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Abstract
This paper explores the existence of solutions for non-local coupled semi-linear differential equations involving
ψ-Caputo differential derivatives for an arbitrary l ∈ (0,1). We use topological degree theory to condense maps
and establish the existence of solutions. This theory allows us to relax the criteria of strong compactness, making
it applicable to semilinear equations, which is uncommon. Additionally, we provide an example to demonstrate
the practical application of our theoretical result.
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1. Introduction
Freshly, fractional differential equations aroused the fascination of numerous mathematicians, because it may depict a wide

range of occurrences across numerous scientific domains and has been demonstrated to be a successful model for scientific
fields such as physics, mechanics, biology, chemistry, control theory, and other domains for exemple, see [1]-[14]. There are
several approaches to defining fractional integrals and derivatives, yet the most well-known are the Riemann-Liouville and
the Caputo fractional integrals and derivatives, in [15], Almeida presents the extension of these derivatives by considering
the Caputo fractional derivative of a function concerning another function ψ and studied some useful properties of fractional
calculus.
The advantage of this revised definition of the fractional derivative is that greater model accuracy could be accomplished by
selecting the proper function ψ . To look for more information about ψ-Caputo and Caputo fractional derivative, We point
readers toward the documents [15]-[17].
Since coupled systems of fractional differential equations arise in many practical issues and may be closely examined to
determine if they exist, it is crucial to research coupled systems of fractional differential equations. This can be done using
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topological degree theory; for instance [18]-[24].
Yang He in [25] studied the existence of mild solution for the following problem{

Dqu(t)+Au(t) = f (t,u(t),Gu(t)), t ∈ Λ,
u(0) = u0

where Dq is the Caputo fractional derivative of order q ∈ (0,1) −A is the infinitesimal generator of a compact analytic
semigroup.

The topological degree is a powerful tool for proving the existence of solutions to semilinear differential equations. It
provides a rigorous framework for establishing solution existence under specific conditions and can be used to associate an
“algebraic count” with the number of solutions within a given domain. This count remains unchanged under continuous
deformations of the problem, guaranteeing the existence of at least one solution if the degree is non-zero.

The latest use of the semilinear differential equation with the integral operator was by S.Zorlu and all in [26] when he
studied to build new sufficient conditions for the approximate controllability of special classes of abstract fractional evolution
control equations with the following form:{

C
0 Dq

ψ x(t) =−Ax(t)+Bu(t)+ f (t,x(t),Gx(t)), t ∈ Λ,
x(0) = x0.

where x is the state variable defined on the Hilbert space X ; C
0 Dq

ψ describes the ψ-Caputo fractional derivative with order
0 < q < 1; A is the infinitesimal generator of a strongly continuous semigroup µ(t) of bounded operators on X . Furthermore,
u, the control function, is defined in L2([0,T ],U), where U is a Hilbert space. L2([0,T ],U), is the space of square integrable
functions with respect to the Lebesgue measure on the interval [0,T ], taking values in the Hilbert space U, f is a given
non-linear term such that f (t, ., .) : [0,T ]×Xα ×Xα →×Xβ , β ∈ [α,1], 0 < α < 1, T < ∞, and the Volterra integral operator
is as follows:

Gx(t) =
∫ t

0
K(t,s)x(s)ds,

with a kernel of K ∈C(∆,(0,∞)), ∆ = {(t,s) : 0≤ s≤ t ≤ T}.
From the works mentioned above we examine the following coupled system of ψ-Caputo fractional semilinear differential

equation:

CD
l,ψ
0+ χ(ι)+A1χ(ι) = h̄(ι ,ζ (ι),Rζ (ι)), ι ∈ Λ,

CD
l,ψ
0+ ζ (ι)+A2ζ (ι) = h̄(ι ,χ(ι),R′χ(ι)), ι ∈ Λ,

χ(0)+ρ(χ) = χ0

ζ (0)+ρ(ζ ) = ζ0

(1.1)

where ν > 0, with −A1 and −A2 generates an analytic compact semigroup (V (ι))ι≥0 and (U(ι))ι≥0 respectively. The terms
Rχ(ι), R′χ(ι) provided by:

Rχ(ι) =
∫

ι

0
I(ι ,τ)χ(τ)dτ, I ∈C(S,R+) and R′χ(ι) =

∫
ι

0
J(ι ,τ)χ(τ)dτ, J ∈C(Q0,R+),

with Q = {(ι ,ς) ∈ R2 : 0≤ ς ≤ ι ≤ ν}, Q0 = {(ι ,ς) ∈ R2 : 0≤ ς ≤ ι ≤ ν}.
The fractional derivative CDl,ψ

0+ is the ψ-Caputo fractional derivative of order l ∈ (0,1), ν > 0, χ0 ∈X . the non local condition

ρ(χ) =
α

∑
w=1

ρwχ(ιw); where ρw, w = 1, ...α are constants and 0 < ι1 < ι2 < ... < ιn ≤ ν , and } : Λ×X℘×X℘→X is a

specific function. This derivative provides a broader context for the findings reported in the literature.
Especially motivated by [11], we study the existence of the solution of our coupled problem using topological degree.

2. Preliminaries
We proceed by setting Λ = [0,ν ]. We denote by X a Banach space with norm ‖.‖ and−A : D(A)→X is the infinitesimal

generator of a compact analytic semigroup of uniformly bounded linear operators (V (ι))ι≥0. We will present some basic
properties in the theorem below.
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Theorem 2.1. [27]

1. X℘ = D(A℘) is a Banach space with the norm ‖χ‖℘ = ‖A℘χ‖ for each χ ∈D(A℘).

2. A−℘ is bounded linear operator for 0≤℘≤ 1, there exists C℘ such that ‖A−℘‖ ≤C℘.

3. If <℘≤ γ, then D(Aγ) ↪→D(A℘).

Definition 2.2. [20] We define the Kuratowski measure of noncompactness κ : B→ R+ as follow

κ(B) = inf{d > 0, where B ∈ B admits a f inite cover by sets o f diameter ≤ d}.

Definition 2.3. [20] Let H : Ω→X be a continuous bounded map. Then H is

1. κ-lipshitz for all bounded P⊆Ω there exist m≥ 0 such that κ(H (P))≤ mκ(S).

2. κ-contraction for all bounded P⊆Ω, there exist 0≤ m < 1 such that κ(H (P))≤ mκ(S).

3. κ-condensing for all bounded P⊆Ω, with κ(P)> 0 if κ(H (P))< κ(S).

Let’s consider for H : Ω→X ; ΘCκ(Ω): the class of all strict κ-contractions and Cκ(Ω): the class of all κ-condensing.
Moreover, H is Lipshitz if there exists m > 0 such that ‖H (χ)−H (ζ )‖ ≤ m‖χ−ζ‖ , for all χ,ζ ∈Ω and that if m < 1,
then H is a strict contraction.

Proposition 2.4. [20] If H1,H2 : Ω→X is lipshitz with constant m1 and m2 respectively, then H1 +H2 is κ-lipshitz with
constant m1 +m2.

Proposition 2.5. [20] If H1 : Ω→X is lipshitz then it’s κ-lipshitz with the same constant.

Proposition 2.6. [20] If H1 : Ω→X is compact, then H1 is κ-lipshitz with constant m = 0.

Theorem 2.7. [20] Let H1 : X →X be κ-condensing and

Θ = {χ ∈X : there exists 0≤ β ≤ 1 such that χ = βH1χ}.

If Θ is a bounded set in X , so there exists r > 0 such that Θ⊂ Br(0), then

D(I−βH1, Br(0),0) = 1, f or all β ∈ [0,1].

As a result, H1 has a minimum of one fixed point, and Br(0) contains the set of fixed points for H1. We will also provide the
required data and resources on ψ-fractional derivatives and ψ-fractional integrals,

Definition 2.8. [17] Let l > 0, χ ∈ L1(Λ,R) and ψ ∈Cn(Λ,R) such that ψ ′(ι)> 0 for all ι ∈ Λ. The ψ-Riemann Liouville
fractional integral of order l of the function χ is given by

CIl,ψ
0+ χ(ι) =

1
Γ(l)

∫
ι

0
ψ
′(κ)(ψ(ι)−ψ(κ))l−1

χ(κ)dκ.

