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Abstract

This paper explores the existence of solutions for non-local coupled semi-linear differential equations involving
y-Caputo differential derivatives for an arbitrary / € (0,1). We use topological degree theory to condense maps
and establish the existence of solutions. This theory allows us to relax the criteria of strong compactness, making
it applicable to semilinear equations, which is uncommon. Additionally, we provide an example to demonstrate
the practical application of our theoretical result.
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1. Introduction

Freshly, fractional differential equations aroused the fascination of numerous mathematicians, because it may depict a wide
range of occurrences across numerous scientific domains and has been demonstrated to be a successful model for scientific
fields such as physics, mechanics, biology, chemistry, control theory, and other domains for exemple, see [1]-[14]. There are
several approaches to defining fractional integrals and derivatives, yet the most well-known are the Riemann-Liouville and
the Caputo fractional integrals and derivatives, in [15], Almeida presents the extension of these derivatives by considering
the Caputo fractional derivative of a function concerning another function y and studied some useful properties of fractional
calculus.

The advantage of this revised definition of the fractional derivative is that greater model accuracy could be accomplished by
selecting the proper function y. To look for more information about y-Caputo and Caputo fractional derivative, We point
readers toward the documents [15]-[17].

Since coupled systems of fractional differential equations arise in many practical issues and may be closely examined to
determine if they exist, it is crucial to research coupled systems of fractional differential equations. This can be done using
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topological degree theory; for instance [18]-[24].
Yang He in [25] studied the existence of mild solution for the following problem

{@"u(z‘) +Au(t) = f(t,u(t),Gu(t)), t €A,
u(0) = uy

where ©9 is the Caputo fractional derivative of order g € (0,1) —A is the infinitesimal generator of a compact analytic
semigroup.

The topological degree is a powerful tool for proving the existence of solutions to semilinear differential equations. It
provides a rigorous framework for establishing solution existence under specific conditions and can be used to associate an
“algebraic count” with the number of solutions within a given domain. This count remains unchanged under continuous
deformations of the problem, guaranteeing the existence of at least one solution if the degree is non-zero.

The latest use of the semilinear differential equation with the integral operator was by S.Zorlu and all in [26] when he
studied to build new sufficient conditions for the approximate controllability of special classes of abstract fractional evolution
control equations with the following form:

{gDz,x(t) = —Ax(t) +Bu(t) + f(t,x(t),Gx(t)), t €A,
x(0) = xo.

where x is the state variable defined on the Hilbert space X; OCDz, describes the y-Caputo fractional derivative with order
0 < g < 1; A is the infinitesimal generator of a strongly continuous semigroup ((¢) of bounded operators on X. Furthermore,
u, the control function, is defined in L?([0,7],U), where U is a Hilbert space. L*([0,T],U), is the space of square integrable
functions with respect to the Lebesgue measure on the interval [0, T], taking values in the Hilbert space U, f is a given
non-linear term such that f(z,.,.) : [0,T] X Xo X Xg — xXg, B € [@,1],0 < a < 1, T < oo, and the Volterra integral operator
is as follows:

Gx(t) = /0 "K(t,5)x(s)ds,

with a kernel of K € C(A, (0,00)), A= {(t,s):0<s<r<T}.
From the works mentioned above we examine the following coupled system of y-Caputo fractional semilinear differential
equation:

COLY (1) + Ay (1) = A1, (1), RE()) L €A,

COYE() +2:8(1) = h(t,x(1), W x (1)), € A, .
200)+p(x) =20

C0)+p () =G

where v > 0, with —2(; and —2(, generates an analytic compact semigroup (V(1)),>0 and (U(1)),>¢ respectively. The terms
Ryx (1), R x(1) provided by:

Ry (1) = /01 11, 7)x(v)dt, I € C(S,R) and Ry (1) = /OIJ(l, )x(2)d7, J € C(Q0,RY),

with 0 = {(1,¢) eR?: 0< ¢ <1 < v}, Qo ={(1,6) eR?:0< g <1<V}
The fractional derivative CDi)’f is the y-Caputo fractional derivative of order I € (0,1), v > 0, o € 2 . the non local condition
a
p(x)= Y pwx(iw); where p,,, w=1,..careconstants and 0 < 1y < L < ... < < V,and A Ax Zpx X -+ X is a
w=1

specific function. This derivative provides a broader context for the findings reported in the literature.
Especially motivated by [11], we study the existence of the solution of our coupled problem using topological degree.

