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Abstract − In this study, we introduce the concepts of (i, j)-semi∗-Γ-open sets within the
context of ideal bitopological spaces. This concept is demonstrated to be weaker than the
established the notion of (i, j)-semi-Γ-open sets. Subsequently, we define strong (i, j)-semi∗-
Γ-open sets in ideal bitopological spaces, elucidating some of their essential characteristics.
Furthermore, leveraging this newly introduced concept, we establish the notions of strong
(i, j)-semi∗-Γ-interior and strong (i, j)-semi∗-Γ-closure.
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1. Introduction

Recent studies have focused on bitopological spaces (X, V1, V2), a nonempty set X endowed with two
topologies V1 and V2 [1–5]. In 2006, Noiri and Rajesh studied the generalized closed sets concerning
an ideal in bitopological spaces [6]. An ideal on a topological space (X, V) is a collection of subsets of
X with the hereditary properties:

i. if U ∈ Γ and V ⊂ U , then V ∈ Γ

ii. if U ∈ Γ and V ∈ Γ, then U ∪ V ∈ Γ

Let Γ be an ideal on X. Then, (X, V1, V2, Γ) is termed an ideal bitopological space.

For P (X) being the entire set of subsets of X, and for i ∈ {1, 2}, an operator (.)∗
i : P (X) → P (X),

referred to as the local function of U with respect to Vi and Γ, is defined as follows: for U ⊂ X,
U∗

i (Vi, Γ) = {x ∈ X | V ∩ U /∈ Γ, for every V ∈ Vi(x)}, where Vi(x) = {V ∈ Vi | x ∈ V } [7].

For each ideal topological space (X, V, Γ), there exists a topology V∗(Γ) that is more refined than
V, generated by the base B(Γ, V) = {V − I | V ∈ V and I ∈ Γ}. However, it is worth noting that
B(Γ, V) is not always a topology [8]. Moreover, we can observe that Cl∗i (U) = U ∪ U∗

i (Vi, Γ) defines a
Kuratowski closure operator for V∗

i (Γ).

Ekici and Noiri [9] introduced the notion of semi-Γ-open sets in ideal topological spaces. Çaldaş et
al. [10] introduced the notion of (i, j)-semi-Γ-open sets in ideal bitopological spaces. Finally, Aqeel
and Bin-Kuddah [11] established the concept of strong semi∗-Γ-open sets in ideal topological spaces.
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Throughout this paper, we use the notation U∗
i for U∗

i (Vi, Γ). Moreover, Inti(U) (Cli(U)) and Int∗
i (U)

(Cl∗i (U)) denote the interior (closure) of U respect to Vi and V∗
i , respectively.

2. Preliminaries

In this paper, we consistently refer to (X, V1, V2) as a bitopological space without assuming any
separation axioms. Additionally, (X, V1, V2, Γ) is considered as an ideal bitopological space, denoted
by the abbreviation IBS. We use OS and CS as abbreviations for open sets and closed sets, respectively.

Definition 2.1. [11] A subset U of an ideal topological space (X, V, Γ) is called as:

i. Semi-Γ−OS if U ⊂ Cl∗(Int(U))

ii. Semi*-Γ−OS if U ⊂ Cl(Int∗(U))

iii. Strong semi*-Γ−OS if U ⊂ Cl∗(Int∗(U))

Definition 2.2. [12] For any IBS (X, V1, V2, Γ), Γ is called as codense if Vi ∩ Γ = {∅}, for i ∈ {1, 2}.

Lemma 2.3. [11] For any IBS (X, V1, V2, Γ), if Γ is a codense ideal, then the following hold:

i. Clj(U) = Cl∗j (U), for all j-open set U ⊂ X

ii. Inti(F ) = Int∗
i (F ), for all j-closed set F ⊂ X

Theorem 2.4. [12] Let U be a subset of IBS (X, V1, V2, Γ). For i, j ∈ {1, 2} and i ̸= j,

i. If Γ = ∅, then U∗
j (Γ) = Clj(U)

ii. If Γ = P (X), then U∗
j (Γ) = ∅

iii. U∗
j ⊂ Clj(U)

Lemma 2.5. [12] Let U be an (i, j)-Γ-OS in (X, V1, V2, Γ). Then, U∗
j =

(
Inti(U∗

j )
)∗

j
.

