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ABSTRACT

ARTICLE INFO

Research article

The objective of the present study is to examine the novel ruled surfaces that

are generated by Bishop frame vectors through the conceptual framework of
Smarandache geometry. The fundamental forms and the associated curvatures
were determined for each ruled surface, thereby establishing its developability
and minimality characteristics. Furthermore, the properties of the base curve
and the corresponding striction curves of each surface were discussed through
asymptoticity, geodesicity, and principal line. It has been observed that the
characteristics of certain constructed ruled surfaces are directly influenced by a
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ruled surface designed by Bishop vectors of a slant helix-like curve.
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1. Introduction

Ruled surfaces are engaged to a broader range of areas
such as engineering, computational constructions, ar-
chitectural structures, computer graphics, works of art,
textile, automobile industry, etc. Since they are mostly
referred in computer aided geometric designs (CAGDs)
to deal with real world problems and to model the real
objects, introducing new ruled surfaces generated by
different methods will lead new potentials to the related
fields. Providing their characteristics may also enable
easy adaptations for interested researchers. The basic
theory on ruled surfaces is discussed in many differential
geometry textbooks such as [1H4]. Generalization of
ruled surfaces can however, be found in [3]]. Moreover,
some properties of the ruled surfaces with Frenet frame
of a non-cylindrical ruled surface were investigated in
[6]]. The characteristics for the ruled surfaces according
to Bishop frame ([[7]]) were examined in [8] and in [9],
separately, whereas the main properties of ruled surfaces
according to alternative frame were studied in [[10]. San-
nia frame based ruled surfaces were studied in [[11]] while

quasi ruled surfaces were defined and examined in [12]]

Recently, a new notion for generating new ruled surfaces
has been given in [13] by taking the advantage of the
idea of Smarandache geometry which was introduced
in [14] [15]. By assigning the base curve as one of
the Smarandache curves and assigning the other vector
element of Frenet frame as ruling, the new ruled surfaces
are named as the Smarandache ruled surfaces according
to Frenet frame. The same method of generating such
ruled surfaces is applied to the Darboux frame in [16],
and according to the alternative frame in [17]. In [18-20],
new ruled surfaces are examined and their characteristics
are discussed by benefiting the similar techniques.

In this study, the novel concept of Smarandache ruled
surfaces according to the Bishop frame was examined.
Subsequently, certain characteristics were outlined, in-
cluding developability and minimality, under the specified
conditions. Furthermore, the constraints that a curve be
asymptotic, geodesic, or principal line on each surface
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were investigated. Finally, the research was supported by
the presentation of illustrative graphs of corresponding
Smarandache ruled surfaces.

2. Preliminaries

This section reviews some fundamental concepts that are
referenced throughout the paper.

Lety : R — R be a regular unit speed curve in three
dimensional Euclidean space and denote {T', N, B} as
the Frenet frame and {7, Nj, N;} as the Bishop frame of
v. Then, the corresponding Frenet and Bishop formulae
are given as

T = kN T = k{Ny+ kN>
N’ = —«T + 7B, N’ = —kiT, 2.1)
B’ =—1tN NQ' = —kQT

where ’ stands for the derivative with respect to the arc
length parameter s. The relations among the components
and the curvatures of two frames are given as:

T=y,
N = cosON; + sinN,, 2.2)
B = —sinON;| + cos6N,,
and
k1 = kcos0, ko = ksind, K= ,/k% + k% s

0 = arctan (ﬁ), =0,
kq
(2.3)

On the other hand, a surface is said to be ruled if it is
formed with a straight line X(s) that moves along the
curve y(s). The parametric representation for a ruled
surface is given by the following:

x(s,v) =y(s) +vX(s), 2.4)

where y(s) is the base curve, whereas X (s) is the genera-
tor (ruling). The unit normal vector field of y = x(s,v)
is computed as
X
ny, = As XXy (2.5)
s X xvll

where y, and y, are the partial derivatives of y with
respect to s and v, respectively. The striction curve of the
ruled surface y is defined to be as

