequently, while BCE and PBE methods demonstrate
similar performance, BCE is computationally more straightforward than PBE.

4.2. Real Data Application. This section investigates the analysis of a real
dataset to illustrate the efficacy of the proposed BCE in comparison to MLE for
the parameters of the GN distribution. The dataset relates to hurricanes in the
Atlantic, USA, sourced from the Atlantic track files maintained by the US National
Hurricane Center. Covering major storm events from 1851 to 2000, this dataset
characterizes the weeks of the hurricane season. The hurricane season, as reported
by the National Hurricane Center, commences on June 1, and the hurricane dates
are transformed into ”weeks of the season”. These weeks are aggregated in 2-week
intervals, starting from June 1-14 (weeks 1 and 2) and concluding in early January
(weeks 31 and 32). The dataset covers a total of 755 weeks of the season, and
it can be accessed through the link: https://seattlecentral.edu/qelp/sets/
070/070.html#About.

In this part, we compare the performances of the estimation methods discussed in
this paper by applying them to the hurricane dataset. To evaluate the goodness of fit
of each estimation method for the given dataset, we utilize the Kolmogorov-Smirnov
(KS) test statistics. The steps for calculating the KS statistics are summarized as
follows:

e Sort the dataset in descending order.
e Calculate the maximum absolute difference:

D= max {|Fu(e) -~ F(2)l} (22)

where, F,(z) = 3" | I, <, is the empirical cdf and F(x) the theoretical
cdf of the distribution being tested.
o The smallest value of D indicates the best fit between the theoretical dis-

tribution and the observed data.

The estimation results for MLE, BCE, and PBE are summarized in Table 9.
Notably, the shape parameter (s) is estimated as 1.1084 using the ML estimation
method. Alternatively, we can estimate the shape parameter s using the profile
likelihood estimation method. To illustrate this, we present the profile log-likelihood
graph for different values of s in Figure 2. From this figure, we observed that the
estimated s value is about 1.0, which aligns closely with the ML estimate of s.

Table 9 provides the KS values, estimates, and bootstrap standard errors in
brackets. The results indicate that MLE and BCE yield similar results for the
parameter u. Conversely, PBE demonstrates superior performance for estimating
the parameter . This suggests that, in the context of this real dataset, PBE
outperforms both MLE and BCE in estimating the scale parameter of the GN
distribution. Notably, the KS values for all estimators are closely aligned. In
terms of the overall fit of the estimators to the dataset, the ML estimator exhibits
the smallest KS test statistic. Furthermore, Figure 3 displays the histogram of the
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hurricane dataset alongside the estimated pdfs obtained from MLE, BCE, and PBE.
It is evident from the figure that all estimators provide similar results, effectively
capturing the characteristics of the entire dataset.
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F1GURE 3. The histogram of the hurricane dataset along with the
estimated pdfs obtained from MLE, BCE and PBE
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TABLE 7. Integrated bias squared norm for BCE, MLE, and PBE

’ \ Estimator for p \ Estimator for o ‘

n |BCE |MLE |PBE |BCE |MLE |PBE

10 | 0.1304 | 0.0020 | 0.0009 | 0.0999 | 0.7983 | 0.1057
20 | 0.0679 | 0.0012 | 0.0004 | 0.0525 | 0.7456 | 0.0526
30 | 0.0459 | 0.0009 | 0.0002 | 0.0356 | 0.7287 | 0.0352
40 | 0.0347 | 0.0011 | 0.0001 | 0.0269 | 0.7204 | 0.0265
50 | 0.0279 | 0.0010 | 0.0001 | 0.0216 | 0.7158 | 0.0213

TABLE 8. Average root-mean-squared error for BCE, MLE, and PBE

’ \ Estimator for p \ Estimator for o ‘

n |BCE |MLE |PBE |BCE |MLE |PBE

10 | 0.1227 | 0.2339 | 0.2336 | 0.0951 | 0.6491 | 0.2809
20 | 0.0636 | 0.1604 | 0.1609 | 0.0494 | 0.5831 | 0.1797
30 | 0.0431 | 0.1299 | 0.1302 | 0.0334 | 0.5602 | 0.1412
40 | 0.0324 | 0.1120 | 0.1122 | 0.0251 | 0.5485 | 0.1198
50 | 0.0257 | 0.1002 | 0.1004 | 0.0200 | 0.5416 | 0.1052

TABLE 9. Estimation results for MLE, BCE, and PBE (Bootstrap
standard errors) for hurricane dataset

’ Estimators \ 1 \ o \ KS-value ‘
MLE 0.0168 (0.0604) | 0.8078 (0.1186) | 0.0855
BCE 0.0182 (0.0604) | 0.8084 (0.1188) | 0.0892
PBE 0.0403 (0.1288) | 0.8076 (0.1181) | 0.1010

5. CONCLUSION

In this paper, we introduced two bias correction methods, BCE and PBE, for
estimating the parameters of the GN distribution. Our simulation study results
showed that the BCE for the scale parameter consistently outperforms both MLE
and PBE across all sample sizes. Notably, the BCE demonstrates significantly

improved accuracy and reliability.

On the other hand, for the location parameter, the PBE exhibits minimal biases,
while the BCE shows small MSE values in all cases. This numerical analysis high-
lights the effectiveness of the proposed bias correction methodology, particularly
in improving the precision of parameter estimates for both the location and scale

parameters.
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To further illustrate the practical applicability of the MLE, BCE, and PBE,
we provided a real-data example involving the analysis of hurricane data from
the Atlantic, USA. The findings from the real-data example indicated that the
PBE outperforms bootstrap standard errors for the scale parameter, highlighting
its superiority in estimating the scale parameter’s variability. Additionally, the
bootstrap standard errors for both the MLE and BCE are comparable for the
location parameter.

In conclusion, our study suggests that the BCE offers a practical and useful al-
ternative to the MLE, particularly in cases with small to moderate sample sizes. By
incorporating Efron’s bootstrap procedure, our proposed BCE method contributes
to more accurate and reliable parameter estimation within the GN distribution
framework.
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