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1. Introduction

Recent studies have focused on bitopological spaces (X, Vi, Vs), a nonempty set X endowed with two
topologies Vi and Vs [1-5]. In 2006, Noiri and Rajesh studied the generalized closed sets concerning
an ideal in bitopological spaces [6]. An ideal on a topological space (X, V) is a collection of subsets of

X with the hereditary properties:

. ifUelandV CU, thenV €T

. fUeland V €l’,then UUV €T

Let I" be an ideal on X. Then, (X, V1, Vs, I') is termed an ideal bitopological space.

For P(X) being the entire set of subsets of X, and for ¢ € {1,2}, an operator (.)f : P(X) — P(X),
referred to as the local function of U with respect to V; and I', is defined as follows: for U C X,
Ui, I')={z e X |V NU ¢T, for every V € V;(x)}, where Vi(z) ={V € V; |z € V} [T].

For each ideal topological space (X,V,T'), there exists a topology V*(I') that is more refined than
V, generated by the base B(I',V) = {V —I |V € V and I € I'}. However, it is worth noting that
B(I',V) is not always a topology [8]. Moreover, we can observe that CIj(U) = U UU(V;,T") defines a

Kuratowski closure operator for V¥ (T').

Ekici and Noiri [9] introduced the notion of semi-I'-open sets in ideal topological spaces. Caldag et
al. [10] introduced the notion of (i, j)-semi-I'-open sets in ideal bitopological spaces. Finally, Aqeel
and Bin-Kuddah [11] established the concept of strong semi*-I'-open sets in ideal topological spaces.
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Throughout this paper, we use the notation U;* for U(V;,I'). Moreover, Int;(U) (Cl;(U)) and Int; (U)
(CL;(U)) denote the interior (closure) of U respect to V; and V), respectively.

2. Preliminaries

In this paper, we consistently refer to (X,Vi,Vs) as a bitopological space without assuming any
separation axioms. Additionally, (X, V1, Vs, ') is considered as an ideal bitopological space, denoted
by the abbreviation IBS. We use OS and CS as abbreviations for open sets and closed sets, respectively.

Definition 2.1. [11] A subset U of an ideal topological space (X, V,I') is called as:

i. Semi-I'=0S if U C CI*(Int(U))

it. Semi*-I'—0S if U c Cl(Int*(U))

i1i. Strong semi*-I'=0S if U C CI*(Int*(U))

Definition 2.2. [12] For any IBS (X, V1, ,,T'), I' is called as codense if V; NT" = {0}, for i € {1, 2}.
Lemma 2.3. [11] For any IBS (X, V1, Vs, "), if I is a codense ideal, then the following hold:
i. Cl(U) = CI;(U), for all j-open set U C X

it. Int;(F) = Int; (F), for all j-closed set FF C X

Theorem 2.4. [12] Let U be a subset of IBS (X, V1,V»,T"). For i,j € {1,2} and i # j,

i. If I'=0, then U;(T") = Cl;(U)

ii. 1T = P(X), then U} (T) =

ii. U C Cl(U)

Lemma 2.5. [12] Let U be an (i, j)-[-OS in (X, V1,V,,T'). Then, U; = (Inti(UJf")>;.
Lemma 2.6. [12] Let U be a subset of (X,V1,V,,T') and V € V;. Then, VN CIL;(U) C CL;(V NU).
Definition 2.7. [12-14] A subset U of an IBS (X, V;, Vs, I') is called as:

i. (4,7)-1-OS if U C Int;(U)

ii. (i,7)-semi-I'-OS if U C CI; (Int;(U))

i1, (i, 7)-semi-I'-CS if Int} (CL;(U)) C U

. (i,7)-a-I-OS if U C Int;(CL; (Int;(U)))

v. (4, j)-pre-I'-OS if U C Int;(CL;(U))

vi. (i,7)-pre-I-CS if Cl;(Int; (U)) C U

3.0n (i,7)-Semi*-I'-Open Set

This section defines the concept of (i, j)-semi*-I'-open sets in an ideal bitopological space and presents

some associated properties.

Definition 3.1. A subset U in an IBS (X, Vi, V,,T') is called as an (7, j)-semi*-I-OS if U C Cl; (Int; (U)),
for 4, j € {1,2} and i # j. The set of all the (i, j)-semi*-I'-open sets in X is denoted by S/;['O(X).

