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Abstract − In this study, by considering the technique in the theorem of Bollenbacher and
Hicks, we obtain some related fixed point theorems involving two mappings on two related
complete S-metric spaces with certain conditions. As the applications of the main theorem,
we then derive some new related fixed point theorems involving a pair of mappings in such
spaces. We finally discuss the need for further research.
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1. Introduction

Recently, Sedghi et al. [1] have defined a new type of generalized metric space, S-metric space, and
presented certain important properties of them. Further, they have proved a version of the famous
Banach’s theorem on complete S-metric spaces. This novel framework enriches the theoretical land-
scape and opens avenues for practical applications in diverse fields, such as optimization, computer
science, and engineering. Afterward, many authors [2–8] have explored and established various fixed
point theorems in S-metric spaces, further solidifying the significance of this emerging area of study.

Moreover, Fisher [9] has provided a theorem involving compositions of two mappings on two complete
metric spaces and investigated the relation between the fixed points for these mappings. This theorem
is the initial related fixed point result involving two mappings on two complete metric spaces. Several
authors [10–17] have established various types of this theorem in many different directions.

In the present study, we introduced the concept related to completeness in two S-metric spaces. In
section 3, by considering the technique in the theorem of Bollenbacher and Hicks [18], we establish
certain related fixed point theorems involving two mappings in two S-metric spaces under certain
conditions. In section 4, as applications of the main theorem, we derive some new related fixed point
theorems involving a pair of mappings in such spaces. In addition, we provide an illustrative example
of the main result. In the last section, we address whether additional research concerning the aforesaid
notions is needed.
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2. Preliminaries

This section presents S-metric spaces and some of their basic properties.

Definition 2.1. [1] An S-metric space (W, S) is a nonempty set W with a non negative real-valued
function S on W 3 such that, for all u, v, y, z ∈ W , the following conditions hold,

(SM1) S(u, v, y) = 0 ⇔ u = v = y

(SM2) S(u, v, y) ≤ S(u, u, z) + S(v, v, z) + S(y, y, z)

Here, the function S is said to be an S-metric on W .

Lemma 2.2. [1] If S is an S-metric on W , then S(v, v, u) = S(u, u, v), for all u, v ∈ W .

Definition 2.3. [1] Let {vk} be a sequence in an S-metric space. Then,

i. {vk} is a convergent to v ∈ W if, for all ε > 0, there exists a k0 ∈ N such that S(vk, vk, v) < ε

whenever k ≥ k0

ii. {vk} is a Cauchy sequence if, for all ε > 0, there exists a k0 ∈ N such that S(vk, vk, vl) < ε whenever
k, l ≥ k0

Moreover, an S-metric space (W, S) is said to be complete if every Cauchy sequence in W is convergent
in W .

Lemma 2.4. [1] Let (W, S) be an S-metric space.

i. If {vk} is a sequence in W such that lim
k→∞

vk = v, then v is unique

ii. If a sequence {vk} is convergent in W , then {vk} is a Cauchy sequence

iii. If {vk} and {wk} are two sequences in W such that lim
k→∞

vk = v and lim
k→∞

wk = w, then

lim
k→∞

S(vk, vk, wk) = S(v, v, w)

Definition 2.5. [17, 19] Let (V, S1) and (W, S2) be two S-metric spaces. A real-valued function
δ : V × W → [0, ∞) is a weak lower semi-continuous (briefly WLSC) at (v, w) ∈ V × W if and only if
{vk} and {wk} are sequences in V and W , respectively, and

lim
k→∞

vk = v ∧ lim
k→∞

wk = w ⇒ δ(v, w) ≤ lim
k→∞

sup δ(vk, wk)

Definition 2.6. [17, 19] Let (V, S1) and (W, S2) be two S-metric space and A : V → W and
B : W → V be two mappings. The sequences {vk} in V and {wk} in W defined by

vk = (BA)kv0 and wk = A(BA)k−1v0, k ∈ Z+

We use these sequences in the main results. Consider the following sets

ℜV (v0) =
{

(BA)kv0 : k ∈ Z+
}

and ℜW (v0) =
{

A(BA)k−1v0 : k ∈ Z+
}

Then, the S-metric spaces (V, S1) and (W, S2) are said to be related complete if each Cauchy sequence
in ℜV (v0) and ℜW (v0) converges to a point in V and converges to a point in W , respectively.