2. Preliminaries

We proceed by setting A = [0, v]. We denote by 2~ a Banach space with norm ||| and -2 : 2() — 2 is the infinitesimal
generator of a compact analytic semigroup of uniformly bounded linear operators (V(1)),>9. We will present some basic
properties in the theorem below.
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Theorem 2.1. [27]
1. Zp = 2(A®) is a Banach space with the norm ||x ||, = ||A€ x|| for each x € 2(AP).
2. A~ ¥ is bounded linear operator for 0 < @ < 1, there exists Cy, such that ||A~#|| < Cy,.
3. If < @<y, then D(AT) — 2(AFP).
Definition 2.2. [20] We define the Kuratowski measure of noncompactness x : B — R as follow
k(B) = inf{d > 0, where B € B admits a finite cover by sets of diameter < d}.
Definition 2.3. [20] Let 77 : Q — 2 be a continuous bounded map. Then 7 is
1. x-lipshitz for all bounded P C Q there exist m > 0 such that k(A (P)) < mx(S).
2. K-contraction for all bounded P C Q, there exist 0 < m < 1 such that k(€ (P)) < mk(S).
3. K-condensing for all bounded P C Q, with k(P) > 0 if k(7 (P)) < x(S).

Let’s consider for 57 : Q — 27; OC(Q): the class of all strict x-contractions and Cy(Q): the class of all k-condensing.
Moreover, ¢ is Lipshitz if there exists m > 0 such that |77 () — ()| <m|x — ||, for all x,{ € Q and thatif m < 1,
then J7 is a strict contraction.

Proposition 2.4. [20] If 741,56 : Q — 2 is lipshitz with constant m; and my respectively, then €1 + 76 is K-lipshitz with
constant my +my.

Proposition 2.5. [20] If 74 : Q — X is lipshitz then it’s K-lipshitz with the same constant.
Proposition 2.6. [20] If 741 : Q — Z  is compact, then F€] is K-lipshitz with constant m = 0.
Theorem 2.7. [20] Let 7 : 2~ — Z be k-condensing and
O={x €2 : thereexists 0 < 8 < 1 suchthat y = B4 x}.
If ® is a bounded set in .27, so there exists r > 0 such that ® C B,(0), then
D(I— B4, B,(0),0)=1, forall Bcl0,1].

As aresult, 77 has a minimum of one fixed point, and B,(0) contains the set of fixed points for 7. We will also provide the
required data and resources on y-fractional derivatives and y-fractional integrals,

Definition 2.8. [17] Let 1 >0, y € L'(A,R) and w € C"(A,R) such that y'(1) > 0 for all 1 € A. The y-Riemann Liouville
fractional integral of order | of the function X is given by

“I¥a) = ﬁ /ol V() (w(1) — w(K) g (k)dx.

Definition 2.9. [17] Let 1 >0, y € C"~'(A,R) and y € C*(D,R) such that y'(1) > 0 for all 1 € A. The y-Caputo fractional
derivative of order | of the function X is given by

— [V - vy g (.
0

D20 = 15

where
V() = _Lody (x) and n=[l]+1
K= \yyax ) * AT
and [l] denotes the integer part of the real number I.

Proposition 2.10. [17] Let 1 >0, y € C"'(A,R), then we have the following propositions

1. SDRYIY x(0) = ().

2 YD) =20 =L 2wl — ()

3. I(l);w is linear and bounded from C(A,R) 1o C(A,R).
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3. Representation of Mild Solution

Let’s first take a look at this problem

{%éi’xm +2Ax (1) = (1,2 (1), Ry (1)), 1 € A, o
x(0) = xo

with —2( generates an analytic compact semigroup (V (1));>o of uniformly bounded linear operators on a Banach space 2,

n:Ax Zpx Zp— Z is a given function and C@gf is the y-Caputo fractional derivative of order / € (0,1), v > 0,xp € Z".
The definition of Ry (1), which could be seen as a system control, is given earlier.

According to the definition 2.3 and the proposition 2.4, it is necessary to rewrite the Cauchy problem (3.1) in the equivalent
integral equation

20 = 20 555 | (W) = W)W () () Al (o). R () (32
0

Lemma 3.1. If(3.2) holds, then we have
1) = [ @p)V (W)~ w(0)'p)redp
[ [ pilp) i) = w(x)! W (k)Y (1) — wl0))'p) (k. 1K), Fx ()
where

1 1 |
@(p) = 7P7177601 (Pj) >0,

0)1252

1 ((—lvlp"’lr(”jj”sm(pm) . pe0.e)

For y € 2 and 0 < < 1, two families {X,(1,6) : 0 < ¢ <1 <v}and {¥(1,6):0 < ¢ <1 <V} of operators are as
follows:

Xy = [ PPV () = v p)adp: 2 x 2~ 2
and
Vy()x =1 [ p@ip)V (W) = ¥(S)) pldp: 2 x 2~ 2
respectively.
Lemma 3.2. [14] The operators X,,(1,¢) and Y,,(1,G) meet the following requirements:

1. Y12>¢>0and y € Zp, the operators Xfl,(l,g) and Yul,(L, G) are bounded linear operators, i.e. VY € Z,

My

v, < me el ana [ o] < 5 1l

2. The operators X]ll,(l, G) and Y‘f,(l, G) are strongly continuous V1 > ¢ > 0. Thatis, y € Zpand0< ¢ <1, <1, <T, we
have the following:

HXII//(lZag)X —Xfl,(ll,c_:))(H‘p — 0 and HYlf,(lz,Q)X _Y‘j’(l]’g)pr —0,

asly — 1.

3. The operators Xfl,(l, ) and Ylf,(l7 ¢) are compact operators V1,6 > 0.
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4. If Xlll,(l, ¢) and Ylf,(L, G) are strongly continuous compact semigroups of linear bounded operators.

5. If0<I <1, then
Dy {4 (1,000} = 2A{X;, (1,000}
and
CDGY P {w(0)}} +w(1) = AP {w(1)}} +w(v),

where

A} = [ (i)~ v W (¥ (2.9)x(e)ds,

1
such that 11,1y € A; X, w € Cp.

Definition 3.3. A solution x(.; Xo;u) € €y, is called an f-mild solution of (3.1) if it satisfies the integral equation

x(1) =X.ﬁ/(l70))co+/ol(ll/(l) —v(e) W (9)Yy (1,6)h(s, x(5), Rx(s))ds

4. Main Results
The Banach space C(A, Z,) is denoted by %, with @ € (0, V) it supnorm: |[x||., = sup||x,,, for X € €, and the
1EA

product space &, x €, is a banach space under the norms ||(x, C)Hﬁ = ||x||p+ ||C||[0 and ||(x, C)||p = max{||x||p, HCH[O}
To ensure that, we make the following assumptions.
(%1) V(x) and W(x) k > 0 are compact analytic semigroups and lim V(x) = W(x) = I (the identity operator).
K—0

(¢2) 3y € [2,1] such that the function /i : A x 2, x X, — 2y satisfies the following properties:
(@) Y(x,6) € Zp x Zp, the function (., x,¢) is strongly measurable.
(b) V1 € A, the function A(1,.) : 2, x £ — Ay is continuous.
(¢3) Forevery (1,)) € A x €, there exist positive constant £p;, £, and o such that
17, 2 (1), R (W) o < b 11"+ Lan R | + o,
denote £, = sup{&n1, ¢}
VEA
(¢4) Forevery x and { € €, there exist a constant L,, such that
p(x) =P (O < Lolx — ¢l

(¢5) Forevery x and { € 6, there exist positive constant p and y such that

eI <pllxl+7.

(Ol <plIEl*=+7.
We define the operator J%7: €, X € — Cp X €, by i = 1,2

(2, 6) 1) = (Fi1x(1), 720(1), (. 0)(1) = (%ix(1),%L(1)),

with

Fix(1) = (0 —p(X)Xy(1,0),  F2L(1) = (Lo—p())Wy(1,0),
Gix(1) = /Ol(w(t) — ()W ()Y (1,6)n(s, x(5), Rx(5))ds,

B = [ (W)~ V) V()2 (1,60, £(6) RE(S)ds,
where F1,.75,%,%, : € — G then H(x, ) (1) = A (%, §) (1) + 7 (%, §)(1) are solutions of the (1.1).
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Theorem 4.1. The operator F is Lipshitz with constant Ly. Consequently S is A-lipshitz with the same constant and
satisfies the growth condition:

17102 Ol p < Cll(x: OIS +D- @.1)

Proof. Let 1, X2 € Z, then we have

F1x1(1) — F1a)] < p(n) — p()|1Xy(1,0)] < Mlp(x1) — p(x2)| < MLp| 21 — 22,

and

|7281(1) = Z2L(1)] < [p(81) = p(&)IIWy (1,0)] < MIp(§1) = p(&)] < MLp | — o,
Taking supremum over 1, we obtain