Example 3.2. Consider an IBS (X, V;,V,,T') where X = {«, 3,7}, T = {0,{5}}, Vi = {0, {a}, {5},
{aaﬁ}aX}U and V = {ma {ﬁ}vX} Then7

Vik = {(07 {a}a {/6}7 {aa 6}7 {a>’7}7 X}
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and
Vo ={0.{8},{a, 7}, X}
Therefore, {5,7} is a (1, 2)-semi*-I-OS.
Proposition 3.3. Following properties are valid for any IBS (X, Vi, Vs, I'):
i. Every (i, j)-semi-I'-OS is an (4, j)-semi*-I-OS.
it. Every (i,7)-a-I-OS is an (i, j)-semi*-I"-OS.
PROOF. 4. Assume U C X isan (i, j)-semi-I'-OS. Since V; C V, then U C CI}(Int;(U)) C Cl;(Int; (U)).
i1. The proof follows from ().
0

Lemma 3.4. Let (X,V;,V,,T") be an IBS and U C X be an (i,j)-semi*-I'-OS. Then, Cl;(U) is
(i, 7)-semi*-I"-open set.

PRrROOF. Since U is an (i, j)-semi*-I'-OS, then U C Cl;(Int; (U)). Thus,

Cl;(U) c Cl;(Cli(Int; (U))) = Clj(Int; (U)) C Cl;(Int; (Cl;(U)))
O
Theorem 3.5. Let (X Vi, V2,T') be an IBS and U C X. Then, U is an (i, j)-semi*-I"-OS if and only
PRrROOF. Let U be an (i,j)-semi*-I'-OS. Then, according to Lemma 3.4, it follows that Cl;(U) C
Clj(Int; (U)). Suppose Cl;(U) = Clj(Int;(U)). This implies U C Cl;(U). Using the hypothesis, we
obtain U C Cl;(Int; (U)). O
Theorem 3.6. Let (X,V1,Vs,T') be an IBS and V C X. Then, V is an (7, j)-semi*-I"-OS if and only
if, there exists an (i, j)-semi*-I'-OS U such that U C V' C CL;(U).
PROOF. Let V is an (i, j)-semi*-I'-OS. Then, V' C Cl;(Int;(V')). Let U = Int; (V') be (4, j)-I'-0S. In
other words, U is an (i, j)-semi*-I'-OS and we have U = Intj (V) C Cl;(Int; (V') = Cl;(U). In contrast,
if U is an (i, j)-semi*-I'-OS such that U C V' C Cl;(U), then since U C Cl;(Int; (U)), it follows that
V C ClL;(U) c Cl;(Clj(Int; (U))) = Clj(Int; (U)) = Cli(Int; (V')). Hence, V is an (7, j)-semi*-I'-OS. [
Definition 3.7. A subset U in (X, V;,Vs,T') is called as an (i, j)-semi*-I'-CS if complement of U is
an (i, j)-semi*-I'-OS. The set of all the (i, j)-semi*-I'-closed sets in X is denoted by S};I'C/(X).

Theorem 3.8. Let (X, V1, Vs, I') be an IBS and {U, | @ € A} be a family of subsets of X where A is

an index set. Then, if U, € S%FO(X), for every a € A, then | U € Si*jFO(X).
a€EN

PROOF. Let Uy, € Sj;TO(X), for every o € A. Then, U, C Clj(Int; (Uy)). Therefore,

U Ua c | C1(Int; (U, CCI(UInt )

aEA a€N a€N

c Cl (Intj (U Ua)>

A finite intersection of (i, j)-semi*-I'-open sets need not to be in S;T'O(X) in general as demonstrated

O]

by the following example.
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Example 3.9. Let X = {«,8,7,n}, Vi = {0,X,{a}, {8}, {a,B}}, and Vo = {0, X}. Let I =
{@7 b Ant {vsn}}. Then,

Vik = {®7 {a}a {/8}7 {aa 6}; {a7677}7 {Oé,,@, 77}7X}

and

V; = {Q)v {Oz,,ﬁ}, {a, 57’7}7 {O"an}aX}

Therefore, {o,n} and {5,n} are (1,2)-semi*-I" open sets. However, {a,n} N {8,n} = {n} is not
(1,2)-semi*-I" open.