Note that two complete S-metric spaces (V, S1) and (W, S2) are related complete. However, the reverse
is not generally true, as shown in the following example.

Example 2.7. [17] Let V = (−1, 1], W = [0, 1], and | . | be absolute value function on V and W .
Then, S(u, v, y) = |u − y| + |v − y| is an S-metric on V and W . Let the mappings A : V → W and
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B : W → V be defined by

A(v) =

0, −1 < v < 0
1, 0 ≤ v ≤ 1

and B(w) =

−1
2 , 0 ≤ w < 1

2

1, 1
2 ≤ w ≤ 1

Then, for any v0 ∈ (−1, 0), ℜV (v0) =
{

−1
2 , −1

2 , −1
2 , · · ·

}
and ℜW (v0) = {0, 0, 0, · · · }. Thus, (V, S)

and (W, S) are related complete. However, (V, S) is not complete.

3. Main Results

This section proposes the following related fixed point theorem in two related complete S-metric
spaces.

Theorem 3.1. Let (V, S1) and (W, S2) be two S-metric spaces and A : V → W and B : W → V be
two mappings. If there exists a v0 ∈ V such that (V, S1) and (W, S2) are related complete and

max{S1(v, v, BAv), S2(w, w, ABw)} ≤ α(v) − α(BAv) + β(w) − β(ABw) (3.1)

for all v ∈ ℜV (v0) and for all w ∈ ℜW (v0) where α : V → [0, ∞) and β : W → [0, ∞) are two
mappings, then

i. lim
k→∞

vk = lim
k→∞

(BA)kv0 = z and lim
k→∞

wk = lim
k→∞

A(BA)k−1v0 = u

ii. Bu = z and Az = u if and only if P : V × W → [0, ∞), defined by P (v, w) = S1(v, v, Bw), and
Q : V × W → [0, ∞), defined by Q(v, w) = S2(w, w, Av), are WLSC at (z, u)

Moreover, if ii. is true, then BAz = z and ABu = u.

Proof. i. From (3.1),

sk =
k∑

n=1
max{S1(vn, vn, vn+1), S2(wn, wn, wn+1)}

=
k∑

n=1
max{S1(vn, vn, BAvn), S2(wn, wn, ABwn)}

≤
k∑

n=1
[α(vn) − α(BAvn) + β(wn) − β(ABwn)]

=
k∑

n=1
[α(vn) − α(vn+1) + β(wn) − β(wn+1)]

= α(v1) − α(vk+1) + β(w1) − β(wk+1) ≤ α(v1) + β(w1)

Thus, {sk} is bounded above. Moreover, {sk} is non-decreasing. Thus, it is convergent.

Let k and l be any two positive integers with k < l. Using (SM2) of S-metric and Lemma 2.2,

max{S1(vl, vl, vk), S2(wl, wl, wk)} ≤ max
{ l−1∑

n=k

2S1(vn, vn, vn+1),
l−1∑
n=k

2S2(wn, wn, wn+1)
}

≤ 2
l−1∑
n=k

max{S1(vn, vn, vn+1), S2(wn, wn, wn+1)} (3.2)

Since {sk} convergent, for any ε > 0, there exists a positive integer n0 such that
∞∑

n=k

max{S1(vn, vn, vn+1), S2(wn, wn, wn+1)} < ε/2
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for all k ≥ n0. Hence, from (3.1),

max{S1(vl, vl, vk), S2(wl, wl, wk)} < ε

for all k, l ≥ n0. Thus, {vk} and {wk} are two Cauchy sequence in ℜV (v0) and ℜW (v0), respectively.
Since (V, S1) and (W, S2) are related complete, the sequence {vk} converges to a point z ∈ V and the
sequence {wk} converges to a point u ∈ W .

ii. Suppose that Bu = z and Az = u and {vk} and {wk} are sequences in V and W , respectively,
such that vk → z and wk → u. Then,

P (z, u) = S1(z, z, Bu) = 0 ≤ lim sup S1(vk, vk, Bwk) = lim sup P (vk, wk)

and
Q(z, u) = S2(u, u, Az) = 0 ≤ lim sup S2(wk, wk, Avk) = lim sup Q(vk, wk)

Thus, P and Q are WLSC at (z, u).