Lemma 2.6. [12] Let U be a subset of (X, V1, V2, Γ) and V ∈ Vj . Then, V ∩ Cl∗j (U) ⊂ Cl∗j (V ∩ U).

Definition 2.7. [12–14] A subset U of an IBS (X, V1, V2, Γ) is called as:

i. (i, j)-Γ-OS if U ⊂ Inti(U∗
j )

ii. (i, j)-semi-Γ-OS if U ⊂ Cl∗j (Inti(U))

iii. (i, j)-semi-Γ-CS if Int∗
j (Cli(U)) ⊂ U

iv. (i, j)-α-Γ-OS if U ⊂ Inti(Cl∗j (Inti(U)))

v. (i, j)-pre-Γ-OS if U ⊂ Inti(Cl∗j (U))

vi. (i, j)-pre-Γ-CS if Clj(Int∗
i (U)) ⊂ U

3. On (i, j)-Semi∗-Γ-Open Set

This section defines the concept of (i, j)-semi∗-Γ-open sets in an ideal bitopological space and presents
some associated properties.

Definition 3.1. A subset U in an IBS (X, V1, V2, Γ) is called as an (i, j)-semi∗-Γ-OS if U ⊂ Clj (Int∗
i (U)),

for i, j ∈ {1, 2} and i ̸= j. The set of all the (i, j)-semi∗-Γ-open sets in X is denoted by S∗
ijΓO(X).

Example 3.2. Consider an IBS (X, V1, V2, Γ) where X = {α, β, γ}, Γ = {∅, {β}}, V1 = {∅, {α}, {β},
{α, β}, X}, and V2 = {∅, {β}, X}. Then,

V∗
1 = {∅, {α}, {β}, {α, β}, {α, γ}, X}
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and
V∗

2 = {∅, {β}, {α, γ}, X}

Therefore, {β, γ} is a (1, 2)-semi∗-Γ-OS.

Proposition 3.3. Following properties are valid for any IBS (X, V1, V2, Γ):

i. Every (i, j)-semi-Γ-OS is an (i, j)-semi∗-Γ-OS.

ii. Every (i, j)-α-Γ-OS is an (i, j)-semi∗-Γ-OS.

Proof. i. Assume U ⊂ X is an (i, j)-semi-Γ-OS. Since Vi ⊂ V∗
i , then U ⊂ Cl∗j (Inti(U)) ⊂ Clj(Int∗

i (U)).

ii. The proof follows from (i).

Lemma 3.4. Let (X, V1, V2, Γ) be an IBS and U ⊂ X be an (i, j)-semi∗-Γ-OS. Then, Clj(U) is
(i, j)-semi∗-Γ-open set.

Proof. Since U is an (i, j)-semi∗-Γ-OS, then U ⊂ Clj(Int∗
i (U)). Thus,

Clj(U) ⊂ Clj(Clj(Int∗
i (U))) = Clj(Int∗

i (U)) ⊂ Clj(Int∗
i (Clj(U)))

Theorem 3.5. Let (X, V1, V2, Γ) be an IBS and U ⊂ X. Then, U is an (i, j)-semi∗-Γ-OS if and only
if Clj(U) = Clj(Int∗

i (U)).

Proof. Let U be an (i, j)-semi∗-Γ-OS. Then, according to Lemma 3.4, it follows that Clj(U) ⊂
Clj(Int∗

i (U)). Suppose Clj(U) = Clj(Int∗
i (U)). This implies U ⊂ Clj(U). Using the hypothesis, we

obtain U ⊂ Clj(Int∗
i (U)).

Theorem 3.6. Let (X, V1, V2, Γ) be an IBS and V ⊂ X. Then, V is an (i, j)-semi∗-Γ-OS if and only
if, there exists an (i, j)-semi∗-Γ-OS U such that U ⊂ V ⊂ Clj(U).