Theorem 3.10. A subset U in (X, V1,V,,1) is an (4, j)-semi*-I'-CS if and only if Int}(CL(U)) C U.

PROOF. Let U is an (i, j)-semi*-I'-CS. Then, X — U is an (i, )-semi*-I'-OS. Therefore, X — U C
Clj(Int; (X — U)) = X — Int;(CL;(U)). Consequently, Int>(Cl;(U)) C U.

In contrast, if Int(Cl;(U)) C U, then X — U C X — Int;(CL;(U)) C Clj(Int;(X — U)). Therefore,
X — U is an (i, j)-semi*-I'-OS. Thus, U is an (i, j)-semi*-I'-CS. [J

Theorem 3.11. Let (X, V1, V5, T') be an IBS and T is codense. Then, any subset U is an (i, j)-semi*-
I'-CS if and only if Int;(Cl;(U)) C U.

PRrROOF. Let U be an (i, j)-semi*-I'-CS. Then, Int;(Cl;(U)) C U. Since Int(U) C Int*(U), then
Intz(Clj(U)) cU.

In contrast, let U C X and Int;(Cl;(U)) C U. Since I is codense, this implies that Int; (Cl;(U)) C U.
Therefore, U is an (i, j)-semi*-I'-CS. [J
4.0On Strong (i, j)-semi*-I'-Open Set

This section suggests strong (7, j)-semi*-I'-open sets in ideal bitopological spaces.

Definition 4.1. A subset U of (X,V;,Vs,I') is named as a strong (i, j)-semi*-I"-open set if U C
Cl;(Int; (U)). The collection comprised of all the strong (3, j)-semi*-I'-open sets in X is denoted by

$S;.TO(X).

Example 4.2. Let (X, V1,5, T') be an IBS such that X = {a, 8,7,d}, V1 = {0,{8}, {a,v,n}, X},
VQ = {®7 {aaﬁ}aX}a and F = {®7 {"}/}} Then,

Vi = {@7 {18}y {a,n}, {a, B,m}, {a,v,n}, X}

and

Vo ={0,{, 8}, {, B,n}, X}
Therefore, {/3,7} is a strong (1,2)-semi*-I'-OS but {a,~} is not.
Proposition 4.3. Let (X,V;,V,,T') be an IBS and U C X.
i. Every (i, j)-semi-I'-OS is a strong (4, j)-semi*-I"-OS.
ii. Every (i,7)-a-I'-OS is a strong (i, j)-semi*-I"-OS.
iii. Every strong (i, j)-semi*-T'-OS is an (i, j)-semi*-T"-OS.
The evidences come from Proposition 3.3 and Definition 4.1.
Let (X, V1,V,,T") be an IBS and U C X. Then, we get this diagram:
(i,4)-a-T-OS — (i, j)-semi-I'-OS — strong (i, j)-semi*-I'-OS — (i, j)-semi*-I"-OS

Generally, the opposites of Proposition 4.3 are inaccurate, as demonstrated by the next example.



Journal of New Theory 46 (2024) 89-98 / On Strong (3, j)-Semi*-I'-Open Sets in Ideal Bitopological Space 93

Example 4.4. Let (X,V;,V»,T) be an IBS such that X = {a,3,7,n}, V1 = {0,{8},{a,7,},
{a, 8,7} X1 Ve = {0, {7}, X}, and I' = {0, {a}, {8}, {c, B}}. Then,

VT = {(2)7 {5}7 {’Y}, {047'7}7 {’77 77}7 {Ck, B, 7}7 {0‘7 s 77}7 {67’77 77}7 X}

and

Vék = {®7 {’7}7 {’77 7]}7 {a, s 77}7 {ﬁv Y5 7]}7 X}
Therefore, {a, 5,1} is a (1,2)-semi*-I'-OS but it is not a strong (1, 2)-semi*-I"-open.
Example 4.5. In Example 4.2, {a,n} is a strong (1, 2)-semi*-I"-OS but it is not a (1, 2)-semi-I"-open.