Conversely, let vk = (BA)kv0, wk = A(BA)k−1v0, and P and Q are WLSC at (z, u). It follows from i,

0 ≤ S1(z, z, Bu) = P (z, u) ≤ lim sup P (vk, wk)
= lim sup S1(vk, vk, Bwk)
= lim sup S1(vk, vk, vk) = 0

and using Lemma 2.4,

0 ≤ S2(u, u, Az) = Q(z, u) ≤ lim sup Q(vk, wk)
= lim sup S2(wk, wk, Avk)
= lim sup S2(wk, wk, wk+1) = 0

Thus, Bu = z and Az = u.

Moreover, assume that ii holds. Then, BAz = z and ABu = u.

Remark 3.2. Since the inequality

max{S1(v, v, BAv), S2(w, w, ABw)} ≤ S1(v, v, BAv) + S2(w, w, ABw)

holds, for all v ∈ V and for all w ∈ W , then Theorem 3.1 holds for the following inequality

S1(v, v, BAv) + S2(w, w, ABw) ≤ α(v) − α(BAv) + β(w) − β(ABw) (3.3)

If (V, S1) = (W, S2) = (U, S), then from Theorem 3.1, we have the following result: The (U, S) is
BA-orbitally complete, defined as each Cauchy sequence in the set

OBA(v0, ∞) = {v0, Av0, BAv0, · · · , A(BA)k−1v0, (BA)kv0, · · · }

converges in U , where v0 ∈ U .

Corollary 3.3. Let (U, S) be an S-metric space and A and B be two mappings of U into itself. If
there exists a v0 ∈ U such that (U, S) is BA-orbitally complete and

max{S(v, v, BAv), S(w, w, ABw)} ≤ α(v) − α(BAv) + β(w) − β(ABw)

for all v, w ∈ OBA(v0, ∞) where α, β : U → [0, ∞) are two mappings, then

i. lim
k→∞

vk = lim
k→∞

(BA)kv0 = z and lim
k→∞

wk = lim
k→∞

A(BA)k−1v0 = u
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ii. Bu = z and Az = u if and only if P : U × U → [0, ∞), defined by P (v, w) = S(v, v, Bw), and
Q : U × U → [0, ∞), defined by Q(v, w) = S(w, w, Av), are WLSC at (z, u)

Moreover, if ii. is true, then BAz = z and ABu = u and thus if u = z, then Az = Bz = z.

Note that a similar result can be proved for (3.3).

If (V, S1) = (W, S2) = (U, S) and A = B, then the set ℜU (v0) = {Akv0 : k ∈ Z+} is equal to OA(v0, ∞),
which is called orbit of v0 ∈ U . Moreover, (U, S) is A-orbitally complete if each Cauchy sequence in
OA(v0, ∞) converges to U .

If (V, S1) = (W, S2) = (U, S), B = I, and α = β where I is a identity mapping of U , then using (3.3),
the following Bollenbacher and Hicks’s result [18] in S-metric version is obtained.

Corollary 3.4. Let (U, S) be an S-metric space and A : U → U be a mapping. If there exists a
v0 ∈ U such that (U, S) is A-orbitally complete and

S(v, v, Av) ≤ α(v) − α(Av)

for all v ∈ OBA(v0, ∞) where α : U → [0, ∞) is a mapping, then

i. lim
k→∞

vk = lim
k→∞

Akv0 = z

ii. Az = z if and only if P : U → [0, ∞), defined by P (v) = S(v, v, Av), is WLSC at z.

4. Additional Results

This section drives some related fixed point theorems in two S-metric spaces using the Theorem 3.1.