. LX)
=X X (2.6)

Moreover, the first and second fundamental forms are
defined by

I = Eds* + 2Fdsdv + Gdv?,

2.7)
II = Lds®> + 2Mdsdv + Ndv?,

where the corresponding coefficients are

E:<XS9XS>9 F:<XS9XV>3 GZ(XV’X\))a
L = (xss,1), M = (xsv, 1), N = (xvy,n).
(2.8)

Regarding to the given coefficients, the Gaussian K and
the mean H curvatures for a ruled surface are defined by

M LG -2MF

L ekl 2.9
EG - F2 2(EG - F?) 29)

respectively. In relation to the Gaussian and mean curva-
tures, the following proposition exists:

Proposition 2.1 (/[IH3]) A surface is developable (resp.,
minimal), if the Gaussian (resp., mean) curvature van-
ishes.

Furthermore, the normal curvature, the geodesic curva-
ture and the geodesic torsion of a ruled surface y (s, v)
are defined as:

kn =y ny), kg = (ny XT,T"), (2.10)
T, =(n, Xn,, T"), :
respectively. According to the given relations above, the
following propositions exist for the ruled surface y (s, v):

Proposition 2.2 (/[1-3])

The curve vy is an asymptotic line on the surface y, if the
normal curvature k, vanishes,

The curve vy is a geodesic on the surface y, if the geodesic
curvature Kq vanishes,

The curve vy is a principal line on the surface y, if the
geodesic torsion T4 vanishes.

The following theorem is also needed since it is referred
on characterization of the constructed surface in the next
sections:

Theorem 2.1 ( (8 21]] ) If N\ has a constant angle with
a fixed unit vector, then the curve vy is said to be a slant
helix. Correspondingly, y is a slant helix if and only if

1
— = constant.
2

3. Smarandache ruled surfaces according to Bishop
frame

In this section, new ruled surfaces will be defined ac-
cording to Bishop frame by referring to Smarandache
geometry. The characteristics for each surface will also
be outlined in the context.
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3.1. The characteristics of TNy Smarandache ruled sur-
face

Definition 3.1 Let y(s) : s € I € R — R> be a unit
speed curve in E3, and denote {T(s), Ni(s), Na(s)} as
the Bishop frame of y. The ruled surface with base TN
Smarandache curve and with ruling N; is called a TN,
Smarandache ruled surface which is defined by

T(s)+ Ni(s)
V2

Theorem 3.1 The Gaussian and mean curvature of the
TN ruled surface ¢ defined ar (3.1) are given as

£(s,v) = + VN (s). (3.1)

2
o1 kiks
T2 v vkikaV2)

and
( K15 (1-207) + v (KjV2 - 263V2) )
—vkikiV2 - 2k3
He = - :
4 (K #9203 + vk koV2)
respectively.

Proof By considering the relations given at (2.I) and
(2-2), the first and second order partial derivatives of &
with respect to s and v, results

2 2 2
Eg =— (%kl + sz) T+ gklNl + £k2N2a

2
&5 = (—% (K2 + k'l) - vk’z) T

+ (?ki - (?kl + sz) k]) N]

(v, (v
272 |2
fv =N, fsv = —sz, fvv =0.

Thus, from (2.3)), the normal vector field of the ruled
surface & can be given

ki+v kz) k2) N>,

_ V2K T + (N2ky +2vky) N,

2\ + 92k + vk V2
Moreover, from (2:8),

2k k1% + ko2
E{; :(\/_ 1+vk2 L’
; 2
2k
Ffz‘/;z, Ge=1,

2k1vk2 (\/Elq + kzv) + V\/E (k]kz’ - kllkg)
+hy (2k12 +k22)

Leg=-

2\/\/§k1vk2 +12ko% + ky2
—V2ky ks

Mg =
2\/\/§k1vk2 2k + k2

., Neg=0.