Proof. Let V is an (i, j)-semi∗-Γ-OS. Then, V ⊂ Clj(Int∗
i (V )). Let U = Int∗

i (V ) be (i, j)-Γ−OS. In
other words, U is an (i, j)-semi∗-Γ-OS and we have U = Int∗

i (V ) ⊂ Clj(Int∗
i (V )) = Clj(U). In contrast,

if U is an (i, j)-semi∗-Γ-OS such that U ⊂ V ⊂ Clj(U), then since U ⊂ Clj(Int∗
i (U)), it follows that

V ⊂ Clj(U) ⊂ Clj(Clj(Int∗
i (U))) = Clj(Int∗

i (U)) = Clj(Int∗
i (V )). Hence, V is an (i, j)-semi∗-Γ-OS.

Definition 3.7. A subset U in (X, V1, V2, Γ) is called as an (i, j)-semi∗-Γ-CS if complement of U is
an (i, j)-semi∗-Γ-OS. The set of all the (i, j)-semi∗-Γ-closed sets in X is denoted by S∗

ijΓC(X).

Theorem 3.8. Let (X, V1, V2, Γ) be an IBS and {Uα | α ∈ Λ} be a family of subsets of X where Λ is
an index set. Then, if Uα ∈ S∗

ijΓO(X), for every α ∈ Λ, then
⋃

α∈Λ
U ∈ S∗

ijΓO(X).

Proof. Let Uα ∈ S∗
ijΓO(X), for every α ∈ Λ. Then, Uα ⊂ Clj(Int∗

i (Uα)). Therefore,

⋃
α∈∆

Uα ⊂
⋃

α∈Λ
Clj(Int∗

i (Uα)) ⊂ Clj

 ⋃
α∈Λ

Int∗
i (Uα)



⊂ Clj

Int∗
i

 ⋃
α∈Λ

Uα



A finite intersection of (i, j)-semi∗-Γ-open sets need not to be in S∗
ijΓO(X) in general as demonstrated

by the following example.
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Example 3.9. Let X = {α, β, γ, η}, V1 = {∅, X, {α}, {β}, {α, β}}, and V2 = {∅, X}. Let Γ =
{∅, {γ}, {η}, {γ, η}}. Then,

V∗
1 = {∅, {α}, {β}, {α, β}, {α, β, γ}, {α, β, η}, X}

and
V∗

2 = {∅, {α, β}, {α, β, γ}, {α, β, η}, X}

Therefore, {α, η} and {β, η} are (1, 2)-semi∗-Γ open sets. However, {α, η} ∩ {β, η} = {η} is not
(1, 2)-semi∗-Γ open.

Theorem 3.10. A subset U in (X, V1, V2, Γ) is an (i, j)-semi∗-Γ-CS if and only if Int∗
j (Cli(U)) ⊂ U .

Proof. Let U is an (i, j)-semi∗-Γ-CS. Then, X − U is an (i, j)-semi∗-Γ-OS. Therefore, X − U ⊂
Clj(Int∗

i (X − U)) = X − Int∗
j (Cli(U)). Consequently, Int∗

j (Cli(U)) ⊂ U .

In contrast, if Int∗
j (Cli(U)) ⊂ U , then X − U ⊂ X − Int∗

j (Cli(U)) ⊂ Clj(Int∗
i (X − U)). Therefore,

X − U is an (i, j)-semi∗-Γ-OS. Thus, U is an (i, j)-semi∗-Γ-CS.

Theorem 3.11. Let (X, V1, V2, Γ) be an IBS and Γ is codense. Then, any subset U is an (i, j)-semi∗-
Γ-CS if and only if Inti(Clj(U)) ⊂ U .

Proof. Let U be an (i, j)-semi∗-Γ-CS. Then, Int∗
i (Clj(U)) ⊂ U . Since Int(U) ⊂ Int∗(U), then

Inti(Clj(U)) ⊂ U .