Definition 2.9. [17] Let l > 0, χ ∈Cn−1(Λ,R) and ψ ∈Cn(D,R) such that ψ ′(ι)> 0 for all ι ∈ Λ. The ψ-Caputo fractional
derivative of order l of the function χ is given by

CDl,ψ
0+ χ(ι) =

1
Γ(n− l)

∫
ι

0
ψ
′(κ)(ψ(ι)−ψ(κ))n−l−1

χ
ψ

[n](κ)dκ,

where

χ
ψ

[n](κ) =

(
1

ψ ′(ι)

d
dκ

)n

χ(κ) and n = [l]+1,

and [l] denotes the integer part of the real number l.

Proposition 2.10. [17] Let l > 0, χ ∈Cn−1(Λ,R), then we have the following propositions

1. CDl,ψ
0+ Il,ψ

0+ χ(ι) = χ(ι).

2. Il,ψ
0+

CDl,ψ
0+ χ(ι) = χ(ι)−

n−1
∑

k=0

χ
ψ

[k](0)

k! (ψ(ι)−ψ(0))k.

3. Il,ψ
0+ is linear and bounded from C(Λ,R) to C(Λ,R).
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3. Representation of Mild Solution
Let’s first take a look at this problem{

CD
l,ψ
0+ χ(ι)+Aχ(ι) = h̄(ι ,χ(ι),ℜχ(ι)), ι ∈ Λ,

χ(0) = χ0
(3.1)

with −A generates an analytic compact semigroup (V (ι))ι≥0 of uniformly bounded linear operators on a Banach space X ,
h̄ : Λ×X℘×X℘→X is a given function and CD

l,ψ
0+ is the ψ-Caputo fractional derivative of order l ∈ (0,1), ν > 0, x0 ∈X .

The definition of ℜχ(ι), which could be seen as a system control, is given earlier.

According to the definition 2.3 and the proposition 2.4, it is necessary to rewrite the Cauchy problem (3.1) in the equivalent
integral equation

χ(ι) = χ0 +
1

Γ(l)

∫
ι

0
(ψ(ι)−ψ(κ))l−1

ψ
′(κ)(Aχ(κ)+ h̄(κ,χ(κ),ℜχ(κ)))dκ. (3.2)

Lemma 3.1. If (3.2) holds, then we have

χ(ι) =
∫

∞

0
Φl(ρ)V ((ψ(ι)−ψ(0))l

ρ)χ0dρ

+ l
∫

ι

0

∫
∞

0
ρΦl(ρ)(ψ(ι)−ψ(κ))l−1

ψ
′(κ)V ((ψ(ι)−ψ(0))l

ρ)[h̄(κ,χ(κ),ℜχ(κ))]dρdκ,

where

Φl(ρ) =
1
l

ρ
−1− 1

l ωl

(
ρ
− 1

l

)
≥ 0,

ωl =
1
π

∞

∑
p=1

(
(−1)p−1

ρ
−l p−1 Γ(pl +1)

p!
sin(plπ)

)
, ρ ∈ (0,∞).

For χ ∈X and 0 < l < 1, two families {X l
ψ(ι ,ς) : 0≤ ς ≤ ι ≤ ν} and {Y l

ψ(ι ,ς) : 0≤ ς ≤ ι ≤ ν} of operators are as
follows:

X l
ψ(ι ,ς)χ =

∫
∞

0
Φl(ρ)V ((ψ(ι)−ψ(ς))l

ρ)χdρ : X ×X →X℘

and

Y l
ψ(ι ,ς)χ = l

∫
∞

0
ρΦl(ρ)V ((ψ(ι)−ψ(ς))l

ρ)χdρ : X ×X →X℘

respectively.