Proposition 4.6. Let (X,V1,V,,T') be an IBS and U C X. Then, U is a strong (i, j)-semi*-I'-OS if
and only if CI3(U) = CI;(Int] (U)).

PROOF. Assume U is a strong (i, j)-semi*-I-OS, then U C CIj(Int; (U)). This implies that CI;(U) C
CI;(Cli (Int} (U))) = Clj(Intj(U)). Thus, CI;(U) C Clj(Int;(U)). In contrast, assume CI}(U) =
CI (Int; (U)). Since U C CI;(U), then U C CI;(Int; (U)). O

Proposition 4.7. Let (X, V1, Vs,T') be an IBS and V' C X. Then, V is a strong (4, j)-semi*-I-OS if
and only if there exists a strong (i, j)-semi*-I-OS U such that U C V C CI3(U).

PROOF. Assume V is a strong (7, j)-semi*-I'-OS, then V' C CIi(Int;(V)). Let U = Int; (V). Then,
U CV cClj(Int; (V)) = CI;(U). Moreover,

U CV C Clj(Int; (V)) = CI;(Int] (Int; (V') = CI;(Int; (U))
Therefore, U is a strong (i, j)-semi*-I"-OS.

In contrast, if U is a strong (3, j)-semi*-I'-OS such that U C V' C CI;(U), then CI;(U) = Cl;(V) and
Int; (U) C Int; (V). Besides, U C CI3(Int; (U)) and hence

V C CLI;(U) C CI(Cl;(Int; (U))) = Clj(Int; (U)) C CIj(Int; (V)
which V is a strong (i, j)-semi*-I'-OS. [

Theorem 4.8. Let (X,V;,V,T') be an IBS and {U, C X : a € A} be a family of subsets of X where
A is an arbitrary index set.

i. If Uy € SS;;TO(X), for every a € A, then | {Us : v € A} € SS;T'O(X).
acA

ii. 11U € SSETO(X) and V € Vj, then UNV € SSETO(X).
PROOF. i. Since U, € SS/;T'O(X), for every a € A, it follows that U, C CI;(Int; (Us)). Consequently,

U Ua ¢ | Cr(Int; (U, CCI*(UInt )

a€A aEA acA

c Cr (Int;* (U Ua))
acA

i. Let U € SSET'O(X) and V € V;. Since U C Clj(Int; (U)), applying Lemma 2.6 yields:
UnV CCli(Int;(U)) NV C CL(Int; (U)NV)

O]

Generally, the intersection of strong (4, j)-semi-I-open sets need not be in SS3;,I'O(X) as demonstrated

by the next example.
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Example 4.9. Let X = {a,8,7,7}, Vi = {0, {a}, {},{e, 5}, X}, and Vo = {0,X}. IT =
{0,{n},{~}, {n,7}}. Then,

Vik = {(Z)v {a}v {5}7 {047/8}7 {O‘u 67’7}7 {0475777}}
and

Vo ={0,{e, B} {e, 8,7}, {a, B,m}}

Therefore, {a,n,v} and {3,7n,7} are strong (1,2)-semi*-I'-OS; however, {a,n,7v} N {B,n,7} = {n,7},
which is not a strong (1, 2)-semi*-I"-OS.

Theorem 4.10. Let (X, V1, Vs, I') be an IBS. The union of (7, j)-semi*-I'-OS and a strong (3, j)-semi*-
I'-OS is an (7, j)-semi*-I'-open.

PROOF. Let U € SSTO(X) and V is an (i, j)-semi-I-OS, then
UUV C Cli(Intf(U)) U (CL(Int}(V))
C Cl(Int¥(U)) U CL(Int: (V)
= Cl;(Int} (U) U Int}(V))
C Clj(Int; (U UV))
Hence, U UV is an (i, j)-semi*-I'-0S. OJ

Definition 4.11. Let (X, V;,V,,I") be an IBS and U C X. Then, U is called as a strong (i, j)-semi*-
I'-CS if its complement is a strong (4, j)-semi*-I'-open. The set of all the strong (i, j)-semi*-I"-closed
sets in X is denoted by SS7;C(X).

Theorem 4.12. Let (X,V1,Vs,T') be an IBS and U C X. Then, U is a strong (i, j)-semi*-I'-CS if
and only if Int}(CI; (U)) C U.