In contrast, let U ⊂ X and Inti(Clj(U)) ⊂ U . Since Γ is codense, this implies that Int∗
i (Clj(U)) ⊂ U .

Therefore, U is an (i, j)-semi∗-Γ-CS.

4. On Strong (i, j)-semi∗-Γ-Open Set

This section suggests strong (i, j)-semi∗-Γ-open sets in ideal bitopological spaces.

Definition 4.1. A subset U of (X, V1, V2, Γ) is named as a strong (i, j)-semi∗-Γ-open set if U ⊂
Cl∗j (Int∗

i (U)). The collection comprised of all the strong (i, j)-semi∗-Γ-open sets in X is denoted by
SS∗

ijΓO(X).

Example 4.2. Let (X, V1, V2, Γ) be an IBS such that X = {α, β, γ, d}, V1 = {∅, {β}, {α, γ, η}, X},
V2 = {∅, {α, β}, X}, and Γ = {∅, {γ}}. Then,

V∗
1 = {∅, {β}, {α, η}, {α, β, η}, {α, γ, η}, X}

and
V∗

2 = {∅, {α, β}, {α, β, η}, X}

Therefore, {β, γ} is a strong (1, 2)-semi∗-Γ-OS but {α, γ} is not.

Proposition 4.3. Let (X, V1, V2, Γ) be an IBS and U ⊂ X.

i. Every (i, j)-semi-Γ-OS is a strong (i, j)-semi∗-Γ-OS.

ii. Every (i, j)-α-Γ-OS is a strong (i, j)-semi∗-Γ-OS.

iii. Every strong (i, j)-semi∗-Γ-OS is an (i, j)-semi∗-Γ-OS.

The evidences come from Proposition 3.3 and Definition 4.1.

Let (X, V1, V2, Γ) be an IBS and U ⊂ X. Then, we get this diagram:

(i, j)-α-Γ-OS → (i, j)-semi-Γ-OS → strong (i, j)-semi∗-Γ-OS → (i, j)-semi∗-Γ-OS

Generally, the opposites of Proposition 4.3 are inaccurate, as demonstrated by the next example.
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Example 4.4. Let (X, V1, V2, Γ) be an IBS such that X = {α, β, γ, η}, V1 = {∅, {β}, {α, γ, },
{α, β, γ}, X}, V2 = {∅, {γ}, X}, and Γ = {∅, {α}, {β}, {α, β}}. Then,

V∗
1 = {∅, {β}, {γ}, {α, γ}, {γ, η}, {α, β, γ}, {α, γ, η}, {β, γ, η}, X}

and
V∗

2 = {∅, {γ}, {γ, η}, {α, γ, η}, {β, γ, η}, X}

Therefore, {α, β, η} is a (1, 2)-semi∗-Γ-OS but it is not a strong (1, 2)-semi∗-Γ-open.

Example 4.5. In Example 4.2, {α, η} is a strong (1, 2)-semi∗-Γ-OS but it is not a (1, 2)-semi-Γ-open.

Proposition 4.6. Let (X, V1, V2, Γ) be an IBS and U ⊂ X. Then, U is a strong (i, j)-semi∗-Γ-OS if
and only if Cl∗j (U) = Cl∗j (Int∗

i (U)).

Proof. Assume U is a strong (i, j)-semi∗-Γ-OS, then U ⊂ Cl∗j (Int∗
i (U)). This implies that Cl∗j (U) ⊂

Cl∗j (Cl∗j (Int∗
i (U))) = Cl∗j (Int∗

i (U)). Thus, Cl∗j (U) ⊂ Cl∗j (Int∗
i (U)). In contrast, assume Cl∗j (U) =

Cl∗j (Int∗
i (U)). Since U ⊂ Cl∗j (U), then U ⊂ Cl∗j (Int∗

i (U)).

Proposition 4.7. Let (X, V1, V2, Γ) be an IBS and V ⊂ X. Then, V is a strong (i, j)-semi∗-Γ-OS if
and only if there exists a strong (i, j)-semi∗-Γ-OS U such that U ⊂ V ⊂ Cl∗j (U).