By substituting these coefficients into (2.9), the proof is
completed. O

Corollary 3.1 The TN, Smarandache ruled surface is
developable if and only if the main curve vy is a planar
curve,

Proof If TN; Smarandache ruled surface is developable,
then Ks = 0, thatis kjk2 = 0. If ky = 0, then from
equations 1; 9 = gk, k € Z. Similarly, if k» = 0,
then @ = nk, k € Z. Since T = 0’ and 0 = constant for
either case, this gives 7 = 0 meaning that vy is a planar
curve. O

Corollary 3.2 The TN, Smarandache ruled surface is
either minimal or Constant-Mean-Curvature (CMC in
short) surface if and only if the curve vy is a planar curve.

Proof The proof follows the similar steps as of (ii),
that is if k1 = 0 then, H¢ = 0, accordingly & is minimal,

1
however if k, = 0, then Hg = ~5 which means ¢ is a
(CMC) surface. m]

Theorem 3.2 The striction curve g ¢ of the TN Smaran-
dache ruled surface is given as

T+N1 k1k2
{e =

- ——N,.

V2 V2

Proof The derivatives of the base and the ruling of TN,
Smarandache ruled surface & are

T+N\" 1
( * 1) =—(—k1T+k1N1+k2N2),

V2 V2
Ny = —koT.
From relation (2.6)), the proof is completed. o

Theorem 3.3 The normal curvature, geodesic curvature
and the geodesic torsion of the TN Smarandache ruled
surface are given in respective order as follows:
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ki (kz' + k)2 + koky + (x/iv + 1) k22) — k) (kzxfiv + kl)

Kng = >
2\/v2k22 + ki kovV2 + k2
kA2 (kzzvx/i - kz') + V2 (2k23 + klsz) +ky (4k23v + k13\/§)
K = s .
o 2(2k22+k12) \/v2k22+k1k2v«/§+ k2 G
7]1/13 (\/Ekl + 2k2v) - 773/11 (kl\/§+ 2k2V) + kl\/z(ln/lz - /13712)
Toe = .

2\/v2k22 +kikovV2 + k2
Proof

By referring the relations in (2.2), the tangent and the
derivative of the tangent vector of TNy~ Smarandache Tr,

curve are given as - Vko? + 2k, ? ’ 3.4

Trn,” =mT + N1 + 13N,

—k\T + k1N{ + koN>

where

. —ko? (ka? + 3h4%) = 2k + K (ke = aky)
m | = | ki (k2?1 200%) + ko okt~ ki)
B (R 2k | g (k-2 (b - bk + ok

lw

]

On the other hand, the second order derivative of TN Moreover, the derivative of the normal vector field of
Smarandache curve results TN, Smarandache ruled surface is:

(ng) = AT + A2N) + 43N,

.2 _ 1.2 _ 1.7
T+N\" 1 ki /kz 2k1 T
- ki -k N |. where
V2

V2| k= kiks N»
[k kv (kzv\/§+ kl) —kiky'v (kzx/iv + kl) — kykoly (3k1v«/§+ 2k2v2) — (kp/§+4k2v) ]

ki (klkzzx/ivz +2kok12v = koky'v + ki 3V2 + klkz’v)
A

kikaV2 (v2k22 + ki kovV2 + k12)
/12 = —

3
2(v2k22 + ki kv V2 + k12) :
A3
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Upon substituting these into (2.10), the proof is com-
pleted. According to the Theorem [3.3] the following two
corollaries can ve given without the need for proof.

Corollary 3.3

(i) The TN Smarandache curve is asymptotic on TN
Smarandache ruled surface if ky = 0 that is 6 = gk, k e

Z.

(ii) The TN\ Smarandache curve is geodesic on TNy Smaran-
dache ruled surface if ko, = 0 that is 0 =k, k € Z.