Lemma 3.2. [14] The operators X l
ψ(ι ,ς) and Y l

ψ(ι ,ς) meet the following requirements:

1. ∀ ι ≥ ς ≥ 0 and χ ∈X℘, the operators X l
ψ(ι ,ς) and Y l

ψ(ι ,ς) are bounded linear operators, i.e. ∀χ ∈X℘∥∥∥X l
ψ(ι ,ς)χ

∥∥∥
℘

≤MV ‖χ‖℘ and
∥∥∥Y l

ψ(ι ,ς)χ
∥∥∥

℘

≤ MV

Γ(l)
‖χ‖

℘
.

2. The operators X l
ψ(ι ,ς) and Y l

ψ(ι ,ς) are strongly continuous ∀ι ≥ ς ≥ 0. That is, χ ∈X℘ and 0≤ ς ≤ ι1 ≤ ι2 ≤ T , we
have the following:∥∥∥X l

ψ(ι2,ς)χ−X l
ψ(ι1,ς)χ

∥∥∥
℘

→ 0 and
∥∥∥Y l

ψ(ι2,ς)χ−Y l
ψ(ι1,ς)χ

∥∥∥
℘

→ 0,

as ι2→ ι1.

3. The operators X l
ψ(ι ,ς) and Y l

ψ(ι ,ς) are compact operators ∀ι ,ς > 0.
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4. If X l
ψ(ι ,ς) and Y l

ψ(ι ,ς) are strongly continuous compact semigroups of linear bounded operators.

5. If 0 < l < 1, then

CDl,ψ
0+ {X

l
ψ(ι ,0)χ0}= A{X l

ψ(ι ,0)χ0},

and

CDl,ψ
0+ {P

ι
0{w(ι)}}+w(ι) = A{Pι

0{w(ι)}}+w(ι),

where

Pι
0{χ(ι)} :=

∫
ι2

ι1

(ψ(ι2)−ψ(ς))l−1
ψ
′(ς)Y l

ψ(ι2,ς)χ(ς)dς ,

such that ι1, ι2 ∈ Λ; χ,w ∈ C℘.

Definition 3.3. A solution χ(.; χ0;u) ∈ C℘ is called an ℘-mild solution of (3.1) if it satisfies the integral equation

χ(ι) = X l
ψ(ι ,0)χ0 +

∫
ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)Y l

ψ(ι ,ς)h̄(ς ,χ(ς),ℜχ(ς))dς

4. Main Results
The Banach space C(Λ,X℘) is denoted by C℘ with ℘∈ (0,ν) it supnorm: ‖χ‖

∞
= sup

ι∈Λ

‖χ‖
℘
, f or χ ∈ C℘, and the

product space C℘×C℘ is a banach space under the norms ‖(χ,ζ )‖
℘
= ‖χ‖

℘
+‖ζ‖

℘
and ‖(χ,ζ )‖

℘
= max{‖χ‖

℘
,‖ζ‖

℘
}

To ensure that, we make the following assumptions.
(C1) V (κ) and W (κ) κ > 0 are compact analytic semigroups and lim

κ→0+
V (κ) =W (κ) = I (the identity operator).

(C2) ∃γ ∈ [℘,1] such that the function h̄ : Λ×X℘×X℘→Xγ satisfies the following properties:

(a) ∀(χ,ς) ∈X℘×X℘, the function h̄(.,χ,ς) is strongly measurable.

(b) ∀ι ∈ Λ, the function h̄(ι , .) : X℘×X℘→Xγ is continuous.

(C3) For every (ι ,χ) ∈ Λ×C℘, there exist positive constant `h̄1, `h̄2 and αh̄ such that

‖h̄(ι ,χ(ι),Rχ(ι))‖
℘
≤ `h̄1 ‖χ‖a1 + `h̄1 ‖Rχ‖a1 +αh̄,

denote `h̄ = sup
ν∈Λ

{`h̄1, `h̄2}.

(C4) For every χ and ζ ∈ C℘, there exist a constant Lρ such that

|ρ(χ)−ρ(ζ )| ≤ Lρ |χ−ζ |.