Proof. Assume V is a strong (i, j)-semi∗-Γ-OS, then V ⊂ Cl∗j (Int∗
i (V )). Let U = Int∗

i (V ). Then,
U ⊂ V ⊂ Cl∗j (Int∗

i (V )) = Cl∗j (U). Moreover,

U ⊂ V ⊂ Cl∗j (Int∗
i (V )) = Cl∗j (Int∗

i (Int∗
i (V )) = Cl∗j (Int∗

i (U))

Therefore, U is a strong (i, j)-semi∗-Γ-OS.

In contrast, if U is a strong (i, j)-semi∗-Γ-OS such that U ⊂ V ⊂ Cl∗j (U), then Cl∗j (U) = Clj(V ) and
Int∗

i (U) ⊂ Int∗
i (V ). Besides, U ⊂ Cl∗j (Int∗

i (U)) and hence

V ⊂ Cl∗j (U) ⊂ Cl∗j (Cl∗j (Int∗
i (U))) = Cl∗j (Int∗

i (U)) ⊂ Cl∗j (Int∗
i (V ))

which V is a strong (i, j)-semi∗-Γ-OS.

Theorem 4.8. Let (X, V1, V2, Γ) be an IBS and {Uα ⊂ X : α ∈ ∆} be a family of subsets of X where
∆ is an arbitrary index set.

i. If Uα ∈ SS∗
ijΓO(X), for every α ∈ ∆, then

⋃
α∈∆

{Uα : α ∈ ∆} ∈ SS∗
ijΓO(X).

ii. If U ∈ SS∗
ijΓO(X) and V ∈ Vj , then U ∩ V ∈ SS∗

ijΓO(X).

Proof. i. Since Uα ∈ SS∗
ijΓO(X), for every α ∈ ∆, it follows that Uα ⊂ Cl∗j (Int∗

i (Uα)). Consequently,

⋃
α∈∆

Uα ⊂
⋃

α∈∆
Cl∗j (Int∗

i (Uα)) ⊂ Cl∗j

 ⋃
α∈∆

Int∗
i (Uα)



⊂ Cl∗j

Int∗
i

 ⋃
α∈∆

Uα


ii. Let U ∈ SS∗

ijΓO(X) and V ∈ Vj . Since U ⊂ Cl∗j (Int∗
i (U)), applying Lemma 2.6 yields:

U ∩ V ⊂ Cl∗j (Int∗
i (U)) ∩ V ⊂ Cl∗j (Int∗

i (U) ∩ V )

Generally, the intersection of strong (i, j)-semi-Γ-open sets need not be in SS∗
ijΓO(X) as demonstrated

by the next example.
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Example 4.9. Let X = {α, β, η, γ}, V1 = {∅, {α}, {β}, {α, β}, X}, and V2 = {∅, X}. If Γ =
{∅, {η}, {γ}, {η, γ}}. Then,

V∗
1 = {∅, {α}, {β}, {α, β}, {α, β, γ}, {α, β, η}}

and
V∗

2 = {∅, {α, β}, {α, β, γ}, {α, β, η}}

Therefore, {α, η, γ} and {β, η, γ} are strong (1, 2)-semi∗-Γ-OS; however, {α, η, γ} ∩ {β, η, γ} = {η, γ},
which is not a strong (1, 2)-semi∗-Γ-OS.

Theorem 4.10. Let (X, V1, V2, Γ) be an IBS. The union of (i, j)-semi∗-Γ-OS and a strong (i, j)-semi∗-
Γ-OS is an (i, j)-semi∗-Γ-open.

Proof. Let U ∈ SS∗
ijΓO(X) and V is an (i, j)-semi-Γ-OS, then

U ∪ V ⊂ Cl∗j (Int∗
i (U)) ∪ (Clj(Int∗

i (V ))

⊂ Clj(Int∗
i (U)) ∪ Clj(Int∗

i (V ))

= Clj(Int∗
i (U) ∪ Int∗

i (V ))

⊂ Clj(Int∗
i (U ∪ V ))

Hence, U ∪ V is an (i, j)-semi∗-Γ-OS.