3.2. The characteristics of TN, Smarandache ruled sur-
face

Definition 3.2 Let y(s) : s € I ¢ R — R> be a unit
speed curve in E3, and denote {T(s), Ni(s), Na(s)} as
the Bishop frame of y. The ruled surface with a base TN,
Smarandache curve and with ruling N1 is called a TN,
Smarandache ruled surface which is defined by

_T(5) +MN(s)
R

Theorem 3.4 The Gaussian and mean curvature of the
TN, ruled surface § defined at (3.3) are given as

6(s,v) + VN (s). (3.5)

1 kiks
Ks=-3 ,
2\ K2 +v2k2 + vk ko V2

K (1-207) + vk (kyV2 - 246372
—vk} ko V2 - 2k3

Hs = .
4 (K + V23 + vkikaV2)

Proof By using (2:I) and (2:2), the first and second order
partial derivatives of ¢ with respect to s and v is computed

as follows:
2 2 2
63 = - £k2+Vk1 T+£k1N] +£k2N2,
2 2 2
?(K +k2)—vk1’ T
‘fk " - (%k2+vk1)k1 N
Ly’ = (Fheo vk ) ko [ L2
0, = Nj, Oy = —kiT, Ovy =0.

Thus, from (2.3)), the normal vector field of the ruled
surface ¢ can be given

V2koT + (N2ka + 2vk)N,
ng=— . (36

2\/k22 +v2k1* + vki ko V2

Moreover, from 2:8)),

2
\/Ekz k12+k2
Es= k ,
s\ Yl 2
2k
F&Z\/_Zl, Gs=1,

2kavk; (k2\/§+ vkl) V2 (k'K — ki'ka)
+hy (2k22 + klz)
Ls= ,
2\/\/§k2vk1 +v2ky2 + ky?

2kok
Mg = V2kaki ’

2\/\/§k2vk] +12k 2 + ko2

Ns =0.

By substituting these coefficients into (2.9), the proof is
completed. m}

From Proposition[2.T|and Theorem|[3.4] similar corollaries
can be obtained as like below:

Corollary 3.4 The TN, Smarandache ruled surface is
developable if and only if the main curve vy is a planar
curve,

Proof The proof is similar as of the proof for Corollary

B1 o

Corollary 3.5 The T N, Smarandache ruled surface is ei-
ther minimal or constant-mean-curvature (CMC) surface
if and only if the curve vy is a planar curve.

Proof The proof is slightly different from the proof for
Corollary thatisif ko = 0,then Hs = 0,andif k; =0,
then Hg = 3 O

Theorem 3.5 The striction curve of the TN, Smaran-
dache ruled surface is given as

T+ N> k]kg
{s= —Ny.
v v

Proof The derivatives of the base and the ruling of TN,
Smarandache ruled surface ¢ are

T+N2)/ \/§
= — (=k2T + k1 N1 + koNy) ,
) =3

Ny =-kT.
By considering relation (2.6)), the proof is completed. O
Theorem 3.6 The normal curvature, geodesic curvature

and the geodesic torsion of the TN, Smarandache ruled
surface are given in respective order as follows:
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kivV2 (k22 - k2’) + ks (kl2 + 2k22)

Kn(S = )
24V2k 2 + ok vV2 + ko2
2 (ki kg — k1ka') (x/ikz + klv) ~kikaV2 (2k22 + klz) ~ 2k (kl2 +4k22)
Kgs = >
2 (2k22 + klz) \//qkzvx/i +2k,2 + ko2
(azwl — aqa)z) (kz\/z + 2k1v) + k2\/§ ((1'3(02 — a2w3)
Tes = >

2\/k1k2v\/§+ v2ky? + ky?