PROOF. Assume U is a strong (i, j)-semi*-I"-CS of X. Then,
X —U C Clj(Int; (X - U)) = X — Int}(CL}(U))

Thus, Int7(CI;(U)) C U. In contrast, assume U is any subset of X such that Int;(CI;(U)) C U.
This gives that X — U C X — Int;(CLi(U)) C CIi(Int; (X — U)). Therefore, X — U is a strong
(1, 7)-semi*-T-OS. [

Theorem 4.13. Let (X, V1, V5, ') be an IBS and T is codense. Then, U is a strong (i, j)-semi*-I'-CS
if and only if Int;(CI;(U)) C U.

PROOF. Assume U is a strong (3, j)-semi*-I'-CS of X. Then, Int;(Cl3(U)) C U. Thus, Int;(CL;(U)) C
U. In contrast, assume U is any subset of X such that Int;(Cl;(U)) C U. This suggests that
Int; (CI;(U)) C U, which gives that U is a strong (i, j)-semi*-I-CS. [

Theorem 4.14. Let (X,V1,Vs,T') be an IBS and U,V € SS;T'C(X). Then, UNV is a strong
(1, 7)-semi*-I'-CS.

PROOF. Assume U,V € SST'C(X). Then,
UNnV D Int; (CL;(U)) NInt; (CL;(V))
D Int; (CL;(U) N CL;(V))
D Intj (CL(UNV))
Therefore, UNV € SS;;TC(X). O
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5. The Strong (i,j)-Semi*-I'-Interior and Strong (i, j)-Semi*-I'-Closure
This section defines the concept of strong (i, j)-semi*-I-interior and strong (i, j)-semi*-I'-closure in an

ideal bitopological space and establishes their varied characteristics.

Definition 5.1. Let U be a subset of an IBS (X, V;,V,,I'). The strong (i, j)-semi*-I-interior of U,
denoted by ssf,;I-Int(U), is defined as the union of all the strong (i, j)-semi*-I-open sets of X that
are contained within U. In other words,

ss;;D-Int(U) = {V c U | V € SS;;TO(X)}

Theorem 5.2. Let U is a subset of (X, V;, Vs, T"). Then,
ss; ;I-Int(U) = U N CI; (Int; (U))
PrROOF. Let U C X. Then,
U N Cli(Int; (U)) C CI;(Int]

( )
C CI;(Int;
(

i(U
(Int7 (U)))
= CIi(Int; (U N Int; (U))

C CI(Int} (U N CL(Int} (U))))

Thus, UNCI;(Int} (U)) is a strong (3, j)-semi*-I'-OS contained in U, which means U N CI;(Int; (U)) C
ss;;-Int(U). Furthermore, since ssf,I-Int(U) is a strong (i, j)-semi*-I'-open, then

ss; ;I-Int(U) C CIj(Int; (ss; ;- Int(U))) C CIj(Int; (U))
Consequently, ss; ;I-Int(U) C U N CLj(Int; (U)). O

Lemma 5.3. Let U be a subset of (X, V1, Vs, T"). Then, U is a strong (7, j)-semi*-I'-OS if and only if
ssi ;,D-Int(U) = U.

PROOF. Assume U is a strong (i, j)-semi*-I-OS. Then, U C CIi(Int;(U)). Hence, ss; ,I-Int(U) =
UNCI(Int; (U)) = U. In contrast, let ss7 ;,I'-Int(U) = U. Since ss; ;I-Int(U) = UNCL;(Int; (U)) = U,
then U C CI;(Int; (U)). Hence, U is a strong (3, j)-semi*-I'-OS. [

Definition 5.4. Let U be a subset of (X,V;,V2,T'). Then, the strong (i, j)-semi*-I'-closure of U,
denoted by ssj ;I'-Cl(U), defined by the intersection of all the strong (i, j)-semi*-I'-closed sets of X
containing U. In other words,

ss;IT —Cl(U) =V C X :UCV,V e SS;;TC(X)}

Theorem 5.5. Let U be a subset of (X, V1,Vs,T). Then, ssj;I" — Cl(U) = U U Int; (CL;(U)).
ProoOF. Let U C X. Then,
U UTnt; (CL;(U)) = Intj (CI3(CL;(U)))
= Int; (CI;(U U CI;(U)))
D Int; (CL;(U UInt; (CI;(U))))

Thus, U U Int;(CL;(U)) is as strong (i, j)-semi*-I'-CS containing U. Therefore, ssj;I'-Cl(U) C U U
Int} (CL;(U)).