Definition 4.11. Let (X, V1, V2, Γ) be an IBS and U ⊂ X. Then, U is called as a strong (i, j)-semi∗-
Γ-CS if its complement is a strong (i, j)-semi∗-Γ-open. The set of all the strong (i, j)-semi∗-Γ-closed
sets in X is denoted by SS∗

ijC(X).

Theorem 4.12. Let (X, V1, V2, Γ) be an IBS and U ⊂ X. Then, U is a strong (i, j)-semi∗-Γ-CS if
and only if Int∗

j (Cl∗i (U)) ⊂ U .

Proof. Assume U is a strong (i, j)-semi∗-Γ-CS of X. Then,

X − U ⊂ Cl∗j (Int∗
i (X − U)) = X − Int∗

j (Cl∗i (U))

Thus, Int∗
j (Cl∗i (U)) ⊂ U . In contrast, assume U is any subset of X such that Int∗

j (Cl∗i (U)) ⊂ U .
This gives that X − U ⊂ X − Int∗

j (Cli(U)) ⊂ Cl∗j (Int∗
i (X − U)). Therefore, X − U is a strong

(i, j)-semi∗-Γ-OS.

Theorem 4.13. Let (X, V1, V2, Γ) be an IBS and Γ is codense. Then, U is a strong (i, j)-semi∗-Γ-CS
if and only if Inti(Cl∗j (U)) ⊂ U .

Proof. Assume U is a strong (i, j)-semi∗-Γ-CS of X. Then, Int∗
i (Cl∗j (U)) ⊂ U . Thus, Inti(Cl∗j (U)) ⊂

U . In contrast, assume U is any subset of X such that Inti(Cl∗j (U)) ⊂ U . This suggests that
Int∗

i (Cl∗j (U)) ⊂ U , which gives that U is a strong (i, j)-semi∗-Γ-CS.

Theorem 4.14. Let (X, V1, V2, Γ) be an IBS and U, V ∈ SS∗
ijΓC(X). Then, U ∩ V is a strong

(i, j)-semi∗-Γ-CS.

Proof. Assume U, V ∈ SS∗
ijΓC(X). Then,

U ∩ V ⊃ Int∗
i (Cl∗j (U)) ∩ Int∗

i (Cl∗j (V ))

⊃ Int∗
i (Cl∗j (U) ∩ Cl∗j (V ))

⊃ Int∗
i (Cl∗j (U ∩ V ))

Therefore, U ∩ V ∈ SS∗
ijΓC(X).
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5. The Strong (i, j)-Semi∗-Γ-Interior and Strong (i, j)-Semi∗-Γ-Closure

This section defines the concept of strong (i, j)-semi∗-Γ-interior and strong (i, j)-semi∗-Γ-closure in an
ideal bitopological space and establishes their varied characteristics.

Definition 5.1. Let U be a subset of an IBS (X, V1, V2, Γ). The strong (i, j)-semi∗-Γ-interior of U ,
denoted by ss∗

i,jΓ-Int(U), is defined as the union of all the strong (i, j)-semi∗-Γ-open sets of X that
are contained within U . In other words,

ss∗
i,jΓ- Int(U) =

⋃
{V ⊂ U | V ∈ SS∗

ijΓO(X)}

Theorem 5.2. Let U is a subset of (X, V1, V2, Γ). Then,

ss∗
i,jΓ- Int(U) = U ∩ Cl∗j (Int∗

i (U))

Proof. Let U ⊂ X. Then,

U ∩ Cl∗j (Int∗
i (U)) ⊂ Cl∗j (Int∗

i (U))

⊂ Cl∗j (Int∗
i (Int∗

i (U)))

= Cl∗j (Int∗
i (U ∩ Int∗

i (U))

⊂ Cl∗j (Int∗
i (U ∩ Cl∗j (Int∗

i (U))))