#1060 = Fiell <MLp [ =220l 17280 = P28l <MLp || =&l -

Now

71 (21, §1) = 71 (42, &) || = max{[| F1 01 (1) = a2 (D], [ #2861 (1) = F2&(V)]|}
< max{MLy [|x1 — 22|l, MLy [|C1 — & }
< MLpmax{[[x1 — 22, 16 = &1}
< MLy max{||(x1,&1) — (22, &)1}

By proposition, 7] is k-Lipshitz with constant ML,. Also, in terms of growing conditions, we have
12120l = 20— P ()l %30 0)]| | <M Cl0llp+p 2] +7)

and
12220l = 16—l ||We 0| < MGl +p 111 +)

Therefore, it may be inferred that

196 (2 Ol p = (Z1 (%), Z2 ()l o = 171 ()| o + [ 72(Dl o, < M1l (20, E0)l o + 2 (2, DG +27),
then

174 (2 Ol < Cll(x DI + D,
with C = Mp and D = M(| (20 o)l , +27). O
Theorem 4.2. The operator 76 is continuous and satisfies the growth condition:

16, ), <El(2. Sl +F. 4.2)
Proof. Consider a bounded subset of 2, x 2,

={(x.0) € Zpx Zpill(X, O)llp <Ly € Zpx Zp.

Consider the sequence { (X, ()} in Banach such that (., §w) — (X,8) € Zp x Z)» as w — e, we demonstrate that 7 is
continuous. For this, take into account

1906) = (0l < | () = ()™ w/ ()| ¥ (1,6l 6(6). R () ~ s 2(6): 9(s)) | _ds

< % '/O'L(w(l) = (&) W (6) 118, 2w (), Rt(6)) — (5, 2(8), R () s,
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from condition (%2) (b) ¥¢ € [0,V], %(S, xw(S), Rxw(g)) — (¢, x(5),Rx(5)) — 0 and using the condition (%3) next, we
obtain

-1,/

(y(1)—y(s) "v'(s)
0 [172(

_ I—=1y,/ - a
6 10 (6), 9 (6)) — (6, 2(6), B () < ML (1 %) 121! + ),

where ¢, = sup{¢,1, %2}, which implies that the term on the left is integrable. Lebesque Dominated Convergent Theorem
LEA
allows us to arrive at

/Ol(w(l) — ()W () 17, 2w (6): R (6)) = (5, x(6): R (6)) | pds as w — oo,
Consequently

191 (xw) =1 ()l as w— oo,

and

[%(8) %), as w— oo,

that by following the same steps as above, finally:

76 (o, Gw) — (X, )|, as w— oo

5 is continuous, as demonstrated by this: We now have the following growth conditions for .743.

2, < %/;(W(l) () (o) e, 16 B, s
: %/ol("’“) —w(©) W@+l + o)
= r<zﬁi iy (VO —vO) [+ 2] +on)

where ¢, = sup{¢;1, ;> }. Similarly
1EA

M

180, < m(w(l) =y () [(1+ ) IE 11 + o).

This implies that

M(y(1) - w(0))'

T(l+1) [T+ (2 O + o],

76 (x (1), CW) < 112(1), L], <
where k* = sup{i*, j*} then
176 (%, O, <Ell(x, Olig +F

where E = %;lw)(o))[(l +k*)¢, and F= %ﬂg(o)yaﬁ.

Theorem 4.3. 77 is a compact operator. As such, 76 is K-Lipshitz, where the constant is zero.

Proof. Let Q be a bounded subset of 2, x £, and {(X, )} be a sequence located in Q. The growth condition will then
enable us to write

H%(Xw(l)7§w(l))||!g <ELY +F.

It demonstrates the uniform boundedness of 7% (Q).
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Now, consider 0 < 7 <1 < 1, to achieve equi-continuity. Using (%?>) it is obvious that

[92200(1) = %2260 (D)l , = O and %26, (1) =280 (T)| , = O,

there after

H%(vaa éw)(l) - %(%Wa Cw)(r)”((o - 07

6(x,€) is equicontinuous, in other words. The Arzela Ascoli Theorem states that %4 (x, {) is compact. Therefore, 7% is
k-lipshitz with constant 0. according to proposition 2.6. O

Theorem 4.4. Assume that (61 )-(€5) hold, then (1.1) has at least one solution.