In contrast, let ssf;I'- CI(U) = UUInt; (Cl3(U)). Since ss; .I'- C1(U) is a strong (i, j)-semi*-I'-CS, then
ij i\ 0,j

ssz"jf— Cl(U) > Int;‘(Cl;f(ssij— ClU))) D Int;‘(Cl;(U))
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Therefore, ssj;I-Cl(U)) D U U Int; (CI3(U)). Consequently, ss;;I-Cl(U)) = U U Int; (CL3(U)). O

Lemma 5.6. Let U be a subset of (X,V;,Vs,T"). Then, U is a strong (i, j)-semi*-I'-CS if and only if
ssi;I-Cl(U) = U.

PROOF. Assume U is a strong (4,7)-semi*-I-CS. This implies that U > Int;(CL;(U)). Therefore,
ss;;D-Cl(U) = U U Int; (Cl;(U)) = U. In contrast, let ssj;,I-Cl(U) = U. Given that ssj;I-Cl(U) =
U UInt;(CI;(U)), it follows that U D Int;(CI;(U)). Consequently, U is a strong (3, j)-semi*-I'-CS. [J

Theorem 5.7. Let U be a subset of (X, V1,1, T"). Then, the following properties are held:

i. If U is an (i, j)-prel-O8, then ssj;I-Cl(U) = Int; (CI;(U)).

é. If U is an(i, j)-prel-CS, then ssj;I-Int(U) = CI}(Int; (U)).

PROOF. 4. Let U be an (i, j)-prel-OS. Then, U C Int;(CI;(U)) C Int;(CL;(U)). This gives that
ss;;0-Cl(U) = U UInt; (CI3(U)) = Int] (CL;(U))

i. Let U be an (i, j)-prel-CS. Then, CI}(Int; (U))C Cl;(Int;(U)) C U. This suggests that
ss;;D-Int(U)) = U N Cli(Int] (U)) = CI;(Int; (U))

O
Theorem 5.8. Let U be a subset of (X, Vi, Vs, I"). The following properties are held:
i. Int} (ss;;T-CL(U)) = Int; (CL;(U))
ii. Cli(ssj;I-Int(U)) = CL;(Int; (U))
PROOF. i.
Int; (ss;;I- CL(U)) = Int; (U U Int; (CI;(U)))
U) U Intj (Int; (CI;(U)))
U) U Int; (CI;(U))

 (CI3(0))

i (
i (
i (
(
In contrast,

Int; (ss;;I-Cl(U)) =

This indicates that Int;(ss};I-Cl(U)) = Intj (CL;(U)).
Cl; (ssj;T-Int(U)) = CI3(U N CL;(Int; (U))
C CI;(CL;(U) N Cli(Int; (U)))
C CI;(CL; (Int; (U)))
— CF (T (1))
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In contrast,
CI; (ss;;I-Int(U)) = CL;(U N CL;(Int; (U))
D CIi(Int; (U)) N CL; (Int; (U))
= CI;(Int; (U))
This suggests that Clj(ss;;I-Int(U)) = CLj(Int; (U)).
O

6. Conclusion

In this paper, we introduced the notions of (7, j)-semi*-TI'-open sets and strong (i, j)-semi*-I'-open
sets in ideal bitopological spaces. We demonstrated that the concept of (i,7)-semi*-I'-open set is
weaker than (i, j)-open sets in ideal bitopological spaces. We discussed and proved several properties
and relationships of (i,7)-semi*-I'-open sets and strong (i,7)-semi*-I-open sets. Additionally, we
introduced the notions of strong (i, j)-semi*-I-interior and strong (i, j)-semi*-I'-closure, providing
proofs for their properties.

In future studies, researchers can investigate more applications of (i, j)-semi*-I"-open sets and strong
(1, 7)-semi*-T-open sets in ideal bitopological spaces. Furthermore, the concept of continuity can be
studied in the light of the newly defined generalized open sets.
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