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Abstract

The present study looks at the Love wave propagating through an elastic layer containing
empty pores situated above a heterogeneous elastic semi-infinite space. We have constructed
separate formulations of equations of motion for both media under congruous boundary
conditions. The separation of variables approach is used to build the phase velocity frequency
relation in compact form using the Whittaker function. The resulting closed-form dispersion
equation matches the conventional Love wave equation when heterogeneity has been
removed. The propagation of Love waves is strongly influenced by a porous layer of limited
thickness across an elastic semi-infinite space. Three wave fronts are demonstrated to have
the potential to propagate. The equilibrated inertia and the variation in the void volume
fraction are related to two wave fronts that are connected to the characteristics of the void
pores. Numerical treatments are applied and graphically illustrated to implement these effects
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1. Introduction

The way seismic waves travel around the Earth is
significantly influenced by its layered structure. An
abundance of data is supplied by Ewing et al. [1]
regarding how seismic waves propagate. Love [2]
developed a mathematical simulation of a specific kind of
surface wave known as the Love wave. Many researchers,
e.g. Achenbach [3], Pilant [4] etc. investigated how Love
waves propagate in both homogeneous and
heterogeneous space. Rayleigh waves are less
susceptible to structural complexity than Love waves.
Sato [5], [6], [7] and Noyer [8] created a model to show
how Love waves move through a medium with various
crustal thicknesses.

According to the current research, Love waves
propagate under certain physical conditions that are

associated to Love waves’ phase velocity.

most likely found inside the Earth. Techniques for
geophysical prospecting and surveying are necessary to
examine how elastic waves propagate through porous
media. A porous medium is defined as a solid or group of
solid bodies that have enough space between them for a
fluid to pass through or around them. Inherently porous
and liquid-filled materials are common in the natural
world. The mean distribution of the pores is uniform and
their pore size is tiny. Numerous studies have stressed
the importance of pore water in seismology. The
dispersion of water and the readjusting of fluid pressure
are what produce earthquakes. An elastic, porous, liquid-
saturated medium has an established constitutive
equation, according to Biot [9]. The Biot’s hypothesis
[10], [11] of fluid-saturated porous solids consolidated
introduces numerous ideas on porous material’s
mechanical characteristics.
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Nunziato and Cowin [12] postulated the existence of
voids in a non-linear elastic material. Bulk density was
stated as the result of multiplying the material matrix
density by the volume fraction. The strain, the change in
voids and void volume percentage are all regarded as
independent kinematic variables in the linear theory of
elastic material with voids. A substance that has sparsely
spaced tiny spaces where there are none may be referred
to as a porous substance. The field of geophysics &
artificially produced porous substances have planned
uses based on this theory. Applying Biot's theory to a
porous media, Chattopadhyay et al. [13] discovered Love
wave dispersion. According to Dey et al. [14], Love waves
should propagate in an elastic layer containing empty
pores.

The acceleration caused by gravity is essential to
comprehending dynamic as well as static problems since
Earth functions as a gravitational medium. As
seismologists learn more about the Earth's structure, the
gravitational impact of Love wave propagation is
becoming more significant. Rayleigh wave’s interaction
with gravity in an incompressible half-space was
demonstrated by Biot [15]. Love waves propagating in a
transversely isotropic layer is significantly impacted by
gravity as well as initial stresses, according to Dey et al.
[16]. In a sand-filled, dry medium, Dey et al. [17] found
that initial stress & gravity had an impact on torsional
surface waves. Gupta et al. [18] compared the Rayleigh

wave secular equations that are precise and
approximate. The study conducted by Gupta et al. [19]
aimed to examine the characteristics of wave

propagation in carbon nanotubes.