Theorem 4.1. Let (V, S1) and (W, S2) be two S-metric spaces and A : V → W and B : W → V be
two mappings. If there exists a v0 ∈ V such that (V, S1) and (W, S2) are related complete and

S1(BAv, BAv, (BA)2v) + S2(ABw, ABw, (AB)2w) ≤ r[S1(v, v, BAv) + S2(w, w, ABw)] (4.1)

for all v ∈ ℜV (v0) and for all w ∈ ℜW (v0) where 0 ≤ r < 1, then

i. lim
k→∞

vk = lim
k→∞

(BA)kv0 = z and lim
k→∞

wk = lim
k→∞

A(BA)k−1v0 = u

ii. Bu = z and Az = u if and only if P : V × W → [0, ∞), defined by P (v, w) = S1(v, v, Bw), and
Q : V × W → [0, ∞), defined by Q(v, w) = S2(w, w, Av), are WLSC at (z, u)

Moreover, if ii. is true, then BAz = z and ABu = u.

Proof. Define the mappings Υ(v) = 1
1−r S1(v, v, BAv), for all v ∈ V , and Γ(w) = 1

1−r S2(w, w, ABw),
for all w ∈ W . Then, from (4.1),
S1(v, v, BAv) + S2(w, w, ABw) − r[S1(v, v, BAv) + S2(w, w, ABw)] ≤ S1(v, v, BAv) + S2(w, w, ABw)

−[S1(BAv, BAv, (BA)2v) + S2(ABw, ABw, (AB)2w)]

and thus

S1(v, v, BAv) + S2(w, w, ABw) ≤ 1
1 − r

[S1(v, v, BAv) + S2(w, w, ABw)]

− 1
1 − r

[S1(BAv, BAv, (BA)2v) + S2(ABw, ABw, (AB)2w)]

Thus,
S1(v, v, BAv) + S2(w, w, ABw) ≤ Υ(v) − Υ(BAv) + Γ(w) − Γ(ABw)

The results follow from (3.3) and Theorem 3.1.
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Corollary 4.2. Let (V, S1) and (W, S2) be two S-metric spaces and A : V → W and B : W → V be
two mappings. If there exists a v0 ∈ V such that (V, S1) and (W, S2) are related complete and

max{S1(BAv, BAv, (BA)2v), S2(ABw, ABw, (AB)2w)} ≤ r

2[S1(v, v, BAv) + S2(w, w, ABw)] (4.2)

for all v ∈ ℜV (v0) and for all w ∈ ℜW (v0) where 0 ≤ r < 1, then

i. lim
k→∞

vk = lim
k→∞

(BA)kv0 = z and lim
k→∞

wk = lim
k→∞

A(BA)k−1v0 = u

ii. Bu = z and Az = u if and only if P : V × W → [0, ∞), defined by P (v, w) = S1(v, v, Bw), and
Q : V × W → [0, ∞), defined by Q(v, w) = S2(w, w, Av), are WLSC at (z, u)

Moreover, if ii. is true, then BAz = z and ABu = u.

Proof. Using (4.2),

S1(BAv, BAv, (BA)2v) + S2(ABw, ABw, (AB)2w) ≤ 2 max{S1(BAv, BAv, (BA)2v), S2(ABw, ABw, (AB)2w)}

≤ 2r

2 [S1(v, v, BAv) + S2(w, w, ABw)]

= r[S1(v, v, BAv) + S2(w, w, ABw)]

Then, the results follow immediately from Theorem 4.1.

Theorem 4.3. Let (V, S1) and (W, S2) be two S-metric spaces and A : V → W and B : W → V be
two mappings. If there exists a v0 ∈ V such that (V, S1) and (W, S2) are related complete and

S1(BAv, BAv, BAv′) + S2(ABw, ABw, ABw′) ≤ r[S1(v, v, v′) + S2(w, w, w′)] (4.3)

for all v, v′ ∈ ℜV (v0) and for all w, w′ ∈ ℜW (v0), where 0 ≤ r < 1, then

i. lim
k→∞

vk = lim
k→∞

(BA)kv0 = z and lim
k→∞

wk = lim
k→∞

A(BA)k−1v0 = u

ii. Bu = z and Az = u if and only if P : V × W → [0, ∞), defined by P (v, w) = S1(v, v, Bw), and
Q : V × W → [0, ∞), defined by Q(v, w) = S2(w, w, Av), are WLSC at (z, u)

Moreover, if ii. is true, then z is a unique fixed point of BA and u is a unique fixed point of AB.