Thus, U ∩ Cl∗j (Int∗
i (U)) is a strong (i, j)-semi∗-Γ-OS contained in U , which means U ∩ Cl∗j (Int∗

i (U)) ⊂
ss∗

ijΓ-Int(U). Furthermore, since ss∗
i,jΓ-Int(U) is a strong (i, j)-semi∗-Γ-open, then

ss∗
i,jΓ- Int(U) ⊂ Cl∗j (Int∗

i (ss∗
i,jΓ- Int(U))) ⊂ Cl∗j (Int∗

i (U))

Consequently, ss∗
i,jΓ-Int(U) ⊂ U ∩ Cl∗j (Int∗

i (U)).

Lemma 5.3. Let U be a subset of (X, V1, V2, Γ). Then, U is a strong (i, j)-semi∗-Γ-OS if and only if
ss∗

i,jΓ-Int(U) = U .

Proof. Assume U is a strong (i, j)-semi∗-Γ-OS. Then, U ⊂ Cl∗j (Int∗
i (U)). Hence, ss∗

i,jΓ-Int(U) =
U ∩Cl∗j (Int∗

i (U)) = U . In contrast, let ss∗
i,jΓ-Int(U) = U . Since ss∗

i,jΓ-Int(U) = U ∩Cl∗j (Int∗
i (U)) = U ,

then U ⊂ Cl∗j (Int∗
i (U)). Hence, U is a strong (i, j)-semi∗-Γ-OS.

Definition 5.4. Let U be a subset of (X, V1, V2, Γ). Then, the strong (i, j)-semi∗-Γ-closure of U ,
denoted by ss∗

i,jΓ-Cl(U), defined by the intersection of all the strong (i, j)-semi∗-Γ-closed sets of X

containing U . In other words,

ss∗
ijΓ − Cl(U) =

⋂
{V ⊂ X : U ⊂ V, V ∈ SS∗

ijΓC(X)}

Theorem 5.5. Let U be a subset of (X, V1, V2, Γ). Then, ss∗
ijΓ − Cl(U) = U ∪ Int∗

i (Cl∗j (U)).

Proof. Let U ⊂ X. Then,

U ∪ Int∗
i (Cl∗j (U)) = Int∗

i (Cl∗j (Cl∗j (U)))

= Int∗
i (Cl∗j (U ∪ Cl∗j (U)))

⊃ Int∗
i (Cl∗j (U ∪ Int∗

i (Cl∗j (U))))

Thus, U ∪ Int∗
i (Cl∗j (U)) is as strong (i, j)-semi∗-Γ-CS containing U . Therefore, ss∗

ijΓ- Cl(U) ⊂ U ∪
Int∗

i (Cl∗j (U)).

In contrast, let ss∗
ijΓ- Cl(U) = U ∪ Int∗

i (Cl∗j (U)). Since ss∗
i,jΓ- Cl(U) is a strong (i, j)-semi∗-Γ-CS, then

ss∗
i,jΓ- Cl(U) ⊃ Int∗

i (Cl∗j (ss∗
ijΓ- Cl(U))) ⊃ Int∗

i (Cl∗j (U))
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Therefore, ss∗
ijΓ-Cl(U)) ⊃ U ∪ Int∗

i (Cl∗j (U)). Consequently, ss∗
ijΓ-Cl(U)) = U ∪ Int∗

i (Cl∗j (U)).

Lemma 5.6. Let U be a subset of (X, V1, V2, Γ). Then, U is a strong (i, j)-semi∗-Γ-CS if and only if
ss∗

ijΓ-Cl(U) = U .

Proof. Assume U is a strong (i, j)-semi∗-Γ-CS. This implies that U ⊃ Int∗
i (Cl∗j (U)). Therefore,

ss∗
ijΓ-Cl(U) = U ∪ Int∗

i (Cl∗j (U)) = U . In contrast, let ss∗
ijΓ-Cl(U) = U . Given that ss∗

ijΓ-Cl(U) =
U ∪ Int∗

∗(Cl∗j (U)), it follows that U ⊃ Int∗
i (Cl∗j (U)). Consequently, U is a strong (i, j)-semi∗-Γ-CS.