(C5) For every χ and ζ ∈ C℘, there exist positive constant ρ and γ such that

‖ρ(χ)‖ ≤ ρ ‖χ‖a2 + γ.

‖ρ(ζ )‖ ≤ ρ ‖ζ‖a2 + γ.

We define the operator Hi : C℘×C℘→ C℘×C℘, by i = 1,2

H1(χ,ζ )(ι) = (F1χ(ι),F2ζ (ι)), H2(χ,ζ )(ι) = (G1χ(ι),G2ζ (ι)),

with

F1χ(ι) = (χ0−ρ(χ))X l
ψ(ι ,0), F2ζ (ι) = (ζ0−ρ(ζ ))W l

ψ(ι ,0),

G1χ(ι) =
∫

ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)Y l

ψ(ι ,ς)h̄(ς ,χ(ς),Rχ(ς))dς ,

G2ζ (ι) =
∫

ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)Zl

ψ(ι ,ς)h̄(ς ,ζ (ς),Rζ (ς))dς ,

where F1,F2,G1,G2 : C℘→ C℘ then H (χ,ζ )(ι) = H1(χ,ζ )(ι)+H2(χ,ζ )(ι) are solutions of the (1.1).
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Theorem 4.1. The operator H1 is Lipshitz with constant Lρ . Consequently H1 is λ -lipshitz with the same constant and
satisfies the growth condition:

‖H1(χ,ζ )‖℘≤C‖(χ,ζ )‖a2
℘
+D. (4.1)

Proof. Let χ1,χ2 ∈X℘, then we have

|F1χ1(ι)−F1χ2(ι)| ≤ |ρ(χ1)−ρ(χ2)||X l
ψ(ι ,0)| ≤M|ρ(χ1)−ρ(χ2)| ≤MLρ |χ1−χ2|,

and

|F2ζ1(ι)−F2ζ2(ι)| ≤ |ρ(ζ1)−ρ(ζ2)||W l
ψ(ι ,0)| ≤M|ρ(ζ1)−ρ(ζ2)| ≤MLρ |ζ1−ζ2|,

Taking supremum over ι , we obtain

‖F1χ1−F1χ2‖ ≤MLρ ‖χ1−χ2‖ , ‖F2ζ1−F2ζ2‖ ≤MLρ ‖ζ1−ζ2‖ .

Now

‖H1(χ1,ζ1)−H1(χ2,ζ2)‖= max{‖F1χ1(ι)−F1χ2(ι)‖ ,‖F2ζ1(ι)−F2ζ2(ι)‖}
≤max{MLρ ‖χ1−χ2‖ ,MLρ ‖ζ1−ζ2‖}
≤MLρ max{‖χ1−χ2‖ ,‖ζ1−ζ2‖}
≤MLρ max{‖(χ1,ζ1)− (χ2,ζ2)‖}.

By proposition, H1 is κ-Lipshitz with constant MLρ . Also, in terms of growing conditions, we have

‖F1χ(ι)‖
℘
= ‖χ0−ρ(χ)‖

℘

∥∥∥X l
ψ(ι ,0)

∥∥∥
℘

≤M(‖χ0‖℘+ρ ‖χ‖a2 + γ)

and

‖F2ζ (ι)‖
℘
= ‖ζ0−ρ(ζ )‖

℘

∥∥∥W l
ψ(ι ,0)

∥∥∥
℘

≤M(‖ζ0‖℘+ρ ‖ζ‖a2 + γ).

Therefore, it may be inferred that

‖H1(χ,ζ )‖℘ = ‖(F1(χ),F2(ζ ))‖℘ = ‖F1(χ)‖℘+‖F2(ζ )‖℘≤M(‖(χ0,ζ0)‖℘+ρ ‖(χ,ζ )‖a2
℘
+2γ),

then

‖H1(χ,ζ )‖℘≤C‖(χ,ζ )‖a2
℘
+D,

with C = Mρ and D = M(‖(χ0,ζ0)‖℘+2γ).