Recently, Kumar et al. [20] showed that all of the
material components of the model under discussion have
a substantial effect on both the damped and phase
velocity. A layered composite system’s dynamic response
to a load travelling on its upper rough surface with
parabolic irregularity was examined by Gupta etal. [21].
Kumbhar et al. [22] calculated the complex wave velocity
of the SH-wave using the Fourier transformation method
and Green's function. Gupta et al. [23] demonstrated the
characteristics of the field variables by contrasting three
distinct generalized thermoelastic models. Chowdhury et
al. [24] looked at how irregularity and other influencing
factors, such magnetic couplings and hydrostatic
stresses, affected the propagation of waves. The electrical
and mechanical displacements as well as the elements of
electric potential have all been concurrently calculated
by Maity et al. [25]. Kumar et al. [26] examined the
Rayleigh wave's ability to travel through a piezoelectric-
orthotropic substrate. Using a set of time-history natural
ground motion records, Dering6l et al. [27] examined the
seismic reactions of the fixed-base and base-isolated
buildings. Using the criteria outlined in the
aforementioned seismic codes, Ertugrul et al. [28]
examined yielding rigid retaining walls and anchored
walls. Alam et al. [29] investigated the attenuation and
dispersion characteristics of shear waves. The works
done by Alam et al. [30], [31], Mario et al. [32], Singh et
al. [33], [34] may also be cited.

In this problem, the feasibility of Love wave
propagation over an inhomogeneous semi-infinite space
in an elastic layer containing empty pores is studied. The
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half space's inhomogeneity has been estimated to be p =
(1 +az) and =p,;(1 + bz) , where u & pare the
stiffness and mass density of the semi-infinite space
respectively and the constants a and b have dimensions
that are opposite to those of length. Bullen [35]
discovered that as Earth's depth increases, so does its
density. The layers' inherent non-uniformity may make
this feasible. Brich [36] demonstrated in a different
investigation that the stiffness of the Earth's strata varies
at varying rates with depth. For this problem, Cowin and
Nunziato's mechanics [37] of the elastic matrix with void
pores are applied. We have established the velocity
equation of Love waves in an elastic layer with void pores
over a heterogeneous semi-infinite space. Three wave
fronts are demonstrated to have the potential to
propagate. The equilibrated inertia and the variation in
the void volume fraction are related to two wave fronts
that are connected to the characteristics of the void
pores. The elasticity of the medium is linked to the other
wave front.

2. Field equations and constitutive relationships

In the absence of body forces, Cowin and Nunziato
[37] provide the following equations of motion for a
homogeneous & isotropic porous elastic medium

. R 0%
w3+ (A + wvv.n) + Ve =P5z (1)
2
d72¢—§¢—52—f—ﬁv.ﬁ=pE% (2)

Where A and y are Lame’s moduli; &, [?, Lw & k the
functions of matrix volume fraction. ¢ is a void parameter
dependent on the inertial frame of reference; u(x,t)
stands for displacement vector; the difference in volume
fraction from the reference volume fraction is
represented by ¢; pis the medium’s density and ¢ is the
time parameter.

Cowin and Nunziato [12] provide the relationship
between stress and strain components as follows:
Tij = Abjjexx + 2pe;; + Fpd;; (6, j = 1,2,3) (3)
where §;; stands for the kronecker delta, 7;; stress
components and e;;are strain components given by

1(0u; , Ouj
eji=—-\—+—)
Y ( + Ju;

2 au]-
2.1. Statement of the problem

Content We assume a heterogeneous semi-
infinite space under an elastic layer of thickness H that
has pores containing nothing. Both density and rigidity
have been taken into consideration while discussing
heterogeneity. In the lower space, the z -axis is oriented
vertically downward. Along the path that the wave is
moving in, the x -axis is selected to run along the layer.
The layer-half space interface is where the origin is
selected, as Fig. 1 illustrates.
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u=p(1+az)
p=p(1+bz)

Inhomogeneous
half-space

z

Figure 1. The Problem’s Geometrical Shape.