Proof By using the relations in [2.2] the tangent and
the derivative of the tangent vector of TN, Smarandache Trn, = —kaT + kiN1 + kaNo

curve are given as Vki? +2k)? , 3.7

TTNZI =wT + wrN| + w3N7,

where m]

w1 X ki (ki'ka = ka'ki) = 2ka* = 3k1ka” = kot
n |=—mm | & (Z(kl’kz—kz’k])—Zkzzkl —k13)
w3 <2k22 + k12) Ky (ko' k1 = ki ko) = 2ka* — ki 2ko?

[SI[o%]

On the other hand, the second order derivative of TN, Lastly, the derivative of the normal vector field of the TN,
Smarandache curve is Smarandache ruled surface is given as follows:

. - (k12+k22+k2’) T (ns)" = a1T + N1 + 3Ny,

T+ N, 1 ,
N = % (ki = k1k2) Nj
(kz’ - k22) Ny

where

[ (\/iklv + kz) (k' ks — kika) v + Ky 2kov? (3k2\/§+ 2k1v) ko3 (kz\/§+4k1v) '

—klkz\/z (klkzv\/i + V2k12 + k22)

ag

Q) | == 3
2(k1k2v‘/§ +v2k 2 + k22) 2

;3

Upon substituted the given relations into (2.10), the proof ~ Corollary 3.6

is completed.
As a result of this theorem, two corollaries can be easily (i) The TN, Smarandache curve is asymptotic on TN;

given without the need for proof as follows: Smarandache ruled surface if ko = 0 that is 0 = ntk, k €
Z.

(ii) The T Ny Smarandache curve is geodesic on TN, Smaran-
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dache ruled surface if ki = 0 that is 60 = gk, keZ.

3.3. The N1N, Smarandache ruled surface

Definition 3.3 Let y(s) : s € I ¢ R — R be a unit
speed curve in E3, and denote {T(s), Ni(s), Na(s)} as
the Bishop frame of y. The ruled surface with a base
NN, Smarandache curve and with ruling T is called a
NN, Smarandache ruled surface which is defined by

Ni(s) + Na(s)
\2

Theorem 3.7 The Gaussian curvature of € defined at
(3:8) vanishes, whereas its mean curvature is given by

e(s,v) = +vT(s). (3.8)

_ kiky — kik),
“ 2vid
Proof The first and second order partial derivatives of &

with respect to s and v, from the relations given at (2.1)
and (2:2), it is clear to have

V2

Eg :—7(k1+k2)T+vk1N1+vk2N2, SVZT,
= (v + ik + 1) .
Eys = (vk; = gy (ke + kg)) N

(vks — Lhahy + k) | L2

Egv =k1N1 + kzNz, Eyy = 0.

Thus, from (2.3), the normal vector field of the ruled
surface & can be given

_ koNi — k{N,

s (3.9)
K
Moreover, from (28],
ki + k»)? 2 (ki +k
gz( 1 +k2) +v2(k12+k22), FS:_‘/_( 1+ 2)’
2 2
koky’ — kik>’
G, =1, 1,="kki-kk) N o,

v k22 +k 12
By substituting these coefficients into (2.9), the proof is
completed. O
Remark 3.1 From the given proposition[2.1} the NN
Smarandache ruled surface is always developable.
Proof The proof is clear by given the Proposition2.1] O

Corollary 3.7 The NN, Smarandache ruled surface is
minimal if and only if the curve v is a slant helix.

Proof Let us recall the Theorem [2.1] that y is a slant

’

k
helix if and only if k—l = 0. From Theorem this
2

corresponds to that H; = 0, which means the ruled sur-
face & is minimal.
Conversely, if & is minimal (H. = 0), then by Theorem

k
3.7, k’lkz —kq ké = 0. Thus, k—l = constant meaning that
2
v 1s a slant helix. O

Theorem 3.8 The striction curve of the NN, Smaran-
dache ruled surface is given as

_N1+N2
\/E .

The derivatives of the base and the ruling of N1 N, Smaran-
dache ruled surface & are

(Nl +N2)/ __(kl +k2)T
V2 V2 )
T' = k1N1 + kaN».

le

By considering relation (2.6)), the proof is completed.