Theorem 4.2. The operator H2 is continuous and satisfies the growth condition:

‖H2(χ,ζ )‖℘≤ E ‖(χ,ζ )‖a1
℘
+F. (4.2)

Proof. Consider a bounded subset of X℘×X℘,

S = {(χ,ζ ) ∈X℘×X℘;‖(χ,ζ )‖
℘
≤ L} ⊂X℘×X℘.

Consider the sequence {(χw,ζw)} in Banach such that (χw,ζw)→ (χ,ζ ) ∈X℘×X℘ as w→ ∞, we demonstrate that H2 is
continuous. For this, take into account

‖G1(χw)−G1(χ)‖℘≤
∫

ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)

∥∥∥Y l
ψ(ι ,ς)h̄(ς ,χw(ς),Rχw(ς))− h̄(ς ,χ(ς),Rχ(ς))

∥∥∥
℘

dς

≤ M
Γ(l)

∫
ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)‖h̄(ς ,χw(ς),Rχw(ς))− h̄(ς ,χ(ς),Rχ(ς))‖

℘
dς ,
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from condition (C2) (b) ∀ς ∈ [0,ν ], h̄(ς ,χw(ς),Rχw(ς))− h̄(ς ,χ(ς),Rχ(ς))→ 0 and using the condition (C3) next, we
obtain

(ψ(ι)−ψ(ς))l−1ψ ′(ς)

Γ(l)
‖h̄(ς ,χw(ς),Rχw(ς))− h̄(ς ,χ(ς),Rχ(ς))‖

℘
≤ (ψ(ι)−ψ(ς))l−1ψ ′(ς)

Γ(l) ((1+ i∗)`h̄1 ‖χ‖a1 +αh̄),

where `h = sup
ι∈Λ

{`h1, `h2}, which implies that the term on the left is integrable. Lebesque Dominated Convergent Theorem

allows us to arrive at∫
ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)‖h̄(ς ,χw(ς),Rχw(ς))− h̄(ς ,χ(ς),Rχ(ς))‖

℘
dς as w→ ∞.

Consequently

‖G1(χw)−G1(χ)‖℘ as w→ ∞,

and

‖G2(ζw)−G2(ζ )‖℘ as w→ ∞,

that by following the same steps as above, finally:

‖H2(χw,ζw)−H2(χ,ζ )‖℘ as w→ ∞.

H2 is continuous, as demonstrated by this: We now have the following growth conditions for H2.

‖G1χ(ι)‖
℘
≤ M

Γ(l)

∫
ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)‖h̄(ς ,χ(ς),Rχ(ς))‖

℘
dς

≤ M
Γ(l)

∫
ι

0
(ψ(ι)−ψ(ς))l−1

ψ
′(ς)[(1+ i∗)`h̄ ‖χ‖a1 +αh̄]

≤ M
Γ(l +1)

(ψ(ι)−ψ(0))l [(1+ i∗)`h̄ ‖χ‖a1 +αh̄],

where `h = sup
ι∈Λ

{`h1, `h2}. Similarly

‖G2ζ (ι)‖
℘
≤ M

Γ(l +1)
(ψ(ι)−ψ(0))l [(1+ j∗)`h̄ ‖ζ‖a1 +αh̄].

This implies that

‖H2(χ(ι),ζ (ι))‖℘≤ ‖G1χ(ι),G2ζ (ι)‖
℘
≤ M(ψ(ι)−ψ(0))l

Γ(l +1)
[(1+ k∗)`h̄ ‖(χ,ζ )‖a1 +αh̄],

where k∗ = sup{i∗, j∗} then

‖H2(χ,ζ )‖℘≤ E ‖(χ,ζ )‖a1
℘
+F

where E = M(ψ(ι)−ψ(0))l

Γ(l+1) (1+ k∗)`h̄ and F = M(ψ(ι)−ψ(0))l

Γ(l+1) αh̄.

Theorem 4.3. H2 is a compact operator. As such, H2 is κ-Lipshitz, where the constant is zero.

Proof. Let Ω be a bounded subset of X℘×X℘, and {(χw,ζw)} be a sequence located in Ω. The growth condition will then
enable us to write

‖H2(χw(ι),ζw(ι))‖℘≤ ELa1 +F.