Proof. Put v′ = BAv and w′ = ABw in (4.3). Then, (4.1) holds. The results follow immediately
from Theorem 4.1.

To prove uniqueness, if z′ is a second fixed point of BA, then from (4.3), for w = w′,

S1(z, z, z′) = S1(BAz, BAz, BAz′) + S2(ABw, ABw, ABw)
≤ r[S1(z, z, z′) + S2(w, w, w)]
= rS1(z, z, z′)

proving that z = z′, since r < 1. Similarly, u is a unique fixed point of AB.

Corollary 4.4. Let (V, S1) and (W, S2) be two S-metric spaces and A : V → W and B : W → V be
two mappings. If there exists a v0 ∈ V such that (V, S1) and (W, S2) are related complete and

max{S1(BAv, BAv, BAv′), S2(ABw, ABw, ABw′)} ≤ r

2[S1(v, v, v′) + S2(w, w, w′)] (4.4)

for all v, v′ ∈ ℜV (v0) and for all w, w′ ∈ ℜW (v0) where 0 ≤ r < 1, then

i. lim
k→∞

vk = lim
k→∞

(BA)kv0 = z and lim
k→∞

wk = lim
k→∞

A(BA)k−1v0 = u

ii. Bu = z and Az = u if and only if P : V × W → [0, ∞), defined by P (v, w) = S1(v, v, Bw), and
Q : V × W → [0, ∞), defined by Q(v, w) = S2(w, w, Av), are WLSC at (z, u)

Moreover, if ii. is true, then z is a unique fixed point of BA and u is a unique fixed point of AB.
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Proof. Using (4.4),

S1(BAv, BAv, BAv′) + S2(ABw, ABw, ABw′) ≤ 2 max{S1(BAv, BAv, BAv′), S2(ABw, ABw, ABw′)}

≤ 2r

2 [S1(v, v, v′) + S2(w, w, w′)]

= r[S1(v, v, v′) + S2(w, w, w′)]

The results follow immediately from Theorem 4.3.

We provide an example relevant main result.

Example 4.5. Let V = (−1, 1], W = [0, 1], and | . | is absolute value function on V and W . Then,
S(u, v, y) = |u − y| + |v − y| is an S-metric space on V and W . Define the mappings A : V → W and
B : W → V by

A(v) =

0, −1 < v < 0
1
2 , 0 ≤ v ≤ 1

and B(w) =

−1
3 , 0 ≤ w < 1

2
1
2 , 1

2 ≤ w ≤ 1

We have

AB(w) =

0, 0 ≤ w < 1
2

1
2 , 1

2 ≤ w ≤ 1
and BA(v) =

−1
3 , −1 < v < 0

1
2 , 0 ≤ v ≤ 1

If −1 < v0 < 0, then

ℜV (v0) =
{

−1
3 , −1

3 , −1
3 , · · ·

}
and ℜW (v0) = {0, 0, 0, · · · }

Thus, (V, S) and (W, S) are related complete and (3.1) holds for v ∈ ℜV (v0) and w ∈ ℜW (v0) where
α : V → [0, ∞) and β : W → [0, ∞) are two mappings. Further,

lim
k→∞

(BA)kv0 = −1
3 and lim

k→∞
A(BA)k−1v0 = 0

and P (v, w) = 2|v −Bw| and Q(v, w) = 2|w −Av| are WLSC at
(
−1

3 , 0
)

∈ V ×W . It can be observed
that

B(0) = −1
3 , A

(
−1

3

)
= 0, BA

(
−1

3

)
= −1

3 , and AB(0) = 0

5. Conclusion

In this study, by considering the paper of Bollenbacher and Hicks [18], we proved some new related
fixed point theorems for pair of mappings in two related complete and S-metric spaces under suitable
conditions. Furthermore, we derived some related fixed-point theorems from the main results herein.
Further, we introduced the concept related to completeness in two S-metric spaces. Note that two
complete S-metric spaces are related complete. However, the reverse is not generally true. In future
studies, considering the concept of related completeness, some related fixed point theorems can be
proved in various types of metric spaces under suitable conditions, such as b-metric spaces, fuzzy
metric spaces, and G∗-metric spaces.
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