Remark 3.2 Note that the striction curve coincides with
the base curve for N\ N, Smarandache ruled surface.

Theorem 3.9 The normal curvature, geodesic curvature
and the geodesic torsion of the N1 Ny Smarandache ruled
surface is

Kkne =0, Kg, = —K, 75, =0, (3.10)

& &

respectively.

Proof By considering both (2.2) and (2.3), the tan-
gent and the derivative of the tangent vector of NiN,
Smarandache curve are given as

TN 1N, = — T»

’ (3.11)
TN, = — kiNy = koNy.

Moreover, the second order derivative of N; N, Smaran-
dache curve is

(K + k5) T + (k3 + kik2) Ny
(N1+N2)H__ +(k1k2+k§)N2
V2 V2

Lastly, the derivative of the normal vector field of the TN,
Smarandache ruled surface is given as follows:

ki (kiky' —ki"ko) Ny +ky (kiko — ki"k2) No

’
n =
(n2) -
When the given relations substituted into (2.10), the proof
is completed. O

The following two corollaries can be expressed as a result
of Theorem [3.9) without the need for proof.
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Corollary 3.8

(i) The N1N, Smarandache curve is always asymptotic and
principal line on NN, Smarandache ruled surface.

(ii) The geodesic curvature of N1 N, Smarandache ruled sur-
face is negative of the curvature of the main curve .

Example 3.1 Let us consider the standard unit helix
curve parameterized as

v(s) = g (cos(s), sin(s), s),

2 .
then, the Frenet curvatures of y are k = T = - Since

2
T =0, this results 0 = / Tds = % Thus the Bishop

curvatures can be established as k| = %cos (%) , and

ky = Y2

sin (YT‘/E) . Thus the vectors of Bishop frame can

be provided as follows:

T(s) = ?( — sin(s), cos(s), 1),

Ni(s) =

Na(s) =

sV2 V2 . [sV2) .
—cos — cos (s) — — sin [ —— | sin (),

2 2
sV2) . V2 . [sV2
—cos — sm(s)+7s1n — cos (s),
ﬁsin(ﬂ),
2 2

—sin & cos (s) + ﬁ cos & sin (s)
2 2 2 ’

C[sV2) . V2 sV2
—sin — s1n(s)—7 cos - cos (s),
2 2

By referring to the definitions for TNy, TN, and NN,
Smarandache ruled surfaces, the graphs are provided
in Fig. [T} Fig. 2] and Fig.3 8| where s € [-n, 7] and
vel[-1,1].

IREAARANAT

Figure 2: The ruled surface 6(s, v)

bt

Figure 3: The ruled surface (s, v)

4. Conclusion

The paper introduced new ruled surfaces via Smarandache
geometry using Bishop frame vectors. The characteristics
of each surface, such as developability and minimality,
were discussed. Furthermore, the characteristic curves on
these surfaces were determined by providing the required
conditions. It is shown that the special slant helix curve
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defines the minimality condition for the ruled surface
&(s,v). Finally, regardless of the choice of main curve,
if the base curve of the ruled surface is considered to be
NN, Smarandache curve, the developability characteris-
tic remains valid This is analogous to the fact that tangent
ruled surfaces are always developable.
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Appendix different angles. The orientations are fixed to the x, y and

The following figures Fig. [ Fig. []and Fig. [fare axis, respectively.
also presented to examine the view of each surface from

R

T Ty

(a) oriented to x axis (b) oriented to y axis (c) oriented to z axis

Figure 4: The TN; Smarandache ruled surface &(s, v)
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(a) oriented to x axis (b) oriented to y axis (c) oriented to z axis

Figure 5: The TN, Smarandache ruled surface 6 (s, v)
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Figure 6: The NN, Smarandache Ruled surface £(s, v)
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