It demonstrates the uniform boundedness of H2(Ω).
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Now, consider 0≤ τ ≤ ι ≤ 1, to achieve equi-continuity. Using (C2) it is obvious that

‖G2χw(ι)−G2χw(τ)‖℘→ 0 and ‖G2ζw(ι)−G2ζw(τ)‖℘→ 0,

there after

‖H2(χw,ζw)(ι)−H2(χw,ζw)(τ)‖℘→ 0,

H2(χ,ζ ) is equicontinuous, in other words. The Arzela Ascoli Theorem states that H2(χ,ζ ) is compact. Therefore, H2 is
κ-lipshitz with constant 0. according to proposition 2.6.

Theorem 4.4. Assume that (C1)-(C5) hold, then (1.1) has at least one solution.

Proof. According to theorems 4.1, 4.3 H1 and H2, respectively, are κ-Lipshitz with constant MLρ and κ-lipshitz with constant
0. Let’s consider this set

T = {(χ,ζ ) ∈X℘×X℘;∃ α ∈ [0,1] 3 (χ,ζ ) = αH (χ,ζ )}.

Let (χ,ζ ) ∈ T, then using (4.1) and (4.2), we have

(χ,ζ ) = α(H1(χ,ζ )+H2(χ,ζ )),

which implies that

‖(χ,ζ )‖
℘
≤ α(C‖(χ,ζ )‖a2

℘
+D+E ‖(χ,ζ )‖a1

℘
+F).

where a1,a2 ∈ [0,1). Therefore If there is at least one fixed point in H , then there is at least one solution in (1.1). The set of
solutions is limited in X℘×X℘, and (χ,ζ ) ∈X℘×X℘.

5. Example
The example that follows is examined in the final section to back up our main result.

Examine the following equation for a fractional partial differential:

D
1
2 χ(ι ,y)+A1χ(ι ,y) =

sin(ι)
9+ cosι

exp
(

ζ (ι ,y)+
∫

ι

0
exp(ις)ζ (ς ,y)dς

)
,

D
1
2 ζ (ι ,y)+A2ζ (ι ,y) =

sin(ι)
9+ cosι

exp
(

χ(ι ,y)+
∫

ι

0
exp(ις)χ(ς ,y)dς

)
,

χ(0) =
10
∑

w=1
ρw|χ(ιw)|, ρw > 0, 0 < ιw < 1, w = 1, ...,10,

ζ (0) =
10
∑

w=1
ρw|ζ (ιw)|, ρw > 0, 0 < ιw < 1, w = 1, ...,10.

(5.1)

where l = 1
2 , ν = 1, χ(ι) = χ(ι ,y), ζ (ι) = y(ι ,y), A1χ(ι ,y) =

∂ 2

∂y2 y(ι ,y), A2ζ (ι ,y) =
∂ 2

∂y2 χ(ι ,y), ρ(χ) =
10
∑

w=1
ρw|χ(ιw)|,

ρ(ζ ) =
10
∑

w=1
ρw|ζ (ιw)|, with

10
∑

w=1
ρw < 1,

h̄(ι ,ζ (ι),Rζ (ι)) =
sin(ι)

9+ cosι
exp
(
y(ι ,y)+

∫
ι

0
exp(ις)ζ (ς ,y)dς

)
,

h̄(ι ,χ(ι),R′χ(ι)) =
sin(ι)

9+ cosι
exp
(

χ(ι ,y)+
∫

ι

0
exp(ις)χ(ς ,y)dς

)
.

Let X be defined as X = L2[0,π] and Ai for i = 1,2 by Aiυ =−υ
′′

on the domain
D(Ai) = {υ(.) ∈ L2[0,π], υ , υ

′
, are absolutely continuous, υ

′′ ∈ L2[0,π], υ(0) = υ(π) = 0}, for i = 1,2. It is noticeable
that A has a discrete spectrum and the eigenvalues are {−n2 : n ∈ N with the corresponding normalized eigenvectors

en(y) =
√

2
π

sinny. Consequently,

Aiυ =−
∞

∑
n=1

n2 〈υ ,en〉en, υ ∈D(Ai), f or i = 1,2.
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In addition, A1 and A2 are the infinitesimals generators of a bounded analytic semigroup (T1(ι))ι≥0, (T2(ι))ι≥0, respectively
where

Ti(ι)υ =
∞

∑
n=1

e−n2ι 〈υ ,en〉en, υ ∈X , f or i = 1,2.