Love waves have the displacement components u =
0,w = 0& v = v(x, z,t). The equations (1) and (2) that
are not identically zero have the following form

0’v 9%\ (0 0p\  9%v
4@*@)”(@*5)”% )
39 0% ()

(9% 0%
“(ﬁ*ﬁ)“"a‘f‘f’—“ﬁ

2.2. Analytical solutions for wave velocities

The The solutions of equations (4) and (5) can be
interpreted as follows for waves propagating at a velocity
of ¢ along «x -axis pointing positively v =
11)1 (Z)eik(x—ct)and ¢ — 11)2 (Z)eik(x—ct)

where the equations satisfied by ¥, (z2)& ¥, (z) are

1" (2) — N9 (2) + Blik,(2) +¥,'(2)] =0 (6)
And

V2" (2) = M*,(2) = 0 (7)
Where N = k(1 — (c2/4%))"*,B = f/u, A=/

PYVEM = [(ak? — pkk?c? — idket + €)/d] " @ k€
representing constants specific to a certain substance. It
is possible to interpret the value of M as follows while
omitting the damping factor @, which is negligible for
sinusoidal waves

2 1 1/2

—_ — + —
(a/pk) " k2(@/%)

M=k|1 (8)

Solution of equation (7) with M as given in (8) may be
taken as

Y2 = RzeM” + Rye™” 9
Using (9), the solution of equation (6) becomes
B(ik + M
1/’1 — RleNZ+R26_NZ— ( ) Mz 3
M2 — N2 (10)
B(ik—M) _,
ZR4
MZ — NZ
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Hence the solution of equation (4) and equation (5)
may be written as

B(ik + M
v = [RleNZ + Rze‘NZ - HGMZI%
. (11)
B("Zk — IV? MzR eik(x—ct)
M?—N
¢ — [R36MZ + R4e—Mz]eik(x—ct) (12)

2.2.1. Solution for layer

Only The solution can be expressed as follows, with
the upper layer’s quantities indicated by the subscript 0

Vo
B(ik + My)
=|R Noz + R —Noz _ _* M()ZR
[ e m-nNg © T a3
_ B(ik — M) e~Mozp | gik(x—ct)
MZ — N? *
¢0 — [R3eM°Z + R4e—Moz]eik(x—ct) (14)

Where Ny = k(1 - (cZ/A(Z,))l/Z,Bo = Bo/to, Ao =
1/2 d k c? 1 S
(,Uo/Po) an M, = [1 - (@o/pok) ~ Kk2(&o/$0) )

2.2.2. Solution for half-space

The displacement caused by Love waves can be
expressed in terms of an equation of motion as follows
(Biot [15])

s,
0x

0sp3 _ 07

o = a0 P (15)

Where s;; represents the stress components in the
semi-infinite space and p the density of the substance.
The inhomogeneity in the space has been assumed
as
t=wu+az),p=p(1+b2) (16)
where pu =y, p =p; at z=0 and the variables
a, bhave inversely sized dimensions in relation to length.
Making use of the stress-strain relationships
S21 = Z#exy' S23 = 2I'leyz (17)
and the relation (16), the equations of motion (15)
becomes

0%v  9%v a

ov  p,(1+bz)d?*v
ox? T2 =

—= — 18
14+azdz w1+ az)adt? (18)

Let v = Y(2)e* =) be the solution of (18), then
equation (18) reduces into
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dzl/} a dyp pl(l+b) 1| 2
dz? (1 Yaz)dz |1+ az) v (19)
=0
Now by inserting i = ICHY equation (19) to
(1+az)1/?
getrid of we obtain
d2¢(2) a?
dz? 4(1 + az)?

—kz{l—

=0

c?(1 + bz) (20)
c?2(1+ az)}] @

where ¢; = /1 /p; and c the velocity of Love wave.

2 1/2
c“b 2y1k(1+az)
——] , =, w =

c1?2a a

Substituting y; = [1 -
kc in equation (20), we get

d2¢(771) 1 1
+——- =0 21
i [Zn el LI (21)
%(a—b)
where = ::Zaazylk .