Theorem 5.7. Let U be a subset of (X, V1, V2, Γ). Then, the following properties are held:

i. If U is an (i, j)-preΓ-OS, then ss∗
ijΓ-Cl(U) = Int∗

i (Cl∗j (U)).

ii. If U is an(i, j)-preΓ-CS, then ss∗
ijΓ-Int(U) = Cl∗j (Int∗

i (U)).

Proof. i. Let U be an (i, j)-preΓ-OS. Then, U ⊂ Inti(Cl∗j (U)) ⊂ Int∗
i (Cl∗j (U)). This gives that

ss∗
ijΓ- Cl(U) = U ∪ Int∗

i (Cl∗j (U)) = Int∗
i (Cl∗j (U))

ii. Let U be an (i, j)-preΓ-CS. Then, Cl∗j (Int∗
i (U))⊂ Clj(Int∗

i (U)) ⊂ U . This suggests that

ss∗
ijΓ- Int(U)) = U ∩ Cl∗j (Int∗

i (U)) = Cl∗j (Int∗
i (U))

Theorem 5.8. Let U be a subset of (X, V1, V2, Γ). The following properties are held:

i. Int∗
i (ss∗

ijΓ-Cl(U)) = Int∗
i (Cl∗j (U))

ii. Cl∗j (ss∗
ijΓ-Int(U)) = Cl∗j (Int∗

i (U))

Proof. i.

Int∗
i (ss∗

ijΓ- Cl(U)) = Int∗
i (U ∪ Int∗

i (Cl∗j (U)))

⊃ Int∗
i (U) ∪ Int∗

i (Int∗
i (Cl∗j (U)))

= Int∗
i (U) ∪ Int∗

i (Cl∗j (U))

= Int∗
i (Cl∗j (U))

In contrast,

Int∗
i (ss∗

ijΓ- Cl(U)) = Int∗
i (U ∪ Int∗

i (Cl∗j (U)))

⊂ Int∗
i (Cl∗j (U)) ∪ Int∗

i (Cl∗j (U))

= Int∗
i (Cl∗j (U))

This indicates that Int∗
i (ss∗

ijΓ-Cl(U)) = Int∗
i (Cl∗j (U)).

ii.

Cl∗j (ss∗
ijΓ- Int(U)) = Cl∗j (U ∩ Cl∗j (Int∗

i (U))

⊂ Cl∗j (Cl∗j (U) ∩ Cl∗j (Int∗
i (U)))

⊂ Cl∗j (Cl∗j (Int∗
i (U)))

= Cl∗j (Int∗
i (U))
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In contrast,

Cl∗j (ss∗
ijΓ- Int(U)) = Cl∗j (U ∩ Cl∗j (Int∗

i (U))

⊃ Cl∗j (Int∗
i (U)) ∩ Cl∗j (Int∗

i (U))

= Cl∗j (Int∗
i (U))

This suggests that Cl∗j (ss∗
ijΓ-Int(U)) = Cl∗j (Int∗

i (U)).

6. Conclusion

In this paper, we introduced the notions of (i, j)-semi∗-Γ-open sets and strong (i, j)-semi∗-Γ-open
sets in ideal bitopological spaces. We demonstrated that the concept of (i, j)-semi∗-Γ-open set is
weaker than (i, j)-open sets in ideal bitopological spaces. We discussed and proved several properties
and relationships of (i, j)-semi∗-Γ-open sets and strong (i, j)-semi∗-Γ-open sets. Additionally, we
introduced the notions of strong (i, j)-semi∗-Γ-interior and strong (i, j)-semi∗-Γ-closure, providing
proofs for their properties.

In future studies, researchers can investigate more applications of (i, j)-semi∗-Γ-open sets and strong
(i, j)-semi∗-Γ-open sets in ideal bitopological spaces. Furthermore, the concept of continuity can be
studied in the light of the newly defined generalized open sets.
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