Surely, ∀ι ≥ 0, ‖Ti(ι)‖ ≤ e−ι , f or i = 1,2. Hence, we take M = 1, which implies that sup
ι∈(0,∞)

‖Ti(ι)‖= 1, f or i = 1,2 and (C1)

are satisfied.
For q = 1

2 , the operator A
1
2 is given by the following:

A
1
2
i υ =−

∞

∑
n=1

n〈υ ,en〉en, υ ∈D(Ai
1
2 ), f or i = 1,2.

where D(A
1
2
i ) = {υ ∈X :

∞

∑
n=1

n〈υ ,en〉en ∈X }, f or i = 1,2 and
∥∥∥∥A− 1

2
i

∥∥∥∥ = 1. Let X 1
2
=

(
D(A

1
2
i ),‖ ‖ 1

2

)
, f or i = 1,2,

where ‖χ‖ 1
2
=

∥∥∥∥A 1
2
1 χ

∥∥∥∥
X

, ‖y‖ 1
2
=

∥∥∥∥A 1
2
2 y

∥∥∥∥
X

for χ ∈D(A
1
2
1 ) and y ∈D(A

1
2
2 ). The conditions (C4) and (C5) are satisfied with

Lρ = ρ =
10
∑

w=1
ρw, α = 0 and ω = 1, indeed, we have

|ρ(χ(ι))|= |
10

∑
w=1

ρw|χ(ιw)||, |ρ(y(ι))|= |
10

∑
w=1

ρw|y(ιw)||,

it follows that

|ρ(χ)| ≤
10

∑
w=1

ρw ‖χ‖ , |ρ(ζ )| ≤
10

∑
w=1

ρw ‖ζ‖ .

On the other hand

|ρ(χ1(ι))−ρ(χ2(ι))| ≤ |
10

∑
w=1
|ρwχ1(ιw)|−

10

∑
w=1

ρw|χ2(ιw)||

and

|ρ(ζ1(ι))−ρ(ζ2(ι))| ≤ |
10

∑
w=1
|ρwζ1(ιw)|−

10

∑
w=1

ρw|ζ2(ιw)||,

from which, we have

|ρ(χ1)−ρ(χ2)| ≤
10

∑
w=1

ρw|χ1−χ2|, |ρ(ζ1)−ρ(ζ2)| ≤
10

∑
w=1

ρw|ζ1−ζ y2|.

To prove the condition (C3). Let ι ∈ Λ, χ,∈ R, then we have

|h̄(ι ,χ(ι),Rχ(ι))|

≤
∣∣∣∣ sin(ι)
9+ cosι

exp
(

χ(ι ,y)+
∫

ι

0
exp(ις)χ(ς ,y)dς

)∣∣∣∣
≤
∣∣∣∣ sin ι

9+ eι

∣∣∣∣ |χ(ι ,y)+1|

≤ 1
10

(|χ|+1) .

Then the conditions hold, with `1 = `2 =
1
10 and α f = 1. Ultimately, the fractional problem (5.1) has a unique solution on [0,1]

since all the conditions of Theorem 4.4 are met.
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Conclusion
In this article, we have studied and investigated the existence and solutions of a new class of ψ-Caputo-type fractional

semilinear differential equations. The significance of this work lies in its generality, surpassing existing works based on
evolution equations. We have established the existence results for the problem (1.1) using the topological degree method.
Finally, we have presented an example to illustrate the obtained result. In the future, we plan to incorporate the control operator
Bu(t) to explore the controllability of the system. Additionally, we aim to expand our analysis by utilizing the Hilfer derivative.
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