The equation (21) has the solution ¢(n,) =
RsWg/2,0(M1) + ReW_g/2,0(—11), where Wy, o(n,) is the
Whittaker’s function [38]. Under the condition lim z — oo
when V(z) -0 ie. limn, » cowhen ¢(n,;) - 0 the
solution becomes

o(n) = RSWR/Z,O(nl) (22)

Thus, in the heterogeneous space, the displacement

component is
_ RsWkg2,0(11) pikGi—ct) (23)
(1 + az)/2

Equation (23) is reduced to when Whittaker's

function is expanded to linear terms

v = v, (say)
R, _nk(+az) (2y,k(1 + az))*? .
T (1 +azn)t/? ¢ ¢ a
(24)
-y
2 2 ik(x—ct)

" 2y,k(1 + az)

3. Boundary conditions

8] References It is necessary for the stress
component to remain continuous at z = 0,
i.e.,
(ii)
dv, dv,
Ho EP =Ml 9z (25)
(iii) It is necessary for the displacement

component to remain continuous at z = 0,
ie.,
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(iv)
170 = vl (25b)
) At, z = —H the stress vanishes such that
dv,
— = 25c
Ho aZ 0 ( )
(vi) At, z = 0 the boundary condition ¢y, is
n.V¢py, = 0ie.
d
9% _ (25d)
0z

where 71 represents the unit vector perpendicular to
the external boundary.
(vii) At, z = —H the boundary condition ¢ is
V¢, =0 (25d)

where 7 represents the unit vector perpendicular to
the external boundary.

Equations (13), (14) & (24) combined with
aforementioned boundary conditions (25a)-(25e) result
in
B(ik + My)M,

M-nNG P

B(ik - MO)MO
+— Nz R
0 0

Mo |R1Nog — RyNy —

(26)

R/2

vik (2v.k
—M1R59_%{ ):11 }

Where

(27)

Where

NORle_NOH - NoRzeNoH
_Blik+ MMy _,,
MZ NZ 3
B(ik — My)M
+ ( 01 0 M HR =0
M2 — N2

(28)

MOR3 - MOR4 = 0 (29)

M0R36_M0H - M0R48M0H = 0 (30)

Eliminating R, R,, R3, R4and Rs from equations (26)-
(30), we get
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R
B(ik + MO)MO B(ik - MO)MO ,ul _M Zylk E
No —No TTMZ_NZ —wi_nZ L% ° { } P
My — N§ Mg — N§ o a
R
- 7 - 7Y a
MZ — NZ MZ — NZ ¢ a =0
B(ik + My)Mye Mot B(ik — M,)MyeMot
Noe_NOH —NoeNOH _ ( 20) 02 ( . O) 20 0
Mg — Ny Mg — Ng
0 0 MO _MO 0
0 0 Moe_MOH _MOeMOH 0
The above determinant gives either, Equation (32) gives sinh [1 __ c2 i
) (@o/pok)
1/2
My=0 31 1 =
° (31) kZ(ao/fo)] kH =0
i.e.
or, 1
1 nmy\212
= - 4 (= 35
sinh(MyH) = 0 (32) c= [1 T amye T (kH) ] G (35)
or, N
wherem, = (—°)Zstands for displacement parameter,
2 & b0
Ny —No #—OP €3 = (p—"k) is the shear wave velocity caused by
— 0
1 1 Q |~ 0 (33) the layer’s changing void volume fraction, n is not a
Nye NoH  _NyeNoH 0 fractional number and kis the spatial frequency of
a wave.
] ) 2 1 1/2 In the assumed model, equation (35) gives the
Equation (31) gives k [1 ™ @o/poko) kz(%/fo)] = velocity of the second form of Love wave.
0 Equation (33) yields
ie.
P
1 tanh(NH) = ——— (36)
2 Ho NQ
c= [1 + ;]2 c (34)
(kmo)2l =3

Substituting P and Q in equation (36) one gets
This is the first-kind Love wave's velocity in the

assumed model.
(B- 1)2 a
1— 2 2) k

a \2 2/ k
- Y1 27, %
Cc
tan|| |1 |kH|[=2 _ 37)
4o Ho B_Lya
_272) k([

22 ¢ _q
2y, AZ
_ w?(a-b) _ 2 p]'/? 4. Particular case
where R = e andy; = [1 - 61—2;]