Proof. According to theorems 4.1, 4.3 7] and 4, respectively, are k-Lipshitz with constant ML, and x-lipshitz with constant
0. Let’s consider this set

T={x.0)€ Zpx Zp:3ac0,1]>(x,{)=ax(x,0)}
Let (x,{) € T, then using (4.1) and (4.2), we have
(x:8) = (A (x, )+ (%, C)),

which implies that

1Ol < alCll(: ONG +D+EN(x: Ol +F)-

where aj,a; € [0,1). Therefore If there is at least one fixed point in .72, then there is at least one solution in (1.1). The set of
solutions is limited in 2, X 2, and (x,§) € Zp x Zp. O

5. Example

The example that follows is examined in the final section to back up our main result.
Examine the following equation for a fractional partial differential:

1 _ sin(1) t
b+ () = 5 T exp (£(0)+ [ explis)E(60)as )
4L+ 2L (1) = S exp ((1.3) + [ explic)x(e)ds )
9+ cost 0 .1
10 .
x(0)=Y pulx(w)], pw >0,0<1, <1, w=1,...,10,
w=1
10
§0)=Y pwl(w)|, pw>0,0<1, <1, w=1,...,10.
w=1
I 02 92 10
where I =7, v =1, x(1) = x(1,y), (1) =9(1,y), Aix(1,y) = afyzn(l,y), A8(1,y) = a—yzx(l,y), p(x)= glpwlx(lw)\,

10 10
p(&)= QIPW\C(lw)I,WIth E]pw<17

0,50 = e (v(t) + [ explis)E(sds ).
A0 2(0) = g exp (1) + [ explisn(sis).

Let 2 be defined as 2" = L2[0,x] and 2, fori = 1,2 by ;0 = —v" on the domain
2(;) = {v(.) € L2[0,x], v, v, are absolutely continuous, v' € L*[0,7], v(0) = v(x) = 0}, for i = 1,2. It is noticeable
that 21 has a discrete spectrum and the eigenvalues are {—n” : n € N with the corresponding normalized eigenvectors

en(y) = \/% sinny. Consequently,

A0 =— Zn2<v,en>en, ve D), fori=1,2.
n=1



Topological Degree Method for a Coupled System of y-fractional Semilinear Differential Equations with non Local
Conditions — 165/167

In addition, 2(; and 2, are the infinitesimals generators of a bounded analytic semigroup (77(1)),>0, (72(1)),>0, respectively
where

oo

Ti(1)v = Z e (v,en)en, VEZ, fori=1,2.

n=1
Surely, Vi >0, | T;(1)|| < e™!, fori=1,2. Hence, we take M = 1, which implies that sup ||T;(1)|| =1, fori=1,2 and (¢})
1€(0,00)
are satisfied. 1
For g = %, the operator 2(2 is given by the following:

| o0
A7 =— Zn(v,e,)e,,, vE 9(9&%), fori=1,2.
n=1

1

1 ad - 1
where (A7) ={ve 2 : ¥ n(v,e,)e, € 2}, fori=1,2and HQL, ZH =1. Let Ez“f% = (@(Qlf),” ||£> , fori=1,2,
n=1
1 1 1 1

where ||x||% = HQ[%)(H , ||t)H% = H?lezt)H for y € 2(U{) and y € Z(2; ). The conditions (¢4) and (€5) are satisfied with

10
Lpo=p= Y py,a=0and ® =1, indeed, we have

w=1

10 10
vAONES Z,lPWUC(lw)Ha (@) =1 Y pulo(u)ll

w=1

it follows that

10 10
LIRS WA TR ISIES WAl R

On the other hand

10 10
P (1) =P <Y lpwxi ()| - Z,l w2 (1)

w=1

and

10 10
p(Gi1(1) =L <Y [PwCi(w)] = Y puwlS(w)l],
w=1 w=1

from which, we have

10 10
p(x) =)l < Y pulr =22l [P(&) =P (&) < Y pul&i—Eyal.
w=1 w=1

To prove the condition (%3). Let 1 € A, x, € R, then we have
71, x (1), Rx(1))]

9Sjrnc(:))sl exp (%(l,y) +/Ol CXP(IQ)X(GJ)C[G) ‘

sint
9+et

<

lx(1,y)+1]|

1
< — 1).
< o5 1zl +1)

Then the conditions hold, with ¢; = ¢, = % and oy = 1. Ultimately, the fractional problem (5.1) has a unique solution on [0,1]
since all the conditions of Theorem 4.4 are met.
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Conclusion

In this article, we have studied and investigated the existence and solutions of a new class of y-Caputo-type fractional
semilinear differential equations. The significance of this work lies in its generality, surpassing existing works based on
evolution equations. We have established the existence results for the problem (1.1) using the topological degree method.
Finally, we have presented an example to illustrate the obtained result. In the future, we plan to incorporate the control operator
Bu(t) to explore the controllability of the system. Additionally, we aim to expand our analysis by utilizing the Hilfer derivative.
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