This is the Love wave dispersion equation in the When homogeneity occurs in the semi-infinite space,

assumed model and is dependent on the half-space’s i.e. for a—>0,b—0 the dispersion equation (37)
inhomogeneity parameter as well as the elastic becomes
parameters of the layer and half-space.
This study demonstrates that Love waves propagate 1— C_ZZ
in three wave fronts in elastic media with void pores: two ,cz Uy %
of the wave fronts, given by equations (34) and (35) are tan |kH Az~ =" (38)
dependent on the void pores’ parameters, while the third 0
wave front, given by equation (37) does not depend on A

any parameter related to the variation in the void volume

pores. It validates the solution to the topic under discussion

and is well recognized classical outcome of the Love
wave.
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5. Numerical calculation & discussions

The following data have been collected in order to
investigate the impact of inhomogeneity:

1) The rigidity and density in upper layer are
considered as (Kumar and Vandana [39])

2) The rigidity & density in inhomogeneous lower
space are considered as (Gubbins [40])

To highlight the significance of porosity and
inhomogeneity on Love wave propagation, numerical
calculations were conducted using equations (34), (35)
and (37) with varying parameter values that
corresponded to the aforementioned features.

The values of in numerical form have been
computed from equation (34) and (35) for various values
of . Also the values of in numerical form have been
computed from equation (37) for various values of .

The dimensionless phase velocity and the
dimensionless wave number for various values of are
displayed against each other in Fig. 2. The phase velocity
has been found to decrease with increasing values.

In Fig. 3 and Fig. 4, the curves are plotted with
against for various values of = 0.5, 0.7, 0.9 at =1, 2
respectively. The phase velocity has been found to
decrease as the value of grows.

Figure 5 shows the curves with phase velocity
plotted against spatial frequency considering various
values of the inhomogeneity parameter related to the
medium’s stiffness. For curves 1, 2, and 3, the value of
has been considered to be 0.1, whereas the values of
have been determined to be 0.3, 0.4, and 0.5, respectively.
The velocity of the Love wave has been observed to rise
with the value of in the half-space.

Figure 6 shows curves with phase velocity plotted
against wave number considering various values of the
inhomogeneity parameter related to medium density.
The value of has been assumed as 0.4 whereas the value
of is considered as 0.3, 0.4 and 0.5 for the curves 1, 2 and
3 respectively. It has been noted that the velocity of the
Love wave decreases as the value of in the half-space
grows.

: . ; ;
— =02
— 2 mheld
| —— 3 myHe0s

55r

5_

45
4 L
g 3st
o

3 L
25t

Figure 2. First kind Love wave dispersion curve with

void pores for varying values of m,/H.
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Figure 3. Second kind Love wave dispersion curve with
void pores for varying values of kmg, at n=1.

1 15 2 25 3 35 4 45 5 55 3
kH

Figure 4. Second kind Love wave dispersion curve with

void pores for various value of km, at =2,

T
1 ak=03
2 ak=057|
3 ak=07

Figure 5. Influence of rigidity on Love wave propagation
in the heterogeneous semi- infinite space for b/ k=0.1.

25

T
— 1 bk=03

—2 bk=04
—3 hk=05

1 L L 1 L L 1

0 02 04 0e 08 1 12 14

Figure 6. Impact of density on Love wave propagation in
the heterogeneous semi-infinite space for a/k =0.4.
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6. Discussion

Three Love wave fronts can persist in the medium
concurrently, according to the study. The variation in the
volume fraction of the pores determines two fronts. The
third front is dependent on the medium's inhomogeneity
characteristics and elastic constants. The following
succinctly describes the conclusions drawn from the
aforementioned analysis:

1. First and second kind Love waves’ phase
velocities decrease as the void parameter rises
with dimensionless wave number.

2. While the inhomogeneity factor in rigidity has
the opposite influence on the phase velocity, the
inhomogeneity factor owing to linear variation
in density in the inhomogeneous semi-infinite
space decreases the phase velocity as it grows.

3. The dispersion equation (38) reduces to the
generic Love wave equation in the case of a
homogeneous layer over a homogeneous half-
space.

Potential application in geophysical prospecting is the
present thorough investigation of torsional surface
waves in the assumed model. Knowing the origin and
approximate damage from earthquakes is helpful.
Additional applications for this research could be in-
depth geologic structure mapping and oil drilling.
Researchers in material science and designers of new
materials may find usefulness in the findings reported in
this study.
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